Transient Analysis 
of Electric Power 
Circuits Handbook 


By 
Arich L. Shenkman 


@) Springer 


TRANSIENT ANALYSIS OF ELECTRIC 
POWER CIRCUITS HANDBOOK 


Transient Analysis of Electric 
Power Circuits Handbook 


by 


ARIEH L. SHENKMAN 


Holon Academic Institute of Technology, 
Holon, Israel 


g) Springer 


AC.LP. Catalogue record for this book is available from the Library of Congress. 


ISBN-10 0-387-28797-3 (HB) 
ISBN-13 978-0-387-28797-3 (HB) 
ISBN-10 0-387-28799-X ( e-book) 
ISBN-13 978-0-387-28799-7 (e-book) 


Published by Springer, 
P.O. Box 17, 3300 AA Dordrecht, The Netherlands. 


www.springeronline.com 


Printed on acid-free paper 


All Rights Reserved 

© 2005 Springer 

No part of this work may be reproduced, stored in a retrieval system, or transmitted 

in any form or by any means, electronic, mechanical, photocopying, microfilming, recording 
or otherwise, without written permission from the Publisher, with the exception 

of any material supplied specifically for the purpose of being entered 

and executed on a computer system, for exclusive use by the purchaser of the work. 


Printed in the Netherlands. 


This book is dedicated to my dearest wife Iris 
and wonderful children 
Daniel, Elana and Joella 


CONTENTS 


FOREWORD xiii 
PREFACE Xv 
CHAPTER 1 


Classical approach to transient analysis 


1 

1.1. Introduction 1 

1.2. Appearance of transients in electrical circuits 2 

1.3. Differential equations describing electrical circuits 4 

1.3.1. Exponential solution of a simple differential equation 7 

1.4. Natural and forced responses 1 

1.5. Characteristic equation and its determination 4 
1.6. Roots of the characteristic equation and different kinds of transient 


responses 21 

1.6.1. First order characteristic equation 21 

1.6.2. Second order characteristic equation 22 

1.7. Independent and dependent initial conditions 26 

1.7.1. Two switching laws (rules) 26 

(a) First switching law (rule) 26 

(b) Second switching law (rule) 27 

1.7.2. Methods of finding independent initial conditions 29 

1.7.3. Methods of finding dependent initial conditions 31 

1.7.4. Generalized initial conditions 35 

(a) Circuits containing capacitances 35 

(b) Circuits containing inductances 39 

1.8. Methods of finding integration constants 44 
CHAPTER 2 

Transient response of basic circuits 49 

2.1. Introduction 49 


2.2. The five steps of solving problems in transient analysis 49 


Vili Contents 


2.3. RL circuits 
2.3.1. RL circuits under d.c. supply 
2.3.2. RL circuits under a.c. supply 
2.3.3. Applying the continuous flux linkage law to L-circuits 
2.4. RC circuits 
2.4.1. Discharging and charging a capacitor 
2.4.2. RC circuits under d.c. supply 
2.4.3. RC circuits under a.c. supply 
2.4.4. Applying the continuous charge law to C-circuits 
2.5. The application of the unit-step forcing function 
2.6. Superposition principle in transient analysis 
2.7. RLC circuits 
2.7.1. RLC circuits under d.c. supply 
(a) Series connected RLC circuits 
(b) Parallel connected RLC circuits 
(c) Natural response by two nonzero initial conditions 
2.7.2. RLC circuits under a.c. supply 
2.7.3. Transients in RLC resonant circuits 
(a) Switching on a resonant RLC circuit to an a.c. source 
(b) Resonance at the fundamental (first) harmonic 
(c) Frequency deviation in resonant circuits 
(d) Resonance at multiple frequencies 
2.7.4. Switching off in RLC circuits 
(a) Interruptions in a resonant circuit fed from an a.c. source 


CHAPTER 3 
Transient analyses using the Laplace transform techniques 


3.1. Introduction 
3.2. Definition of the Laplace transform 
3.3. Laplace transform of some simple time functions 
3.3.1. Unit-step function 
3.3.2. Unit-impulse function 
3.3.3. Exponential function 
3.3.4. Ramp function 
3.4. Basic theorems of the Laplace transform 
3.4.1. Linearity theorem 
3.4.2. Time differentiation theorem 
3.4.3. Time integration theorem 
3.4.4. Time-shift theorem 
3.4.5. Complex frequency-shift property 
3.4.6. Scaling in the frequency domain 
3.4.7. Differentiation and integration in the frequency domain 
3.5. The initial-value and final-value theorems 
3.6. The convolution theorem 
3.6.1. Duhamel’s integral 


Contents 


Su 


3.8. 


Inverse transform and partial fraction expansions 
3.7.1. Method of equating coefficients 
(a) Simple poles 
(b) Multiple poles 
3.7.2. Heaviside’s expansion theorem 
(a) Simple poles 
(b) Multiple poles 
(c) Complex poles 
Circuit analysis with the Laplace transform 
3.8.1. Zero initial conditions 
3.8.2. Non-zero initial conditions 
3.8.3. Transient and steady-state responses 
3.8.4. Response to sinusoidal functions 
3.8.5. Thévenin and Norton equivalent circuits 
3.8.6. The transients in magnetically coupled circuits 


CHAPTER 4 


Transient analysis using the Fourier transform 


4.1. 
4.2. 


4.3. 


4.4. 


4.5. 


4.6. 


Introduction 
The inter-relationship between the transient behavior of electrical 
circuits and their spectral properties 
The Fourier transform 
4.3.1. The definition of the Fourier transform 
4.3.2. Relationship between a discrete and continuous spectra 
4.3.3. Symmetry properties of the Fourier transform 
(a) An even function of t 
(b) An odd function of t 
(c) A non-symmetrical function (neither even nor odd) 
4.3.4. Energy characteristics of a continuous spectrum 
4.3.5. The comparison between Fourier and Laplace transforms 
Some properties of the Fourier transform 
(a) Property of linearity 
(b) Differentiation properties 
(c) Integration properties 
(d) Scaling properties 
(e) Shifting properties 
(f) Interchanging t and @ properties 
Some important transform pairs 
4.5.1. Unit-impulse (delta) function 
4.5.2. Unit-step function 
4.5.3. Decreasing sinusoid 
4.5.4. Saw-tooth unit pulse 
4.5.5. Periodic time function 
Convolution integral in the time domain and its Fourier transform 


193 
197 


207 


213 
213 


214 
215 
215 
223 
226 
226 
227 
228 
228 
231 
232 
232 
232 
233 
234 
234 
235 
237 
238 
241 
244 
244 
246 
247 


4.7. 


Contents 


Circuit analysis with the Fourier transform 

4.7.1. Ohm’s and Kirchhoff’s laws with the Fourier transform 

4.7.2. Inversion of the Fourier transform using the residues of com- 
plex functions 

4.7.3. Approximate transient analysis with the Fourier transform 
(a) Method of trapezoids 


CHAPTER 5 


Transient analysis using state variables 


5.1, 


5.6. 


a, 


5.8. 


5.9. 


Introduction 


. The concept of state variables 

. Order of complexity of a network 

. State equations and trajectory 

. Basic considerations in writing state equations 


5.5.1. Fundamental cut-set and loop matrixes 
5.5.2. “Proper tree” method for writing state equations 
A systematic method for writing a state equation based on circuit 
matrix representation 
Complete solution of the state matrix equation 
5.71. The natural solution 
5.7.2. Matrix exponential 
5.7.3. The particular solution 
Basic considerations in determining functions of a matrix 
5.8.1. Characteristic equation and eigenvalues 
5.8.2. The Caley-Hamilton theorem 
(a) Distinct eigenvalues 
(b) Multiple eigenvalues 
(c) Complex eigenvalues 
5.8.3. Lagrange interpolation formula 
Evaluating the matrix exponential by Laplace transforms 


CHAPTER 6 


Transients in three-phase systems 


6.1. 
6.2. 


6.3. 
6.4. 


Introduction 
Short-circuit transients in power systems 
6.2.1. Base quantities and per-unit conversion in three-phase circuits 
6.2.2. Equivalent circuits and their simplification 
(a) Series and parallel connections 
(b) Delta-star (and vice-versa) transformation 
(c) Using symmetrical properties of a network 
6.2.3. The superposition principle in transient analysis 
Short-circuiting in a simple circuit 
Switching transformers 


250 
252 


252 
258 
259 


265 


265 
266 
270 
272 
276 
276 
283 


287 
294 
294 
295 
296 
297 
298 
299 
302 
308 
311 
313 
314 


319 


319 
320 
321 
327 
327 
328 
330 
330 
333 
339 


Contents 


6.5. 


6.6. 


6.7. 


6.8. 


6.4.1. Short-circuiting of power transformers 

6.4.2. Current inrush by switching on transformers 

Short-circuiting of synchronous machines 

6.5.1. Two-axis representation of a synchronous generator 

6.5.2. Steady-state short-circuit of synchronous machines 
(a) Short-circuit ratio (SCR) of a synchronous generator 

b) Graphical solution 

c) Influence of the load 

d) Approximate solution by linearization of the OCC 

e) Calculation of steady-state short-circuit currents in compli- 

cated power networks 

6.5.3. Transient performance of a synchronous generator 
(a) Transient EMF, transient reactance and time constant 
(b) Transient effects of the damper windings: subtransient 

EMF, subtransient reactance and time constant 

(c) Transient behavior of a synchronous generator with AVR 
(d) Peak values of a short-circuit current 

Short-circuit analysis in interconnected (large) networks 

6.6.1. Simple computation of short-circuit currents 

6.6.2. Short-circuit power 

Method of symmetrical components for unbalanced fault analysis 

6.7.1. Principle of symmetrical components 
(a) Positive-, negative-, and zero-sequence systems 
(b) Sequence impedances 

6.7.2. Using symmetrical components for unbalanced three-phase 
system analysis 

6.7.3. Power in terms of symmetrical components 

Transient overvoltages in power systems 

6.8.1. Switching surges 

6.8.2. Multiple oscillations 


( 
( 
( 
( 


CHAPTER 7 


Transient behavior of transmission lines 


7.1. 
TQ 
7.3. 
74. 


7.5. 


Introduction 

The differential equations of TL and their solution 

Travelling-wave property in a transmission line 

Wave formations in TL at their connections 

7.4.1. Connecting the TL to a d.c./a.c. voltage source 

7.4.2. Connecting the TL to load 

7.4.3. A common method of determining travelling waves by any 
kind of connection 

Wave reflections in transmission lines 

7.5.1. Line terminated in resistance 

7.5.2. Open- and short-circuit line termination 


xi 


339 
345 
346 
347 
350 
351 
356 
364 
365 


368 
370 
370 


379 
385 
387 
394 
399 
400 
404 
405 
405 
411 


431 
449 
451 
452 
459 


465 


465 
465 
469 
472 
473 
475 


478 
480 
482 
485 


xii 


7.6. 


7.7, 


7.8. 


7.5.3. Junction of two lines 

7.5.4. Capacitance connected at the junction of two lines 
Successive reflections of waves 

7.6.1. Lattice diagram 

7.6.2. Bergeron diagram 

7.6.3. Non-linear resistive terminations 

Laplace transform analysis of transients in transmission lines 
7.71. Loss-less LC line 

7.7.2. Line terminated in capacitance 

7.7.3. A solution as a sum of delayed waves 

Line with only LG or CR parameters 

7.8.1. Underground cable 


CHAPTER 8 


Static and dynamic stability of power systems 


8.4. 


8.5. 
8.6. 


. Introduction 
. Definition of stability 
. Steady-state stability 


8.3.1. Power-transfer characteristic 

8.3.2. Swing equation and criterion of stability 
Transient stability 

8.4.1. Equal-area criterion 

Reduction to a simple system 

Stability of loads and voltage collapse 


APPENDIX I 


APPENDIX II 


APPENDIX II 


INDEX 


INDEX 


Contents 


486 
487 
493 
494 
496 
499 
500 
504 
504 
506 
511 
512 


517 


517 
517 
518 
518 
524 
529 
533 
537 
540 


545 


549 


551 


559 


559 


FOREWORD 


Every now and then, a good book comes along and quite rightfully makes itself 
a distinguished place among the existing books of the electric power engineering 
literature. This book by Professor Arieh Shenkman is one of them. 

Today, there are many excellent textbooks dealing with topics in power 
systems. Some of them are considered to be classics. However, many of them 
do not particularly address, nor concentrate on, topics dealing with transient 
analysis of electrical power systems. 

Many of the fundamental facts concerning the transient behavior of electric 
circuits were well explored by Steinmetz and other early pioneers of electrical 
power engineering. Among others, Electrical Transients in Power Systems by 
Allan Greenwood is worth mentioning. Even though basic knowledge of tran- 
sients may not have advanced in recent years at the same rate as before, there 
has been a tremendous proliferation in the techniques used to study transients. 
The application of computers to the study of transient phenomena has increased 
both the knowledge as well as the accuracy of calculations. 

Furthermore, the importance of transients in power systems is receiving more 
and more attention in recent years as a result of various blackouts, brownouts, 
and recent collapses of some large power systems in the United States, and 
other parts of the world. As electric power consumption grows exponentially 
due to increasing population, modernization, and industrialization of the 
so-called third world, this topic will be even more important in the future than 
it is at the present time. 

Professor Arieh Shenkman is to be congratulated for undertaking such an 
important task and writing this book that singularly concentrates on the topics 
related to the transient analysis of electric power systems. The book successfully 
fills the long-existing gap in such an important area. 


Turan Gonen, Ph.D., Fellow IEEE 
Professor and Director 

Electric Power Educational Institute 
California State University, Sacramento 


PREFACE 


Most of the textbooks on electrical and electronic engineering only partially 
cover the topic of transients in simple RL, RC and RLC circuits and the study 
of this topic is primarily done from an electronic engineer’s viewpoint, i.e., with 
an emphasis on low-current systems, rather than from an electrical engineer’s 
viewpoint, whose interest lies in high-current, high-voltage power systems. In 
such systems a very clear differentiation between steady-state and transient 
behavior of circuits is made. Such a division is based on the concept that steady- 
state behavior is normal and transients arise from the faults. The operation of 
most electronic circuits (such as oscillators, switch capacitors, rectifiers, resonant 
circuits etc.) is based on their transient behavior, and therefore the transients 
here can be referred to as “desirable”. The transients in power systems are 
characterized as completely “undesirable” and should be avoided; and subse- 
quently, when they do occur, in some very critical situations, they may result 
in the electrical failure of large power systems and outages of big areas. Hence, 
the Institute of Electrical and Electronic Engineers (IEEE) has recently paid 
enormous attention to the importance of power engineering education in gene- 
ral, and transient analysis in particular. 

It is with the belief that transient analysis of power systems is one of the 
most important topics in power engineering analysis that the author proudly 
presents this book, which is wholly dedicated to this topic. 

Of course, there are many good books in this field, some of which are listed 
in the book; however they are written on a specific technical level or on a high 
theoretical level and are intended for top specialists. On the other hand, intro- 
ductory courses, as was already mentioned, only give a superficial knowledge 
of transient analysis. So that there is a gap between introductory courses and 
the above books. 

The present book is designed to fill this gap. It covers the topic of transient 
analysis from simple to complicated, and being on an intermediate level, this 
book therefore is a link between introductory courses and more specific technical 
books. In the book the most important methods of transient analysis, such as 
the classical method, Laplace and Fourier transforms and state variable analysis 
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are presented; and of course, the emphasis on transients in three-phase systems 
and transmission lines is made. 

The appropriate level and the concentration of all the topics under one cover 
make this book very special in the field under consideration. The author believes 
that this book will be very helpful for all those specializing in electrical engineer- 
ing and power systems. It is recommended as a textbook for specialized under- 
graduate and graduate curriculum, and can also be used for master and doctoral 
studies. Engineers in the field may also find this book useful as a handbook 
and/or resource book that can be kept handy to review specific points. 
Theoreticians/researchers who are looking for the mathematical background of 
transients in electric circuits may also find this book helpful in their work. 

The presentation of the covered material is geared to readers who are being 
exposed to (a) the basic concept of electric circuits based on their earlier study 
of physics and/or introductory courses in circuit analysis, and (b) basic mathe- 
matics, including differentiation and integration techniques 

This book is composed of eight chapters. The study of transients, as men- 
tioned, is presented from simple to complicated. Chapters 1 and 2 are dedicated 
to the classical method of transient analysis, which is traditional for many 
introductory courses. However, these two chapters cover much more material 
giving the mathematical as well as the physical view of transient behavior of 
electrical circuits. So-called incorrect initial conditions and two generalized 
commutation laws, which are important for a better understanding of the 
transient behavior of transformers and synchronous machines, are also discussed 
in Chapter 2. 

Chapters 3 and 4 give the transform methods of transient analysis, introducing 
the Laplace as well as the Fourier transforms. What is common between these 
two methods and the differences are emphasized. The theoretical study of the 
transform methods is accompanied by many practical examples. 

The state variable method is presented in Chapter 5. Although this method 
is not very commonly used in transient analysis, the author presumes that the 
topic of the book will not be complete without introducing this essential and 
interesting method. It should be noted that the state variable method in its 
matrix notation, which is given here, is very appropriate for transient analysis 
using computers. 

Naturally, an emphasis and a great amount of material are dedicated to 
transients in three-phase circuits, which can be found in Chapter 6. As power 
systems are based on employing three-phase generators and transformers, the 
complete analysis of their behavior under short-circuit faults at both steady- 
state and first moment operations is given. The overvoltages following switching- 
off in power systems are also analyzed under the influence of the electric arc, 
which accompanies such switching. 

In Chapter 7 the transient behavior of transmission lines is presented. The 
transmission line is presented as a network with distributed parameters and 
subsequently by partial differential equations. The transient analysis of such 
lines is done in two ways: as a method of traveling waves and by using the 
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Laplace transform. Different engineering approaches using both methods are 
discussed. 

Finally, in Chapter 8 an overview of the static and dynamic stability of power 
systems is given. Analyzing system stability is done in traditional ways, 1e., by 
solving a swing equation and by using an equal area criterion. 

Throughout the text, the theoretical discussions are accompanied by many 
worked-out examples, which will hopefully enable the reader to get a better 
understanding of the various concepts. 

The author hopes that this book will be helpful to all readers studying and 
specializing in power system engineering, and of value to professors in the 
educational process and to engineers who are concerned with the design and 
R&D of power systems. 

Last but not least, my sincere appreciation goes to my wife, Iris, who prodi- 
giously supported and aided me throughout the writing of this book. I am also 
extremely grateful for her assistance in editing and typing in English. 
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CLASSICAL APPROACH TO TRANSIENT 
ANALYSIS 


1.1. INTRODUCTION 


Transient analysis (or just transients) of electrical circuits is as important as 
steady-state analysis. When transients occur, the currents and voltages in some 
parts of the circuit may many times exceed those that exist in normal behavior 
and may destroy the circuit equipment in its proper operation. We may distin- 
guish the transient behavior of an electrical circuit from its steady-state, in that 
during the transients all the quantities, such as currents, voltages, power and 
energy, are changed in time, while in steady-state they remain invariant, i.e. 
constant (in d.c. operation) or periodical (in a.c. operation) having constant 
amplitudes and phase angles. 

The cause of transients is any kind of changing in circuit parameters and/or 
in circuit configuration, which usually occur as a result of switching (commuta- 
tion), short, and/or open circuiting, change in the operation of sources etc. The 
changes of currents, voltages etc. during the transients are not instantaneous 
and take some time, even though they are extremely fast with a duration of 
milliseconds or even microseconds. These very fast changes, however, cannot 
be instantaneous (or abrupt) since the transient processes are attained by the 
interchange of energy, which is usually stored in the magnetic field of inductances 
or/and the electrical field of capacitances. Any change in energy cannot be 
abrupt otherwise it will result in infinite power (as the power is a derivative of 
energy, p = dw/dt), which is in contrast to physical reality. All transient changes, 
which are also called transient responses (or just responses), vanish and, after 
their disappearance, a new steady-state operation is established. In this respect, 
we may say that the transient describes the circuit behavior between two steady- 
states: an old one, which was prior to changes, and a new one, which arises 
after the changes. 

A few methods of transient analysis are known: the classical method, The 
Cauchy-Heaviside (C-H) operational method, the Fourier transformation 
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method and the Laplace transformation method. The C-H operational or sym- 
bolic (formal) method is based on replacing a derivative by symbol s ((d/dt)<s) 


and an integral by 1/s 
Oa 
dt — }. 
s 


Although these operations are also used in the Laplace transform method, the 
C-H operational method is not as systematic and as rigorous as the Laplace 
transform method, and therefore it has been abandoned in favor of the Laplace 
method. The two transformation methods, Laplace and Fourier, will be studied 
in the following chapters. Comparing the classical method and the transforma- 
tion method it should be noted that the latter requires more knowledge of 
mathematics and is less related to the physical matter of transient behavior of 
electric circuits than the former. 

This chapter is concerned with the classical method of transient analysis. This 
method is based on the determination of differential equations and splitting the 
solution into two components: natural and forced responses. The classical 
method is fairly complicated mathematically, but is simple in engineering prac- 
tice. Thus, in our present study we will apply some known methods of steady- 
state analysis, which will allow us to simplify the classical approach of tran- 
sient analysis. 


1.2 APPEARANCE OF TRANSIENTS IN ELECTRICAL CIRCUITS 


In the analysis of an electrical system (as in any physical system), we must 
distinguish between the stationary operation or steady-state and the dynamical 
operation or transient-state. 

An electrical system is said to be in steady-state when the variables describing 
its behavior (voltages, currents, etc.) are either invariant with time (d.c. circuits) 
or are periodic functions of time (a.c. circuits). An electrical system is said to 
be in transient-state when the variables are changed non-periodically, 1.e., when 
the system is not in steady-state. The transient-state vanishes with time and a 
new steady-state regime appears. Hence, we can say that the transient-state, or 
just transients, is usually the transmission state from one steady-state to another. 

The parameters L and C are characterized by their ability to store energy: 
magnetic energy W, = Swi - SLi? (since yw = Li), in the magnetic field and electric 
energy We =3qv =5C v? (since qg= Cv), in the electric field of the circuit. The 
voltage and current sources are the elements through which the energy is 
supplied to the circuit. Thus, it may be said that an electrical circuit, as a 
physical system, is characterized by certain energy conditions in its steady-state 
behavior. Under steady-state conditions the energy stored in the various induc- 
tances and capacitances, and supplied by the sources in a d.c. circuit, are 
constant; whereas in an a.c. circuit the energy is being changed (transferred 
between the magnetic and electric fields and supplied by sources) periodically. 
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When any sudden change occurs in a circuit, there is usually a redistribution 
of energy between L-s and C-s, and a change in the energy status of the sources, 
which is required by the new conditions. These energy redistributions cannot 
take place instantaneously, but during some period of time, which brings about 
the transient-state. 

The main reason for this statement is that an instantaneous change of energy 
would require infinite power, which is associated with inductors/capacitors. As 
previously mentioned, power is a derivative of energy and any abrupt change 
in energy will result in an infinite power. Since infinite power is not realizable 
in physical systems, the energy cannot change abruptly, but only within some 
period of time in which transients occur. Thus, from a physical point of view it 
may be said that the transient-state exists in physical systems while the energy 
conditions of one steady-state are being changed to those of another. 

Our next conclusion is about the current and voltage. To change magnetic 
energy requires a change of current through inductances. Therefore, currents in 
inductive circuits, or inductive branches of the circuit, cannot change abruptly. 
From another point of view, the change of current in an inductor brings about 
the induced voltage of magnitude L(di/dt). An instantaneous change of current 
would therefore require an infinite voltage, which is also unrealizable in practice. 
Since the induced voltage is also given as dy/dt, where w is a magnetic flux, the 
magnetic flux of a circuit cannot suddenly change. 

Similarly, we may conclude that to change the electric energy requires a 
change in voltage across a capacitor, which is given by v = q/C, where q is the 
charge. Therefore, neither the voltage across a capacitor nor its charge can be 
abruptly changed. In addition, the rate of voltage change is dv/dt = (1/C) dq/dt = 
i/C, and the instantaneous change of voltage brings about infinite current, 
which is also unrealizable in practice. Therefore, we may summarize that any 
change in an electrical circuit, which brings about a change in energy distribution, 
will result in a transient-state. 

In other words, by any switching, interrupting, short-circuiting as well as any 
rapid changes in the structure of an electric circuit, the transient phenomena 
will occur. Generally speaking, every change of state leads to a temporary 
deviation from one regular, steady-state performance of the circuit to another 
one. The redistribution of energy, following the above changes, i.e., the transient- 
state, theoretically takes infinite time. However, in reality the transient behavior 
of an electrical circuit continues a relatively very short period of time, after 
which the voltages and currents almost achieve their new steady-state values. 

The change in the energy distribution during the transient behavior of electri- 
cal circuits is governed by the principle of energy conservation, i.e., the amount 
of supplied energy is equal to the amount of stored energy plus the energy 
dissipation. The rate of energy dissipation affects the time interval of the tran- 
sients. The higher the energy dissipation, the shorter is the transient-state. 
Energy dissipation occurs in circuit resistances and its storage takes place in 
inductances and capacitances. In circuits, which consist of only resistances, and 
neither inductances nor capacitances, the transient-state will not occur at all 
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and the change from one steady-state to another will take place instantaneously. 
However, since even resistive circuits contain some inductances and capacitances 
the transients will practically appear also in such circuits; but these transients 
are very short and not significant, so that they are usually neglected. 

Transients in electrical circuits can be recognized as either desirable or unde- 
sirable. In power system networks, the transient phenomena are wholly undesir- 
able as they may bring about an increase in the magnitude of the voltages and 
currents and in the density of the energy in some or in most parts of modern 
power systems. All of this might result in equipment distortion, thermal and/or 
electrodynamics’ destruction, system stability interferences and in extreme cases 
an outage of the whole system. 

In contrast to these unwanted transients, there are desirable and controlled 
transients, which exist in a great variety of electronic equipment in communica- 
tion, control and computation systems whose normal operation is based on 
switching processes. 

The transient phenomena occur in electric systems either by intentional switch- 
ing processes consisting of the correct manipulation of the controlling apparatus, 
or by unintentional processes, which may arise from ground faults, short-circuits, 
a break of conductors and/or insulators, lightning strokes (particularly in high 
voltage and long distance systems) and similar inadvertent processes. 

As was mentioned previously, there are a few methods of solving transient 
problems. The most widely known of these appears in all introductory textbooks 
and is used for solving simpler problems. It is called the classical method. Other 
useful methods are Laplace (see Chap. 3) and Fourier (see Chap. 4) transforma- 
tion methods. These two methods are more general and are used for solving 
problems that are more complicated. 


1.3 DIFFERENTIAL EQUATIONS DESCRIBING ELECTRICAL 
CIRCUITS 


Circuit analysis, as a physical system, is completely described by integrodifferen- 
tial equations written for voltages and/or currents, which characterize circuit 
behavior. For linear circuits these equations are called linear differential equa- 
tions with constant coefficients, i.e. in which every term is of the first degree in 
the dependent variable or one of its derivatives. Thus, for example, for the 
circuit of three basic elements: R, L and C connected in series and driven by a 
voltage source v(t), Fig. 1.1, we may apply Kirchhoff’s voltage law 


Ug t+ v, + Uc = W(t), 
in which 
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iQ 


v(t) C= 


Figure 1.1 Series RLC circuit driven by a voltage source. 
and then we have 


di 1 
eT as [iar=0, (1.1) 
After the differentiation of both sides of equation 1.1 with respect to time, the 
result is a second order differential equation 

pt! ru 1. dv (1.2) 

de at C' at’ 

The same results may be obtained by writing two simultaneous first order 
differential equations for two unknowns, i and uc: 


es 13 
ne ee 
di 

Ri+L 7 +0c= 00). (1.3b) 


After differentiation equation 1.3b and substituting du¢/dt by equation 1.3a, we 
obtain the same (as equation 1.2) second order singular equation. The solution 
of differential equations can be completed only if the initial conditions are 
specified. It is obvious that in the same circuit under the same commutation, 
but with different initial conditions, its transient response will be different. 

For more complicated circuits, built from a number of loops (nodes), we will 
have a set of differential equations, which should be written in accordance with 
Kirchhoff’s two laws or with nodal and/or mesh analysis. For example, con- 
sidering the circuit shown in Fig. 1.2, after switching, we will have a circuit, 
which consists of two loops and two nodes. By applying Kirchhoff’s two laws, 
we may write three equations with three unknowns, i, i, and uc, 


dv 


C=" +i, —i=0 (1.4a) 
diy, 

Loe + Ri, + Ri=0 (1.4b) 
di 


i it Ruin ve =0 (1.4c) 
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Figure 1.2 A two-loop circuit. 


These three equations can then be redundantly transformed into a single second 
order equation. First, we differentiate the third equation of 1.4c once with 
respect to time and substitute duv,/dt by taking it from the first one. After that, 
we have two equations with two unknowns, i, and i. Solving these two equations 
for i, (i.e. eliminating the current i) results in the second order homogeneous 
differential equation 
ai, di, ; 
LCR Gz t(L+CRRi) 7 + (R+ Ri), =0. (1.5) 
As another example, let us consider the circuit in Fig. 1.3. Applying mesh 
analysis, we may write three integro-differential equations with three unknown 
mesh currents: 


pa Phas ae ; 
ay dt + Ryiy = v(t) 
di, di, . . 
be ee oe R= Rh) (1.6) 


1 
— Ri, + R3i; + C | sar 0. 


In this case it is preferable to solve the problem by treating the whole set of 
equations 1.6 rather than reducing them to a single one (see further on). 


Figure 1.3 A three-loop circuit. 
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From mathematics, we know that there are a number of ways of solving 
differential equations. Our goal in this chapter is to analyze the transient 
behavior of electrical circuits from the physical point of view rather than 
applying complicated mathematical methods. (This will be discussed in the 
following chapters.) Such a way of transient analysis is in the formulation of 
differential equations in accordance with the properties of the circuit elements 
and in the direct solution of the obtained equations, using only the necessary 
mathematical rules. Such a method is called the classical method or classical 
approach in transient analysis. We believe that the classical method of solving 
problems enables the student to better understand the transient behavior of 
electrical circuits. 


1.3.1 Exponential solution of a simple differential equation 


Let us, therefore, begin our study of transient analysis by considering the simple 
series RC circuit, shown in Fig. 1.4. After switching we will get a source free 
circuit in which the precharged capacitor C will be discharged via the resistance 
R. To find the capacitor voltage we shall write a differential equation, which in 
accordance with Kirchhoff’s voltage law becomes 

dv 


= a= 0. (1.7) 


Ri =0, RC 
1+ Uc or a 


A direct method of solving this equation is to write the equation in such a 
way that the variables are separated on both sides of the equation and then to 
integrate each of the sides. Multiplying by dt and dividing by vc, we may 
arrange the variables to be separated. 

dv¢ 1 
— = —— dt. (1.8) 
UC RC 
The solution may be obtained by integrating each side of equation 1.8 and by 
adding a constant of integration: 


Figure 1.4 A series RC circuit. 
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and the integration yields 


1 
| =———t+K 1.9 
NU¢ RC + (1.9) 


Since the constant can be of any kind, and we may designate K = In D, we have 


1 
] =———t+InD 
N Uc RC + in D, 


then 


t 


ve =De RC, (1.10) 


The constant D cannot be evaluated by substituting equation 1.10 into the 
original differential equation 1.7, since the identity 0 = 0 will result for any value 
of D (indeed: D(—1/RC)RCe "®© + De“ "®© =0). The constant of integration 
must be selected to satisfy the initial condition ve(0)= Vo, which is the initial 
voltage across the capacitance. Thus, the solution of equation 1.10 at t=0 
becomes v;(0)=D, and we may conclude that D= Vy. Therefore, with this 
value of D we will obtain the desired response 

t 


Ve = Voe RC, (1.11) 


We shall consider the nature of this response by analyzing the curve of the 
voltage change shown in Fig. 1.5. At zero time, the voltage is the assumed value 
Vo and, as time increases, the voltage decreases and approaches zero, following 
the physical rule that any condenser shall finally be discharged and its final 
voltage therefore reduces to zero. 

Let us now find the time that would be required for the voltage to drop to 


Vc (t) 


Voq 


A 


0,368 5 


Figure 1.5 The exponential curve of the voltage changing. 
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zero if it continued to drop linearly at its initial rate. This value of time, usually 
designated by t, is called the time constant. The value of t can be found with 
the derivative of v¢(t) at zero time, which is proportional to the angle y between 
the tangent to the voltage curve at t =0, and the t-axis, Fig. 1.5, 1e., 


, Y d che —V 
tan Ao0c ——=—| Noe RC = 5 
t dt zo. 60 RC 


or 
t= RC 


and equation 1.11 might be written in the form 


Vo= Vee *. (1.12) 


The units of the time constant are seconds ([t] =[R][C] =©-F), so that the 
exponent t/RC is dimensionless, as it is supposed to be. The time constant may 
be easily found graphically from the response curve, as can be seen from Fig. 1.5: 
the interception point, B, of the tangent line AB with the time axis determine 
the time constant t. This line segment OB is called under-tangent. It is interesting 
to note that the under-tangent remains the same no matter at which point the 
tangent to the curve is drawn (see under-tangent O’B’). 

Another interpretation of the time constant is obtained from the fact that in 
the time interval of one time constant the voltage drops relatively to its initial 
value, to the reciprocal of e; indeed, at t=t we have (uvc/Vo)=e + =0.368 
(36.8%). At the end of the 5t interval the voltage is less than one percent of its 
initial value. Thus, it is usual to presume that in the time interval of three to 
five time constants, the transient response declines to zero or, in other words, 
we may say that the duration of the transient response is about five time 
constants. Note again that, precisely speaking, the transient response declines 
to zero in infinite time, since e ‘+0, when t- oo. 

Before we continue our discussion of a more general analysis of transient 
circuits, let us check the power and energy relationships during the period of 
transient response. The power being dissipated in the resistor R, or its reciprocal 
G, is 


Pr = Gu2=GV2e7 RE, (1.13) 


and the total dissipated energy (turned into heat) is found by integrating 
equation 1.13 from zero time to infinite time 

We=| pedt=Vn,E |) eo" =—ViG—_e | =—cVe 

0 0 2 0 2 

This is actually the energy being stored in the capacitor at the beginning of the 
transient. This result means that all the initial energy, stored in the capacitor, 
dissipates in the circuit resistances during the transient period. 
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R (409) 


a | 


L 
To (20mH) 


(a) 


Figure 1.6 A circuit of Example 1.1 (a) and two plots of current and voltage (b). 


Example 1.1 


Consider a numerical example. The RL circuit in Fig. 1.6(a) is fed by a d.c. 
current source, Ij) =5A. At instant t= 0 the switch is closed and the circuit is 
short-circuited. Find: 1) the current after switching, by separating the variables 
and applying the definite integrals, 2) the voltage across the inductance. 


Solution 
1) First, we shall write the differential equation: 
di 
a a ee) 
or after separating the variables 


di_ R 
a 
L 


1 


Since the current changes from I at the instant of switching to i(t), at any 
instant of t, which means that the time changes from t = 0 to this instant, we 
may perform the integration of each side of the above equation between the 


corresponding limits 
di > 
>= |] -—dt. 
[ao oa 


: R 
In ili) = —F to 


Therefore, 
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and 
(t) R 
Ini(t)-InI>=—t, or In——=——t, 
L Io L 
which results in 
i(t) _ ak, 
Ie. = 
Thus, 
x, 
i(t)=Ipe b= Se7 700%, 
or 
= aL es 
i(t)=Ipe *=S5e 0510°%, 
where 
R/L=—-— = 2000s" 
=“ iGe 0. 4 
which results in time constant 
2 0.5 
=—=0.5ms. 
ae: 


Note that by applying the definite integrals we avoid the step of evaluating the 
constant of the integration. 


2) The voltage across the inductance is 


ee 7 
= 1 (5¢7 200) — 99-10-3-5-(—2000)e~ 20 = — 2000723, V 


(time in ms). 


Note that the voltage across the resistance is vg = Ri= 40-5e "°° = 200e 1°, 
i.e., it is equal in magnitude to the inductance voltage, but opposite in sign, so 
that the total voltage in the short-circuit is equal to zero. The plots of the 
current and voltage are shown in Fig. 1.6(b). 


1.4 NATURAL AND FORCED RESPONSES 


Our next goal is to introduce a general approach to solving differential equations 
by the classical method. Following the principles of mathematics we will consider 
the complete solution of any linear differential equation as composed of two 
parts: the complementary solution (or natural response in our study) and the 
particular solution (or forced response in our study). To understand these 
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principles, let us consider a first order differential equation, which has already 
been derived in the previous section. In a more general form it is 


— + P(t)v = Q(t). (1.14) 


Here Q(t) is identified as a forcing function, which is generally a function of 
time (or constant, if a d.c. source is applied) and P(t), is also generally a function 
of time, represents the circuit parameters. In our study, however, it will be a 
constant quantity, since the value of circuit elements does not change during 
the transients (indeed, the circuit parameters do change during the transients, 
but we may neglect this change as in many cases it is not significant). 

A more general method of solving differential equations, such as equation 
1.14, is to multiply both sides by a so-called integrating factor, so that each side 
becomes an exact differential, which afterwards can be integrated directly to 
obtain the solution. For the equation above (equation 1.14) the integrating 
factor is e!?“ or e?', since P is constant. We multiply each side of the equation 
by this integrating factor and by dt and obtain 


edu + vPe™dt = Oe'dt. 


The left side is now the exact differential of ve? (indeed, d(ve"’)= 
edv + vPe"dt), and thus 


Integrating each side yields 
ve = oearsa (1.15) 


where A is a constant of integration. Finally, the multiplication of both sides 
of equation 1.15 by e ™ yields 


Hime | Qetat + Act (1.16) 


which is the solution of the above differential equation. As we can see, this 
complete solution is composed of two parts. The first one, which is dependent 
on the forcing function Q, is the forced response (it is also called the steady- 
state response or the particular solution or the particular integral). The second 
one, which does not depend on the forcing function, but only on the circuit 
parameters P (the types of elements, their values, interconnections, etc) and on 
the initial conditions A, i.e., on the “nature” of the circuit, is the natural response. 
It is also called the solution of the homogeneous equation, which does not 
include the source function and has anything but zero on its right side. 
Following this rule, we will solve differential equations by finding natural 
and forced responses separately and combining them for a complete solution. 
This principle of dividing the solution of the differential equations into two 
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components can also be understood by applying the superposition theorem. 
Since the differential equations, under study, are linear as well as the electrical 
circuits, we may assert that superposition is also applicable for the transient- 
state. Following this principle, we may subdivide, for instance, the current into 
two components 


i=i' +i", 


and by substituting this into the set of differential equations, say of the form 


di 1 
[ean ete idt)=) v,, 
dt Cc 


we obtain the following two sets of equations 


di’ 1 
y (LG +RI+e fra)=30, 


jaa Ri” = i" dt | =0 
> ras a GE I = 0. 


It is obvious that by summation (superimposition) of these two equations, the 
original equation will be achieved. This means that i” is a natural response 
since it is the solution of a homogeneous equation with a zero on the right side 
and develops without any action of any source, and i’ is a steady-state current 
as it develops under the action of the voltage sources v, (which are presented 
on the right side of the equations). 

The most difficult part in the classical method of solving differential equations 
is evaluating the particular integral in equation 1.16, especially when the forcing 
function is not a simple d.c. or exponential source. However, in circuit analysis 
we can use all the methods: node/mesh analysis, circuit theorems, the phasor 
method for a.c. circuits (which are all given in introductory courses on steady- 
state analysis) to find the forced response. In relation to the natural response, 
the most difficult part is to formulate the characteristic equation (see further 
on) and to find its roots. Here in circuit analysis we also have special methods 
for evaluating the characteristic equation simply by inspection of the analyzed 
circuit, avoiding the formulation of differential equations. 

Finally, it is worthwhile to clarify the use of exponential functions as an 
integrating factor in solving linear differential equations. As we have seen in 
the previous section, such differential equations in general consist of the second 
(or higher) derivative, the first derivative and the function itself, each multiplied 
by a constant factor. If the sum of all these derivatives (the function itself might 
be treated as a derivative of order zero) achieves zero, it becomes a homogeneous 
equation. A function whose derivatives have the same form as the function itself 
is an exponential function, so it may satisfy these kinds of equations. Substituting 
this function into the differential equation, whose right side is zero (a homogen- 
eous differential equation) the exponential factor in each member of the equation 


14 Chapter #1 


might be simply crossed out, so that the remaining equation’s coefficients will 
be only circuit parameters. Such an equation is called a characteristic equation. 


1.5 CHARACTERISTIC EQUATION AND ITS DETERMINATION 


Let us start by considering the simple circuit of Fig. 1.7(a) in which an RL in 
series is switching on to a d.c. voltage source. 

Let the desired response in this circuit be current i(t). We shall first express 
it as the sum of the natural and forced currents 


i=i, tip. 
The form of the natural response, as was shown, must be an exponential 


function, i,= Ae“), Substituting this response into the homogeneous 
differential equation, which is L(di/dt) + Ri=0, we obtain Ls e* + R e* =0, or 


Ls+R=0. (1.17a) 


This is a characteristic (or auxiliary) equation, in which the left side expresses 
the input impedance seen from the source terminals of the analyzed circuit. 


Zin(S) = Ls + R. (1.17b) 


We may treat s as the complex frequency s = o + jo (for more about complex 
frequencies see any introductory course to circuit analysis and further on in 
Chap. 3). Note that by equaling this expression of circuit impedance to zero, 
we obtain the characteristic equation. Solving this equation we have 


So d t= a 1.18 
ees an T= 3: (1.18) 
Hence, the natural response is 
R 
i, = Ae ©. (1.19) 
t=0 i(t) 
I 
oe R R 
Vo — L _— L 3 
[—° 
7.6 Zin(s)=0 
®) (a) (b) 


Figure 1.7 An RL circuit switching to a d.c. voltage source (a) and after “killing” the source (b). 


“) Here and in the future, we will use the letter s for the circuit parameters’ dependent exponent. 
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Subsequently, the root of the characteristic equation defines the exponent of 
the natural response. The fact that the input impedance of the circuit should 
be equaled to zero can be explained from a physical point of view.) Since the 
natural response does not depend on the source, the latter should be “killed”. 
i.e. short-circuited as shown in Fig. 1.7(b). This action results in short-circuiting 
the entire circuit, i.e. its input impedance. 

Consider now a parallel LR circuit switching to a d.c. current source in which 
the desired response is v,(t), as shown in Fig. 1.8(a). Here, “killing” the current 
source results in open-circuiting, as shown in Fig. 1.8(b). 

This means that the input admittance should be equaled to zero. Thus, 


1 : 1 0 
Ro sL 
or 
sL+ R=0, 
which however gives the same root 
- d t= Z (1.20) 
s=—7 and t=5. . 


Next, we will consider a more complicated circuit, shown in Fig. 1.9(a). This 
circuit, after switching and short-circuiting the remaining voltage source, will 
be as shown in Fig. 1.9(b). The input impedance of this circuit “measured” at 
the switch (which is the same as seen from the “killed” source) is 


Zin(S) = Ry + R3//Ra//(R2 + SL), 


or 


Figure 1.8 A parallel RL circuit switching to d.c. current source (a) and after “ killing” the source (b). 


“)This fact is proven more correctly mathematically in Laplace transformation theory (see further 
on). 
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Zin (s) 


(c) 


Figure 1.9 A given circuit (a), determining the input impedance as seen from the switch (b) and as 
seen from the inductance branch (c). 


Evaluating this expression and equaling it to zero yields 
(R, R3 + R,R, + R;R,)(R> + sL) + R,R3R, = 0, 
and the root is 


Bos 
s=— T° where R,4= 


RR Ry FP RRR + RRR, t RRGR, 
R,R3+ Ry Rat R3R,y , 


It is worthwhile to mention that the same results can be obtained if the input 
impedance is “measured” from the inductance branch, i.e. the energy-storing 
element, as is shown in Fig. 1.9(c). 

The characteristic equation can also be determined by inspection of the 
differential equation or set of equations. Consider the second-order differential 
equation like in equation 1.2 


d’i(t) di(t) 1 
L R 
dt * dt Lars 


i(t) = g(t). (1.21) 
Replacing each derivative by s", where n is the order of the derivative (the 


function by itself is considered as a zero-order derivative), we may obtain the 
characteristic equation: 


2 1 1 0 2 R 
Ls* + Rs o> =0, or s*+—s+——~=0. (1.22) 
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This characteristic equation is of the second order (in accordance with the 
second order differential equation) and it possesses two roots s, and sp. 

If any system is described by a set of integro-differential equations, like in 
equation 1.6, then we shall first rewrite it in a slightly different form as homogen- 
eous equations 


d d | 
ae ee ee a 


dt dt 


: 1 
O-i, — R3i, + (z {e) i, = 0. 


Replacing the derivatives now by s” and an integral by s~' (since an integral is 
a counter version of a derivative) we have 


(Ls + R,)iy = SLi, + 0-i3 = 0 
= bsp (Le Rye Reh = R= (1.24) 


d d 
-1, Fit (E+ RR) i, — R3i;=0 (1.23) 


1 
O-i, — R;ji, i ( - Rs) iz = 0. 
sc 


We obtained a set of algebraic equations with the right side equal to zero. In 
the matrix form 


Ls +R, —sL 0 : 
1 
—sL Ls+R,+R,;  —R 
i i aa , [fe l=fo (1.24a) 
0 —Rys Go i; 0 


With Cramer’s rule the solution of this equation can be written as 
. Ay , me 4 ds 
Lat A ln = A n= A ’ 
where A is the determinant of the system matrix and determinants A,, A,, A; 
are obtained from A, by replacing the appropriate column (in A, the first column 
is replaced, in A, the second column is replaced, and so forth), by the right side 
of the equation, i.e. by zeroes. As is known from mathematics such determinants 
are equal to zero and for the non-zero solution in equation 1.24 the determinant 
A in the denominator must also be zero. Thus, by equaling this determinant to 
zero, we get the characteristic equation: 


(1.24b) 


sL+R, —sbL 0 
—sL sL+R,+R; —R, 
1 = 
0 —R, sc ts 
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or 


5. Biss 1 1 
Ppl ee a ee” (1.25) 


where 


__RiR, R, +R, c 1+ R,/R3 
R, +R, ore R,/R3; + R2/R3 +1 1+ R,/R, 


We could have achieved the same results by inspecting the circuit in Fig. 1.3 
and determining the input impedance (we leave this solution as an exercise for 
the reader). The characteristic equation 1.25 is of second order, since the circuit 
(Fig. 1.3) consists of two energy-storing elements (one inductance and one 
capacitance). 

There is a more general rule, which states that the order of a characteristic 
equation is as high as the number of energy-storing elements. However, we 
should distinguish between the elements, which cannot be replaced by their 
equivalent and those which can be eliminated by simplifying the circuit. We 
therefore shall first combine the inductances and capacitances, which are con- 
nected in series and/or in parallel, or can be brought to such connections. For 
instance, in the circuit in Fig. 1.10(a) we may account for five L-s/C-s elements. 
However, after simplification their number is reduced to only two energy-storing 
elements, as shown in Fig. 1.10(b). Therefore, we may conclude that the given 
circuit and its characteristic equation are of second order only. Another example 
is the circuit in Fig. 1.10(c), which contains three inductive elements and two 
resistances (after switching). By inspection of this circuit, we may simplify it to 
only one equivalent inductance: 


L=L, ae 


Therefore, the circuit is of the first order. The equivalent resistance is R,, = 
R, +R. 

In such “reduced” circuits, the inductances and capacitances are associated 
with their currents (through inductances) and voltages (across capacitances), 
which at t=O define the independent initial conditions (see further on). The 
number of these initial conditions must comply with the order of the characteris- 
tic equation, so that we will be able to determine the integration constant, the 
number of which is also equal to the order of the characteristic equation. 

In more complicated circuits we may find that a few, let us say k inductances 
are connected in a so-called “inductance” node, as shown in Fig. 1.11(a) and 
(b). Taking into consideration that, in accordance with KCL, the sum of the 
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(c) (d) 


Figure 1.10 A given circuit of five L/C elements (a) and its equivalent of only two L/C elements (b), 
a circuit of three L elements (c) and its equivalent of only one L element. 


ae OS 
3 3 


(a) (b) 
(c) (d) 


Figure 1.11 An “inductance” node of three inductances (a), an “inductance” node of two inductances 
and two current sources (b), a “capacitance” loop of three capacitances (c) and a “capacitance” loop 
of two capacitances and one voltage source. 


currents in a node is zero, we may conclude that only k — 1 inductance currents 
are independent. This means that the contribution to the order of the characteris- 
tic equation, which will be made by the inductances, is one less than the number 
of inductances. The “capacitance” loop, Fig. 1.11(c) and (b) is a dual to the 
“inductance” node, so that the number of independent voltages across the 
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capacitances in the loop will be one less than the number of capacitances. Thus, 
if the total number of inductances and capacitances is n, and ng respectively, 
and the number of “inductance” nodes and “capacitance” loops is m, and 
Mc respectively, then the order of the characteristic equation is n,= 
ny, +n¢e—my,—Mmc. Finally, it must be mentioned that the mutual inductance 
does not influence the order of the characteristic equation. 

By analyzing the circuits in their transient behavior and determining their 
characteristic equations, we should also take into consideration that the natural 
responses might be different depending on the kind of applied source: voltage 
or current. Actually, we have to distinguish between two cases: 


1) If the voltage source, in its physical representation (i.e. with an inner resistance 
connected in series) is replaced by an equivalent current source (i.e. with the 
same resistance connected in parallel), the transient responses will not change. 
Indeed, as can be seen from Fig. 1.12, the same circuit A is connected in (a) to 
the voltage source and in (b) to the current source. By “killing” the sources (i.e. 
short-circuiting the voltage sources and opening the current sources) we are 
getting the same passive circuits, for which the impedances are the same. This 
means that the characteristic equations of both circuits will be the same and 
therefore the natural responses will have the same exponential functions. 


2) However, if the ideal voltage source is replaced by an ideal current source, 
Fig. 1.13, the passive circuits in (a) and (b), 1. after killing the sources, are 
different, having different input impedances and therefore different natural 
responses. 


< 
(+) 
> 


(a) 


La A 


(b) 


Figure 1.12. A circuit with an applied voltage source (a) and with a current source (b). 
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‘@ A 


(a) 


iT@ A 


(b) 


Figure 1.13 Circuit with an applied ideal voltage source (a) and an ideal current source (b). 


1.6 ROOTS OF THE CHARACTERISTIC EQUATION AND 
DIFFERENT KINDS OF TRANSIENT RESPONSES 


1.6.1 First-order characteristic equation 


If an electrical circuit consists of only one energy-storing element (Lor C) and 
a number of energy dissipation elements (R’s), the characteristic equation will 
be of the first order: 


For an RL circuit 


Ls + R.,=9 (1.26a) 
and its root is 
Req 1 
s=— =—-, (1.26b) 
L T 
where 
Ly 
= 
Req 
is a time constant. 
For an RC circuit 
1 
xc +R,,=0 (1.27a) 
and its root is 
1 1 
s=—- = =--, (1.27b) 
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where t = R,,C is a time constant. In both cases the natural solution is 
f,(t) = Ae™, (1.28a) 


or 
t 


f,(t)= Aes, (1.28b) 


which is a decreasing exponential, which approaches zero as the time increases 
without limit. However, as we have seen earlier (in Fig. 1.5), during the time 
interval of five times t the difference between the exponential and zero is less 
than 1%, so that practically we may state that the duration of the transient 
response is about 5t. 


1.6.2 Second-order characteristic equation 


If an electrical circuit consists of two energy-storing elements, then the character- 
istic equation will be of the second order. For an electrical circuit, which consists 
of an inductance, capacitance and several resistances this equation may look 
like equations 1.22, 1.25 or in a generalized form 


+ 20+ 07 =0. (1.29) 


The coefficients in the above equation shall be introduced as follows: « as 
the exponential damping coefficient and w, as a resonant frequency. For a series 
RLC circuit «= R/2L and wy= ao =1/VLC. For a parallel RLC circuit «= 
1/2RC and w,=y1/\VLC, which is the same as in a series circuit. For more 
complicated circuits, as in Fig.1.3, the above terms may look like 
o= (Req /L+ 1/R2,eqC), which is actually combined from those coefficients for 
the series and parallel circuits and m4 = @ €, where € is a distortion coefficient, 
which influences the resonant/oscillatory frequency. 

The two roots of a second order (quadratic) equation 1.29 are given as 


s, = —a+ Vo? — (1.30a) 


8o= —a—Vo?— wi, (1.30b) 


and the natural response in this case is 
f(t) = A, e! + Ane". (1.31) 


Since each of these two exponentials is a solution of the given differential 
equation, it can be shown that the sum of the two solutions is also a solution 
(it can be shown, for example, by substituting equation 1.31 into the considered 
equation. The proof of it is left for the reader as an exercise.) 

As is known from mathematics, the two roots of a quadratic equation can 
be one of three kinds: 


1) negative real different, such as |s,|>|s,|, if o> @,; 
2) negative real equal, such as |s.|=|s,;|=|s|, if «=@, and 
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3) complex conjugate, such as s,,=—a+tjo,, if «<a, and _ then 


@, = /@7z— 0 is the frequency of oscillation or natural frequency (see fur- 
ther on). 


A detailed analysis of the natural response of all three cases will be given in the 
next chapter. Here, we will restrict ourselves to their short specification. 


1) Overdamping. In this case, the natural response (equation 1.31) is given as 
the sum of two decreasing exponential forms, both of which approach zero as 
t— oo. However, since |s,| >|s,|, the term of s, has a more rapid rate of decrease 
so that the transients’ time interval is defined by s, (t,, + 5(1/|s,|)). This response 
is shown in Fig. 1.14(a). 


2) Critical damping. In this case, the natural response (equation 1.31) converts 
into the form 
f(t) =(Ait+ A,)e™, (1.32) 

which is shown in Fig. 1.14(b). 
3) Underdamping. In this case, the natural response becomes oscillatory, which 
may be imaged as a decaying alternating current (voltage) 

f(t) = Be ™ sin(a,t + ), (1.33) 

HO 


IA 


BN 


fit) 


‘a -exp(-at) 


(c) 


(b) 


Figure 1.14 An overdamped response (a), a critical response (b) and an underdamped response (c). 
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which is shown in Fig. 1.14(c). Here term « is the rate of decay and a, is the 
angular frequency of the oscillations. 

Now the critical damping may be interpreted as the boundary case between 
the overdamped and underdamped responses. It should be noted however that 
the critical damping is of a more theoretical than practical interest, since the 
exact satisfaction of the critical damping condition «=, in a circuit, which 
has a variety of parameters, is of very low probability. Therefore, the transient 
response in a second order circuit will always be of an exponential or oscillatory 
form. Let us now consider a numerical example. 


Example 1.2 


The circuit shown in Fig 1.15 represents an equivalent circuit of a one-phase 
transformer and has the following parameters: L, = 0.06 H, L,=0.02 H, M= 
0.03 H, Ry =6Q, R,=1. If the transformer is loaded by an inductive load, 
whose parameters are L;z = 0.005 H and R,4 = 9 Q, a) determine the characteristic 
equation of a given circuit and b) find the roots and write the expression of a 
natural response. 


Solution 


Using mesh analysis, we may write a set of two algebraic equations (which 
represent two differential equations in operational form) 


(R, + sL,)i; — sM i, =0 
—sM i, +(R,+sL,+ Rygt sLig)iz = 0. 
The determinant of this set of two equations is 
R,+sLl, —sM 
—sM = (Ry + Riya) + s(L2 + Ly) 
= (L, Ly — M’)s? + (R, L3+ R3L,)s + R,R}, 


det = 


where, to shorten the writing, we assigned L;=L,+L, and R{=R,+ Ry. 


ie; 


load 


Figure 1.15 A given circuit for example 1.2. 
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Letting det = 0, we obtain the characteristic equation in the form 


RiLb+ Rly RR: 
Ss = 
LV” hae 


2 


0. 


Substituting the given values, we have 


6:0.025 + 10-0.06 z 6:10 0 
0.06-0.025 — 0.032” 0.06-0.025 0.032.” 


se 


or 
s* + 12.5-10?s + 10-10* =0. 


The roots of this equation are: 


123 12.5\? 4 
s=| ——~ + ./{ —]} —10|-10? = —0.860-10? s 


2 2 
12.5 1g5\ ; rer 
5, ; : 10 |-10? = — 11.60-10? s~*, 


which are two different negative real numbers. Therefore the natural response 
is: 


i,(t) = A,e 8 + A,e~ 1160, 


which consists of two exponential functions and is of the overdamped kind. 

It should be noted that in second order circuits, which contain two energy- 
storing elements of the same kind (two L-s, or two C-s), the transient response 
cannot be oscillatory and is always exponential overdamped. It is worthwhile 
to analyze the roots of the above characteristic equation. We may then obtain 

1 


Sy2= (LL, — M?) [(R,L)+ Rj L,)+ V(R 15+ R5L,) — 4(L, L5 — M’)R, R35] 
(1.34) 


The expression under the square root can be simplified to the form: 
(R,L+ R5L,)’ + 4R,R5M?>0, which is always positive, i.c., both roots are 
negative real numbers and the transient response of the overdamped kind. These 
results once again show that in a circuit, which contains energy-storing elements 
of the same kind, the transient response cannot be oscillatory. 

In conclusion, it is important to pay attention to the fact that all the real 
roots of the characteristic equations, under study, were negative as well as the 
real part of the complex roots. This very important fact follows the physical 
reality that the natural response and transient-state cannot exist in infinite time. 
As we already know, the natural response takes place in the circuit free of 
sources and must vanish due to the energy losses in the resistances. Thus, 
natural responses, as exponential functions e“, must be of a negative power 
(s <0) to decay with time. 
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1.7 INDEPENDENT AND DEPENDENT INITIAL CONDITIONS 


From now on, we will use the term “switching” for any change or interruption 
in an electrical circuit, planned as well as unplanned, i.e. different kinds of faults 
or other sudden changes in energy distribution. 


1.7.1 Two switching rules (laws) 


The principle of a gradual change of energy in any physical system, and specifi- 
cally in an electrical circuit, means that the energy stored in magnetic and 
electric fields cannot change instantaneously. Since the magnetic energy is 
related to the magnetic flux and the current through the inductances (i.e., w,, = 
i,/2), both of them must not be allowed to change instantaneously. In transient 
analysis it is common to assume that the switching action takes place at an 
instant of time that is defined as t=0 (or t=¢)) and occurs instantaneously, 
i.e. in zero time, which means ideal switching. Henceforth, we shall indicate two 
instants: the instant just prior to the switching by the use of the symbol 0_, ie. 
t=0_, and the instant just after the switching by the use of the symbol 04, ie. 
t=0,, (or just 0), as shown in Fig. 1.16. Using mathematical language, the 
value of the function f(0_), is the “limit from the left”, as t approaches zero 
from the left and the value of the function f(0,) is the “limit from the right”, as 
t approaches zero from the right. 

Keeping the above comments in mind, we may now formulate two switch- 
ing rules. 


(a) First switching law (or first switching rule) 


The first switching rule/law determines that the current (magnetic flux) in an 
inductance just after switching i,(0,) is equal to the current (flux) in the same 
inductance just prior to switching 


i, (04) = i,(0_) (1.35a) 
A(0.) = A(0_). (1.35b) 


Equation 1.35a determines the initial value of the inductance current and enables 


Figure 1.16 The instants: prior to switching (0_), switching (0) and after switching (0,). 
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us to find the integration constant of the natural response in circuits containing 
inductances. If the initial value of the inductance current is zero (zero initial 
conditions), the inductance at the instant t=0 (and only at this instant) is 
equivalent to an open circuit (open switch) as shown in Fig. 1.17(a). If the initial 
value of the inductance current is not zero (non-zero initial conditions) the 
inductance is equivalent at the instant t=0 (and only at this instant) to a 
current source whose value is the initial value of the inductance current J, = 
i,(0), as shown in Fig. 1.17(b). Note that this equivalent, current source may 
represent the inductance in a most general way, i.e., also in the case of the zero 
initial current. In this case, the value of the current source is zero, and inner 
resistance is infinite (which means just an open circuit). 


(b) Second switching law (or second switching rule) 


The second switching rule/law determines that the voltage (electric charge) in a 
capacitance just after switching v-(0,,) is equal to the voltage (electric charge) in 
the same capacitance just prior to switching 


ve(0,) = ve(0_) (1.36a) 
q(0+) = q(0_). (1.36b) 


Equation 1.36a determines the initial value of the capacitance voltage and 


1 Lye 
fo Vv, (0)  »—> ve 
io 


zo Vi (0) »—> 


Figure 1.17 An equivalent circuit for an inductance at t = 0, with a zero initial current (a) and with 
current i,(0) (b). 
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enables us to find the integration constant of the natural response in circuits 
containing capacitances. If the initial value of the voltage across a capacitance 
is zero, zero initial conditions, the capacitance at the instant t = 0 (and only at 
this instant) is equivalent to a short-circuit (closed switch) as shown in 
Fig. 1.18(a). If the initial value of the capacitance voltage is not zero (non-zero 
initial conditions), the capacitance, at the instant t = 0 (and only at this instant), 
is equivalent to the voltage source whose value is the initial capacitance voltage 
V, = v-(0), as shown in Fig. 1.18(b). Note that this equivalent, voltage source 
may represent the capacitance in a most general way, i.e., also in the case of 
the zero initial voltage. In this case, the value of the voltage source is zero, and 
inner resistance is zero (which means just a short-circuit). 

In a similar way, as a current source may represent an inductance with a 
zero initial current, we can also use the voltage source as an equivalent of the 
capacitance with a zero initial voltage. Such a source will supply zero voltage, 
but its zero inner resistance will form a short-circuit. 

If the initial conditions are zero, it means that the current through the 
inductances and the voltage across the capacitances will start from zero value, 
whereas if the initial conditions are non-zero, they will continue with the same 
values, which they possessed prior to switching. 

The initial conditions, given by equations 1.35 and 1.36, 1e., the currents 


1.(0) t=0 i..(0) 


1 =, I — 


(b) 


Figure 1.18 An equivalent circuit for a capacitance, at t=0, with zero initial voltage (a) and with 
non-zero initial voltage v¢(0) (b). 
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through the inductances and voltages across the capacitances, are called indepen- 
dent initial conditions, since they do not depend either on the circuit sources or 
on the status of the rest of the circuit elements. It does not matter how they 
had been set up, or what kind of switching or interruption took place in 
the circuit. 

The rest of the quantities in the circuit, 1.e., the currents and the voltages in 
the resistances, the voltages across the inductances and currents through the 
capacitances, can change abruptly and their values at the instant just after the 
switching (t= 0.) are called dependent initial conditions. They depend on the 
independent initial conditions and on the status of the rest of the circuit elements. 
The determination of the dependent initial conditions is actually the most 
arduous part of the classical method. In the next sections, methods of determin- 
ing the initial conditions will be introduced. We shall first, however, show how 
the independent initial conditions can be found. 


1.7.2 Methods of finding independent initial conditions 


For the determination of independent initial conditions the given circuit/network 
shall be inspected at its steady-state operation prior to the switching. Let us 
illustrate this procedure in the following examples. 


Example 1.3 


In the circuit in Fig. 1.19, a transient-state occurs due to the closing of the 
switch (Sw). Find the expressions of the independent initial values, if prior to 
the switching the circuit operated in a d.c. steady-state. 

Solution 

By inspection of the given circuit, we may easily determine 1) the current 


through the inductance and 2) the voltages across two capacitances. 


1) Since the two capacitances in a d.c. steady-state are like an open switch the 


iin) R, t=0- 
‘ 
R, Cc Ve, (0-) 
@) +: 
Sw + 
103 i air Vex(0-) 


Figure 1.19 The circuit of example 1.3 at instant time t = 0_. 
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inductance current is 


. 4 
Oe al ae 
1 2 


2) Since the voltage across the inductance in a d.c. steady-state is zero (the 
inductance provides a closed switch), the voltage across the capacitances is 
vc(O_) = Ri, (0_). 


This voltage is divided between two capacitors in inverse proportion to their 
values (which follows from the principle of their charge equality, ie. Cyv¢, = 
C30¢2), which yields: 


Cz 
Uc1(O_) = Rzi,(0_) CuG 
1 2 
Cy 
Uc2(0_-) = Ri,(0_) Ga 
1 2 


Example 1.4 


Find the independent initial conditions i,(0_) and v¢(0_) in the circuit shown 
in Fig. 1.20, if prior to opening the switch, the circuit was under a d.c. steady- 
state operation. 


Solution 


1) First, we find the current i, with the current division formula (no current is 
flowing through the capacitance branch) 

=I Rs _] Rs(R, + R3) 

4S Rs + Rat Rs //R, * RyRy +R,Ry+ RRs + RyRy t+ RyRs 


Using once again the current division formula, we obtain the current through 
the inductance 


ara eer RRs 
"Rep; "koe Ri Rp RR Ra RR 


i, (0_) 


t=0- 


Figure 1.20 The circuit prior to the switching t= 0_ of example 1.4. 


Classical Approach to Transient Analysis 31 


2) The capacitance voltage can now be found as the voltage drop in resistance 
Ry 


vc(0_) = Ri i,(0_). 


The examples given above show that in order to determine the independent 
initial conditions, 1.e., the initial values of inductance currents and/or capacitance 
voltages, we must consider the circuit under study prior to the switching, i.e. at 
instant t=0O_. It is usual to suppose that the previous switching took place a 
long time ago so that the transient response has vanished. We may apply all 
known methods for the analysis of circuits in their steady-state operation. Our 
goal is to choose the most appropriate method based on our experience in 
order to obtain the quickest answer for the quantities we are looking for. 


1.7.3 Methods of finding dependent initial conditions 


As already mentioned the currents and voltages in resistances, the voltages 
across inductances and the currents through capacitances can change abruptly 
at the instant of switching. Therefore, the initial values of these quantities should 
be found in the circuit just after switching, ie., at instant t=0,. Their new 
values will depend on the new operational conditions of the circuit, which have 
been generated after switching, as well as on the values of the currents in the 
inductances and voltages of the capacitances. For this reason we will call them 
dependent initial conditions. 

As we have already observed, the natural response in the circuit of the second 
order is, for instance, of form equation 1.31. Therefore, two arbitrary constants 
A, and A,, called integration constants, have to be determined to satisfy the 
two initial conditions. One is the initial value of the function and the other one, 
as we know from mathematics, is the initial value of its first derivative. Thus, 
for circuits of the second order or higher the initial values of derivatives at t = 
0. must also be found. We also consider the initial values of these derivatives 
as dependent initial conditions. 

In order to find the dependent initial conditions we must consider the analyzed 
circuit, which has arisen after switching and in which all the inductances and 
capacitances are replaced by current and voltage sources (or, with zero initial 
conditions, by an open and/or short-circuit). Note that this circuit fits only at 
the instant t = 0,. For finding the desirable quantities, we may use all the known 
methods of steady-state analysis. Let us introduce this technique by considering 
the following examples. 


Example 1.5 


Consider once again the circuit in Fig. 1.20. We now however need to find the 
initial value of current i,(0,), which flows through the capacitance and therefore 
can be changed instantaneously. 
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Solution 


We start the solution by drawing the equivalent circuit for instant t= 04, ie. 
just after switching, Fig. 1.21. The inductance and capacitance in this circuit are 
replaced by the current and voltage sources, whose values have been found in 
Example 1.4 and are assigned as I;) and Vo. 

The achieved circuit has two nodes and the most appropriate method for its 
solution is node analysis. Thus, 


—1,+ G3 Vay + Ino + i2(9) = 0, 
where G3 = 1/R;. Substituting V,,= Veo + Ri,(0) for V,, we may obtain 
i,(0)(1 + G3R,) =1, — Ito — G3 Veo, 
or 
I, io Tio ~ G; Veo 
1+G,R, 


i,(0) = 


Example 1.6 


Let us say that we are interested in finding the initial value of the input current 
in the circuit of Example 1.3, shown in Figure 1.19. 


Solution 


Since the current we are looking for is a current in a resistance, which can 
change abruptly, we shall consider the circuit at instant t=0,. This circuit is 
shown in Fig. 1.22 where the inductance is replaced by a current source and 
the capacitances are replaced by voltage sources. 

The quickest way to find i;,(0,) is by using the superposition principle. For 
this purpose, we shall consider two circuits: in the first one only the voltage 
sources are in action (circuit (b) in Fig. 1.22) and in the other one only the 
current source is in action (circuit (c) in Fig. 1.22). By inspection of the first 
circuit and by applying Kirchhoff’s voltage law to the outer loop, we have 


Figure 1.21 An equivalent circuit for Example 1.5. 
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in) t= 0. iin(Qs) 


R, ‘ Ver a” Lxe) Ve 


R, 


(a) 


iin(0+) 
ee 


(©) 


Figure 1.22 The circuit for finding i;,(0,) (a), the subcircuit with voltage sources (b) and the subcir- 
cuit with a current source (c). 


By inspection of the second circuit in which the current source is short-circuited, 
we have 


Therefore, finally 


Example 1.7 


As a numerical example, let us consider the circuit in Fig. 1.23. Suppose that 
we wish to find the initial value of the output voltage, just after switch Sw 
instantaneously changes its position from “1” to “2”. The circuit parameters 
are: L=0.1H, C=0.1 mF, Ry = 10Q, R, = 20Q, Rig = 100 O, V,;=110V and 
Vio = 60 V. 


Solution 


In order to answer this question, we must first find the independent initial 
conditions, i.e., i,(0,) and v,(0,). By inspection of the circuit for instant t= 0_, 
Fig. 1.23(a), we have 

Ve 110 


Oj =1<A, 
iO )= ER, 100+ 10 
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Figure 1.23 A given circuit for Example 1.7(a) and its equivalent at t =0,(b). 


and 
Ry 
R,+Ry 
With two switching rules we have 
i(04)=i,(0.)=1A 
vc(04) = vc(0_) = 10V, 


and we can now draw the equivalent circuit for instant t=0,, Fig. 1.23(b). By 
inspection, using KCL (Kirchhoff’s current law), we have 


Rigig + Roi, + i) = — Ver + Vez + v¢(0). (1.37) 
Keeping in mind that i, =i, and i, =i,(0), we obtain 


. — Via + Viz + ve(0) — Rzi,(0) + —110+ 60+ 10— 20-1 
i,(0) = - =-—0.5A. 
R,+ Ruy 20 + 100 
Thus the initial value of the output current is —0.5A. Note that, prior to 
switching, the value of the output current was —1A, therefore, with switching 
the current drops to half of its previous value. 

The circuit of this example is of the second order and, as earlier mentioned, 
its natural response consists of two unknown constants of integration. Therefore, 
we shall also find the derivative of the output current at instant t=0,. By 
differentiating equation 1.37 with respect to time, and taking into consideration 
that V,, and V,, are constant, we have 


10 
100+10 | 


ve(O_) = Va 110 10V. 


(Rz + Ria) Es R, diy _ ae 
dt dt dt 
and, since diy = x v, and due = 2 ic 
: dt L dt Cc° 
di, 1 p. R, 
dt _s eR ce L =0)]. 
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By inspection of the circuit in Fig. 1.23(b) once again, we may find 
v,(0) = Vay t+ Rigi,(0) — R,i,(0) = 110 + 100(—0.5) — 10-1 = 40V. 
i¢(0) = —i,(0) —i,(0) =0.5 —1= —O.5A. 


Thus, 


1 ( — 0.5 10 


= 40)=—75As_'. 
9 20+ 100\ 0.110? 0.1 ) : 


dt 


1.7.4 Generalized initial conditions 


Our study of initial conditions would not be complete without mention of the 
so-called incorrect initial conditions, i.e. by which it looks as though the two 
switching laws are disproved. 


(a) Circuits containing capacitances 


As an example of such a “disproval”, consider the circuit in Fig. 1.24(a). In this 
circuit, the voltage across the capacitance prior to switching is vc(0_)=0 and 
after switching it should be v¢(0,) = V;, because of the voltage source. Thus, 


vc(0+) 4 vc(O_), 


and the second switching law is disproved. 

This paradox can be explained by the fact that the circuit in Fig 1.24(a) is 
not a physical reality, but only a mathematical model, since it is built of two 
ideal elements: an ideal voltage source and an ideal capacitance. However, every 
electrical element in practice has some value of resistance, and generally speaking 
some value of inductance (but this inductance is very small and in our future 
discussion it will be neglected). Because, in a real switch, the switching process 
takes some time (even very small), during which the spark appears, the latter 
is also usually approximated by some value of resistance. By taking into con- 
sideration just the resistances of the connecting wires and/or the inner resistance 
of the source or the resistance of the spark, connected in series, and a resistance, 
which represents the capacitor insulation, connected in parallel, we obtain the 


ay 


(a) (b) 


Figure 1.24 An incorrect circuit model of a source and a capacitor (a) and its corrected version (b). 
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circuit shown in Fig. 1.24(b). In this circuit, the second switching law is correct 
and we may write 


Uc(04) = ve(0_). 


Now, at the instant of switching, ie., at t=0, the magnitude of the voltage 
drop across this resistance will be as large as the source value. As a result the 
current of the first moment will be very large, however not unlimited, like it is 
supposed to be in Fig. 1.24(a). In order to illustrate the transient behavior in 
the circuit discussed, let us turn to a numerical example. Suppose that a 1.0 nF 
condenser is connected to a 100 V source and let the resistance of the connecting 
wires be about one hundredth of an ohm. In such a case, the “spike” of the 
current will be I; = 100/0.01 = 10,000 A, which is a very large current in a 100 V 
source circuit (but it is not infinite). This current is able to charge the above 
condenser during the time period of about 10° 1! s, since the required charge is 
q=CV=10-°-10?=10 7C and At = Ag/Ai= 10° 7/10*= 10°"! s. This period 
of time is actually equal to the time constant of the series RC circuit, t= RC = 
10-710 10th: 

From another point of view, the amount of the charge, which is transferred 
by an exponentially decayed current, is equal to the product of its initial value, 
I) and the time constant. Indeed, from Fig. 1.25, we have 


co 


cO 
q= fia=1, | edt =I,(—t)e"*| = Ipt, (1.38) 
0 0 
ie., g = 10,000-10°11= 1077 C, as estimated earlier. This result (equation 1.38) 
justifies using an impulse function 6 (see further on) for representing very large 
(approaching infinity) magnitudes applying very short (approaching zero) time 
intervals, whereas their product stays finite, as shown in Fig. 1.25. 

Note that the second resistance R, is very large (hundreds of mega ohms), 
so that the current through this resistance, being very small (less than a tenth 
of a microampere), can be neglected. 

In conclusion, when a capacitance is connected to a voltage source, a very 
large current, tens of kiloamperes, charges the capacitance during a vanishing 
time interval, so that we may say that the capacitance voltage changes from 
zero to its final value, practically immediately. However, of course, none of the 


i(t) 


Figure 1.25 A large and fast decaying exponent and an equivalent impulse. 
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(b) 


Figure 1.26 A circuit in which the second switching law is “disproved”: prior switching (a) and after 
switching (b). 


physical laws, neither the switching law nor the law of energy conservation, has 
been disproved. 

As a second example, let us consider the circuit in Fig. 1.26(a). At first glance, 
applying the second switching law, we have 


U¢1(04) = U¢1(0_) = V, 
Uc2(0+) = V¢2(0_) = 0. 


But after switching, at t=0, the capacitances are connected in parallel, 
Fig. 1.26(b), and it is obvious that 


ve1(04) = v¢2(0_) (1.40) 


which is in contrast to equation 1.39. 

To solve this problem we shall divide it into two stages. In the first one, the 
second capacitance is charged practically immediately in the same way that was 
explained in the previous example. During this process, part of the first capaci- 
tance charge is transferred by a current impulse to the second capacitance, so 
that the entire charge is distributed between the two capacitances in reciprocal 
proportion to their values. The common voltage of these two capacitances, 
connected in parallel, after the switching at instant t=0, is reduced to a new 
value lower than the applied voltage V,. 

In the second stage of the transient process in this circuit, the two capacitances 
will be charged up so that the voltage across the two of them will increase up 
to the applied voltage V,. To solve this second stage problem we have to know 
the new initial voltage in equation 1.40. We shall find it in accordance with 
equation 1.36b which, as was mentioned earlier, expresses the physical principal 
of continuous electrical charges, i.e. the latter cannot change instantaneously. 
This requirement is general but even more stringent than the requirement of 
continuous voltages, and therefore is called the generalized second switching law. 
Thus, 


(1.39) 


x (04) = qx(O_) = Cy ve; (0_). (1.41) 


This law states that: the total amount of charge in the circuit cannot change 
instantaneously and its value prior to switching is equal to its value just after the 
switching, i.e., the charge always changes gradually. 
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Since the new equivalent capacitance after switching is C,,=C,+C,, we 
may write 
qx(0+) = (Cy + Cz )¥e1 (04) = Cy ¥¢1(0_). 
Since, in this example, vc,(0_) = V,, we finally have 


Gr (0_)= C1 V 
—CiC, oo Caen 


ve (0+) (1.42) 
With this initial condition, the integration constant can easily be found. 

It is interesting to note that by taking into consideration the small resistances 
(wires, sparks, etc.) the circuit becomes of second order and its characteristic 
equations will have two roots (different real negative numbers). One of them 
will be very small, determining the first stage of transients, and the second one, 
relatively large, will determine the second stage. 

Let us now check the energy relations in this scheme, Fig. 1.26, before and 
after switching. The energy stored in the electric field of the first capacitance 
(prior to switching) is w.(0_) = $C, V2,(0_) =3C, V2 and the energy stored in the 
electric field of both capacitances (after switching) is w,(0,)= 
3(C; + Cz)v2(0,). Thus, the energy “lost” is 


CV S46 (at) CoV 
ep) 


Aw, = w,(0_) Ww (0,) 


2 Py) C,+C, (C,+C,) 
(1.43) 


This energy actually dissipates in the above-discussed resistances. 

When two capacitances, connected in series, switch to the voltage source, as 
shown in Fig. 1.27(a), the transients will also consist of two stages. In the first 
stage, the current impulse will charge two capacitances equally to the same 
charge 


CiC, 


q(04) (1.44) 


Te 


Figure 1.27 Two capacitances in series are connected to the voltage source: incorrect (a) and correct 
(b) circuits. 
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but to different voltages, in reciprocal proportion to their values: 
Ci 

C,+C," 

However, in accordance with the correct equivalent circuit in Fig. 1.27(b), the 


final steady-state voltages (at t > 00) across two capacitances must be determined 
by the voltage division in proportion to their resistances: 


R, R, 
U¢2(0) = VR cy 
1 2 


0¢1(04) = V, 


Uc2(04) = V, (1.45) 


a 
C,+C,’ 


U¢1(00) = V, (1.46) 
This change in voltages, from equation 1.45 to equation 1.46, takes place during 
the second stage with the time constant t=(C, + C,)/(G, + G,) (proof of this 
expression is left to the reader as an exercise). 

Finally it should be noted that the very fast charging of the capacitances by 
the flow of very large currents (current impulses) results in relatively small energy 
dissipation, so that usually no damage is caused to the electrical equipment. 
Indeed, with the numerical data of our first example, we may calculate 

ee ee T 
Wa= Rn et= Ris, =10~7*(10* 10 *-05 =05-10> J, 
0 
which is negligibly small. Checking the law of energy conservation, we may find 
that the energy being delivered by the source is 


co ; co dvc Ve , 
Wy = V,i dt = V, C—dt=CV, duc = CV;, 
10) 0 dt 0 
and the energy being stored into the capacitances is w, = $C V2, ie., half of the 
energy delivered by the source is dissipated in the resistances. Calculating this 
energy yields 


Cy. 10-7h* 


Agi. = = 
ve 5 2 


= 0.5710" > J; 
as was previously calculated. 


(b) Circuits containing inductances 


We shall analyze the circuits containing inductances keeping in mind that such 
circuits are dual to those containing capacitances and using the results, which 
have been obtained in our previous discussion. 

Consider the circuit shown in Fig. 1.28 in which the current prior to switching 
is i,(0_) =I and after switching is supposed to be i,(0,)=0, so that the first 
switching law is disproved 


i(04) #i,(0). 


However, by taking into consideration the small parameters G, R,, and C, we 
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000 
ce 


(a) (b) 


Figure 1.28 An incorrect circuit containing a disconnected inductance (a) and its improved equiva- 
lent (b). 


may obtain the correct circuit, shown in Fig 1.28(b), in which all the physical 
laws are proven. 

In this circuit, the open switch is replaced by a very small conductance G 
(very big resistance), so that we can now write i,(0,)=i,(0_), but because of 
the vanishingly small time constant t=GL, the current decays almost 
instantaneously. 

From another point of view the almost abrupt change of inductance current 
results in a very large voltage induced in inductance, v, = L(di/dt), which is 
applied practically all across the switch, and causes an arc, which appears 
between the opening contacts of the switch. Let us estimate the magnitude of 
such an overload across the coil in Fig. 1.28(a), having 0.1 H and 20 Q;, which 
disconnects almost instantaneously from the voltage source, and the current 
through the coil prior to switching was 5 A. Assume that the time of switching 
is At=10 us (note that this time, during which the current changes from the 
initial value to zero, can be achieved if the switch is replaced by a resistor of at 
least 50kQ, as shown in Fig. 1.28(b)), then the overvoltage will be 
Voux 2 L(Ai/At) = 0-5-1060 =S0:kV. 

Such a high voltage usually causes an arc, which appears between the opening 
contacts of the switch. This transient phenomenon is of great practical interest 
since in power system networks the load is mostly of the inductance kind and 
any disconnection of the load and/or short-circuited branch results in over- 
voltages and arcs. However, the capacitances associated with all the electric 
parts of power systems affect its transient behavior and usually result in reducing 
the overvoltages. (We will analyze this phenomenon in more detail also taking 
into consideration the capacitances, see Chapter 2). 

Consider next the circuit in Fig. 1.29, which is dual to the circuit in Fig. 1.26. 
(It should be noted that the duality between the two circuits above, Figs 1.28 
and 1.29, and the corresponding capacitance circuits, in Figs 1.24 and 1.26, is 
not full. For full duality the voltage sources must be replaced by current sources. 
However, the quantities, the formulas, and the transient behavior are similar.) 
In this circuit, prior to switching i,,(0_) = Jp and i,,(0_) = 0. Applying the first 
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(b) 


Figure 1.29 A circuit containing two inductances, in which the first switching law is “disproved”: 
prior to switching (a) and after switching (b). 


switching law we shall write 
iz1(04) = i,1(0_) = Ip 
iz2(04) = in2(0_) =0. 


After switching the two inductances are connected in series, Fig 1.29(b), therefore 


i21(04) = tz2(0_), (1.48) 


which is obviously contrary to equation 1.47. However, we may consider the 
transient response of this circuit as similar to that in capacitance and conclude 
that it is composed of two stages. In the first stage, the currents change almost 
instantaneously, in a very short period of time At—0, so that voltage impulses 
appear across the inductances. In the second stage, the current in both induc- 
tances changes gradually from its initial value up to its steady-state value. In 
order to find the initial value of the common current flowing through both 
inductances connected in series (just after switching and after accomplishing 
the first stage) we may apply the so-called first generalized switching law (equa- 
tion 1.35b). This law states that: the total flux linkage in the circuit cannot change 
instantaneously and its value prior to switching is equal to its value just after 
switching, i.e. the flux linkage always changes gradually. 
If an electrical circuit contains only one inductance element, then 


Li,(0,)=Li,(0_) or  i,(0_) =i,(0,), 


(1.47) 


and the first switching law regarding flux linkages (equation 1.35b) is reduced 
to a particular case with regard to the currents. For this reason the first switching 
law, regarding flux linkages, is more general. 

Applying the first generalized law to the circuit in Fig. 1.29, we have 


Ly iz, (O_) + Lyiz2(0_) = Ly ips (04) + Loiz2 (04), (1.49) 
or since i; (04) = i,5(0,) = i,(0,) we have 


Lyiz1(0_) + Lyiz2(0_) 
L,+L, , 


i,(04) = 
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Substituting i,,(0_)=0 and i,,(0_) = Jp the above expression becomes 


Ly 
Ly +L, 


i, (04) = Ip. (1.50) 
This equation enables us to determine the initial condition of the inductance 
current in the second stage of a transient response. 
The energy stored in the magnetic field of two inductances prior to switching 
is 
Lyits(0_) | Leit2(0_) 
2 2 : 


Wm(O_) = (1.50a) 


and after switching 


(Ly + Lp)iz (04) 
3 : 


w,,(04) = (1.50b) 
Then the amount of energy dissipated in the first stage of the transients, i.e., in 
circuit resistances and in the arc, with equations 1.50a and 1.50b will be 

1 L,L, 


AWy, = Wm(O_) — Wm(O4) = 5 5 ei Lips (0_) —i,.(0)P. (1.51) 
1 ‘2 


(Developing this formula is left to the reader as an exercise.) For the circuit 
under consideration the above equation 1.51 becomes 


Mins 2. (1.52) 
1 2, 


It is interesting to note that this expression is similar to formula 1.43 for a 
capacitance circuit. Let us now consider a numerical example. 
Example 1.8 


In the circuit in Fig. 1.30(a) the switch opens at instant t= 0. Find the initial 
current i(0,) in the second stage of the transient response and the energy 


(O-) | gw t= 0- t=0, 
° f 
+ I> 1, 
R, R, 
Vin 
L, L, 
°. 
{a) 


Figure 1.30 A circuit for Example 1.8: prior to switching (a) and after switching (b). 


Classical Approach to Transient Analysis 43 


dissipated in the first stage if the parameters are: Ry =50Q, R,=40Q, L, = 
160 mH, L; =40 mH, V,, = 200 V. 


Solution 


The values of the two currents in circuit (a) are 


V,, 200 
aaa a Ti 
and 
; Vin _ 200 
ey a9 


Thus, the initial value of the current in circuit (b), in accordance with equation 
1.49, is 

Lyi,1(O_) — Lyiz,(0_) _ 160-4 — 40-5 
7 Li, +L, ~~ 160+ 40 


i,(0,) =2.2A. 

Note that for the calculation of the initial current i(0,) in circuit (b), we took 
into consideration that the current i,,(0_) is negative since its direction is 
opposite to the direction of i(0,), which has been chosen as the positive direction. 
The dissipation of energy, in accordance with equation 1.51, is 


L,LyLiz,(0_) —iz2(0_)P _ 160-40-10-9(4+ 5) 1 
ie 2(Ly +L) 7 2(160 + 40) _ 


Aw 


As a final example, consider the circuit in Fig. 1.31. This circuit of two 
inductive branches in parallel to a current source is a complete dual to the 
circuit in Fig. 1.27, in which two capacitances in series are connected to a 
voltage source. 

Prior to switching the inductances are short-circuited, so that both currents 
iz,(O_) and i,,(0_) are equal to zero. The current of the current source flows 
through the switch. (In the dual circuit, the voltages across the capacitances 
prior to switching are also zero.) At the instant of switching the currents through 


Figure 1.31 A circuit of two parallel inductances and a current source, which is a complete dual to 
the circuit with two series capacitances and a voltage source. 
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the inductances change almost instantaneously, so that their sum should be I,. 
This abrupt change of currents results in a voltage impulse across the opening 
switch. Since this voltage is much larger than the voltage drop on the resistances, 
we may neglect these drops and assume that the inductances are connected in 
parallel. As we know, the current is divided between two parallel inductances 
in inverse proportion to the value of the inductances. Thus, 


L, ; L, 
and i,,(0.)=1, : 
L,+L, L,+L, 


in1(04) =I, (1.53) 
These expressions enable us to determine the initial condition in the second 
stage of the transient response. The steady-state values of the inductance currents 
will be directly proportional to the conductances G, and G,. Hence, the induced 
voltages across the inductances will be zero (the inductances are now short- 
circuited) and the resistive elements are in parallel (note that in the capacitance 
circuit of Fig. 1.27 the voltages across the capacitances in steady state are also 
directly proportional, but to the resistances, which are parallel to the capaci- 
tances). Thus, 

ijt 2. Gwen 

ips(00) =I, ~——_ and ip,(o)=1, ——.. 

a *G,+G, = *G,+G, 
Knowing the initial and final values, the complete response can be easily 
obtained (see the next chapter). 


1.8 METHODS OF FINDING INTEGRATION CONSTANTS 


From our previous study, we know that the natural response is formed from a 
sum of exponential functions: 


f(t) = Aye! + Ase tee = Y Ape™!, (1.54) 
1 


where the number of exponents is equal to the number of roots of a characteristic 
equation. In order to determine the integration constants A,, A,,... A, it is 
necessary to formulate n equations, which must obey the instant of switching, 
t= 0 (or t=t)). By differentiation of the above expression (n — 1) times, we may 
obtain 


Ay t+ Ante = ¥ Ay = fn(0) 


1 
SA eA 2, SeAe— 110) (1.55) 
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where it has been taken into consideration that 


Syt =, 
Aye |, = Ax 


d Spt 
a A,ee* ae = 8, A, 
(1.56) 
d@-v 
— A, es! =s"14,. 
dt” 1) k ae k k 
The initial values of the natural responses are found as 
fu(9) = f(0) — fy (0) 
fn(0) = f'(0) — f7(0) 
(1.57) 


(0) =f" (0) —FF- 0) 
Thus, for the formulation in equation 1.55 of its left side quantities, we must 
know: 


(1) the initial values of the complete transient response f(0) and its (n— 1) 
derivatives, and 
(2) the initial values of the force response f,(0) and its (n — 1) derivatives. 


The technique of finding the initial values of the complete transient response in 
(1) has been discussed in the previous section. In brief, according to this 
technique: a) we have to determine the independent initial condition (currents 
through the inductances at and voltages across the capacitances at t = 0_), and 
b) by inspection of the equivalent circuit which arose after switching, ie., at t= 
0, we have to find all other quantities by using Kirchhoff’s two laws and/or 
any known method of circuit analysis. For determining the initial values in (2), 
the forced response must also be found. Let us now introduce the procedure of 
finding integration constants in more detail. 

Consider a first order transient response and assume, for instance, that the 
response we are looking for is a current response. Then its natural response is 


i,(t) = Ae™. 
Knowing the current initial value i(0,) and its force response i,(t) we may find 
A=i(0,) —i,(0). (1.58) 


If the response is of the second order and the roots of the characteristic equation 
are real, then 


i,(t) = A,e! + A,e", (1.59) 
and after differentiation, we obtain 


i (t) = s,A,e' + s, A,e'. (1.59a) 
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Suppose that we found i(0) and i(0), and also i,(0) and i/(0), then with 
equation 1.57 


i,(0) = i(0) — i-(0) 
,(0) = i'(0) — i;(0), 


and in accordance with equation 1.55 we have two equations for determining 
two unknowns: A, and A, 


(1.60) 


A, + A, =i,(0) 


(1.61) 
8, A, + 58, A, =i),(0). 
The solution of equation 1.61 yields 
re in(0) — szi,(O) 
Sy — Sz 
5 ao (1.61a) 
A,= inf )— sy i,( J, 
Sz — Sy 


If the roots of the characteristic equation are complex-conjugate, s,, = «+ ja,, 
then A, and A, are also complex-conjugate, A, =Ae*”* and the natural 
response (equation 1.59) may be written in the form 


i,(t) = Ae* Pe *e tion 4 Ae Pee Jont — Be sin(w, t + B), (1.62) 


where B=2A and fS=32+90°. Taking a derivative of equation 1.62 we will 
have 


i,(t)= —Bae ™ sin(,t + B)+ Bo,e “ cos(a@,t + B). (1.63) 


Equations 1.62 and 1.63 for instant t=0, with the known initial conditions 
(equation 1.60), yield 


Bsin B =i,(0), 


; (1.64) 
— Basin f + Bo, cos 6 =i),(0). 
By division of the second equation by the first one, we have 
(0 
wo, cot B = a +a, 
and the solution is 
B=tan-1 | —2aia() (1.65a) 
7 i,(0) + a4i,(0) 
i,(0 
= (0) (1.65b) 
sin fp 


The natural response (equation 1.62) might be written in a different form (which 
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is preferred in some textbooks) 
i,(0) =e “(M sin w,t + N cos a,t), (1.66) 
where 
M=Bcosfh and N=Bsin f. (1.67) 


Then, by differentiating equation 1.66 and with the known initial conditions, 
the two equations for determining two unknowns, M and N, may be written as 


N = i,(0), 


(1.68a) 
Mo, —«N =i,(0), 
and 
(0) 0 
py = H+ ah) nee 


n 


Knowing M and N we can find B and f and vice versa. Thus for instance 
N —————— 
Botan and B= /M?+N 


(substituting M and N from equation 1.68 into these expressions yields equa- 
tion 1.65). 

If the characteristic equation is of an order higher than two, the higher 
derivatives shall be found and the solution shall be performed in accordance 
with equation 1.55. 


Example 1.9 


Using the results of Example 1.7 (Fig. 1.23), find the two integration constants 
of the natural response of current i,. The circuit of Example 1.7 after switching 
is shown here in Fig. 1.32(a). 


(b) 


Figure 1.32 A given circuit for Example 1.9: prior to switching (a) and its equivalent in steady-state 
operation (b). 


48 Chapter #1 


Solution 


From Example 1.7 it is known that i,(0) = —0.5 A and i/(0)= —75As~'. To 
find the two constants of the integration we have to know: 1) the two roots of 
the second order characteristic equation and 2) the forced response. 


1) In order to determine the characteristic equation we must short-circuit the 

voltage sources and find the input impedance by opening, for instance, the 

inductance branch, Fig. 1.32(a), 

(Rz + 1/sC)Ria 

Zin = Ry + SL + —————_... 
Ry +Ry+1/sC 


Equaling zero and substituting the numerical values, we obtain the characteristic 
equation 


s° = 350s + 9.17-107 =0, 
and the roots are a complex-conjugate pair s;.= —175+j247s"". 
2) By inspection of the circuit in the steady-state operation, Fig. 1.32(b), we 
have 


—110 


ee 
oS 100 + 10 


(Note that this current is negative, since it flows opposite to the positive 
direction, assigned by a solid arrow). Now we can find the initial values of the 
natural response. With equation 1.60 and noting that i, ;=0, we have 


i,.n(O) = i,(0) —i, -(0) = —0.5 —(—1)=0.5A 
i, (0)= —75-0=—75As". 


Since the roots are complex numbers, we shall use equation 1.65 (or equation 
1.68): 


b= tan~1 —_0°5:247 see 
pote aS 
B ue 0.502 

~ sin 84.22 


(With equation 1.68 N =i,(0)=0.5 and M =(—75 + 175-0.5)/247 = 0.0506 and 
B =tan~ 1(0.5/0.0506) = 84.2°). 


Chapter #2 
TRANSIENT RESPONSE OF BASIC CIRCUITS 


2.1. INTRODUCTION 


In this chapter, we shall proceed with transient analysis and apply the classical 
approach technique, which was introduced in the previous chapter, for a further 
and intimate understanding of the transient behavior of different kinds of 
circuits. It will be shown that by applying the so-called five-step solution we 
may greatly simplify the transient analysis of any circuit, upon any interruption 
and under any supply, so that the determination of transient responses becomes 
a simple procedure. 

Starting with relatively simple RC and RL circuits, we will progress to more 
complicated RLC circuits, wherein their transient analysis is done under both 
kinds of supplies, d.c. and a.c. The emphasis is made on the treatment of RLC 
circuits, in the sense that these circuits are more general and are more important 
when the power system networks are analyzed via different kinds of interrup- 
tions. All three kinds of transients in RLC circuit, overdamped, underdamped 
and critical damping, are analyzed in detail. 

In power system networks, when interrupted, different kinds of resonances, 
on a fundamental or system frequency, as well as on higher or lower frequencies, 
may occur. Such resonances usually cause excess voltages and/or currents. Thus, 
the transients in an RLC circuit under this resonant behavior are also treated 
and the conditions for such overvoltages and overcurrents have been defined. 

It is shown that using the superposition principle in transient analysis allows 
the simplification of the entire solution by bringing it to zero initial conditions 
and to only one supplied source. The theoretical material is accompanied by 
many numerical examples. 


2.2 THE FIVE STEPS OF SOLVING PROBLEMS IN TRANSIENT 
ANALYSIS 


As we have seen in our previous study of the classical method in transient 
analysis, there is no general answer, or ready-made formula, which can be 
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applied to every kind of electrical circuit or transient problem. However, we 
can formulate a five-step solution, which will be applicable to any kind of circuit 
or problem. Following these five steps enables us to find the complete response 
in transient behavior of an electrical circuit after any kind of switching (turning 
on or off different kinds of sources, short and/or open-circuiting of circuit 
elements, changing the circuit configuration, etc.). We shall summarize the five- 
step procedure of solving transient problems by the classical approach as follows: 


1) Determination of a characteristic equation and evaluation of its roots. 
Formulate the input impedance as a function of s by inspection of the circuit, 
which arises after switching, at instant t=0,. Note that all the independent 
voltage sources should be short-circuited and the current sources should be 
open-circuited. Equate the expression of Z;,(s) to zero to obtain the characteristic 
equation Z;,(s)=0. Solve the characteristic equation to evaluate the roots. 

The input impedance can be determined in a few different ways: a) As seen 
from a voltage source; b) Via any branch, which includes one or more energy 
storing elements L and/or C (by opening this branch). The characteristic equa- 
tion can also be obtained using: c) an input admittance as seen from a current 
source or d) with the determinant of a matrix (of circuit parameters) written in 
accordance with mesh or node analysis. 

Knowing the roots s, the expression of a natural response (for instance, of 
current) may be written as 


i,(t)= ) A,e', for real roots (see 1.31) 
k 


or 


i,(t)= )° B,sin(,,,t + B,), for complex roots (see 1.33) 
k 


2) Determination of the forced response. Consider the circuit, which arises after 
switching, for the instant time t > 00, and find the steady-state solution for the 
response of interest. Note that any of the appropriate methods (which are 
usually studied in introductory courses) can be applied to evaluate the solu- 
tion i,(f). 


3) Determination of the independent initial conditions. Consider the circuit, which 
existed prior to switching at instant t = 0O_. Assuming that the circuit is operating 
in steady state, find all the currents through the inductances i,(0_) and all the 
voltages across the capacitances v¢(0_). By applying two switching laws (1.35) 
and (1.36), evaluate the independent initial conditions 


i, (0.) =i, (0-),  Uc(04) = vc(0_). (2.1) 


4) Determination of the dependent initial conditions. When the desirable response 
is current or voltage, which can change abruptly, we need to find their initial 
values, i.e. at the first moment after switching. For this purpose the inductances 
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must be replaced by current sources, having the values of the currents through 
these inductances at the moment prior to switching i,(0_) and the capacitances 
should be replaced by voltage sources, having the values of the voltages across 
these capacitances prior to switching v-(0_). If the current through an inductance 
prior to switching was zero, this inductance should be replaced by an open 
circuit (i.c., open switch), and if the voltage across a capacitance prior to 
switching was zero, this capacitance should be replaced by a short circuit (ie., 
closed switch). By inspecting and solving this equivalent circuit, the initial values 
of the desirable quantities can be found. If the characteristic equation is of the 
second or higher order, the initial values of the derivatives must also be found. 
This can be done by applying Kirchhoff’s two laws and using the other known 
initial conditions. 


5) Determination of the integration constants. With all the known initial condi- 
tions apply equations (1.58), (1.61) or (1.65), (1.68), and by solving them find 
the constants of the integration (see section 1.8). The number of constants must 
be the same as the order of the characteristic equation. For instance, if the 
characteristic equation is of the first order, then only one constant of integration 
has to be calculated as 


A= i(0,) —i,(0), (2.2a) 
and the complete response will be 
i(t) =i,(t) + [i(0,) —i,(O)]e*. (2.2b) 


Keeping the above-classified rules in mind, we shall analyze (in the following 
sections) the transient behavior of different circuits. 


2.3 FIRST ORDER RL CIRCUITS 


2.3.1 RL circuits under d.c. supply 


Let us start with a simple RL series circuit, which is connected to a d.c. voltage 
source, to illustrate how to determine its complete response by using the 5-step 
solution method. This circuit, shown in Fig, 2.1(a), has been previously analyzed 
(in its short-circuiting behavior) by applying a mathematical approach. 

1) Determining the input impedance and equating it to zero yields 


Zin(8)=R+sL=0. (2.3a) 


The root of these equations is 


(2.3b) 


| 
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Figure 2.1 A series RL circuit switching at t=0 (a), the current plot after switching (b) and the 
voltages v,(t) and vp(t) (c). 


Thus, the natural response will be 
R 


i,(t)= Ae ©, (2.3c) 


2) The forced response, i.e. the steady-state current (after the switch is closed, 
at t— oo, the inductance is equivalent to a short circuit) will be 


(2.4) 


3) Because the current through the inductance, prior to closing the switch, was 
zero, the independent initial condition is 


i, (04) = i,(0_) =0. 


4) Since no dependent initial conditions are required, we proceed straight to 
the Sth step. 


5) With equation 2.2a we have 


sy 


V, 
A=0-— 
R 


co? 
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and 
x R, 
i(t)=I,, —I,e Va,(1-¢ a (2.5) 


This complete response and its two components, natural and forced responses, 
are shown in Fig. 2.1(b). Note that the natural response, at t=0, is exactly 
equal to the steady-state response, but is opposite in sign, so that the whole 
current at the first moment of the transient is zero (in accordance with the 
initial conditions). It should once again be emphasized that the natural response 
appears to insure the initial condition (at the beginning of the transients) and 
disappears at the steady state (at the end of the transients). It is logical therefore, 
to conclude that in a particular case, when the steady state, 1e., the forced 
response at t=0, equals the initial condition, the natural response will not 
appear at all. 

The time constant in this example is 

L . \ 1 
t=, orin general t= is 
The time constant, in this example, is also found graphically as a line segment 
on the asymptote, i.e. on the line of a steady-state value, determined by the 
intercept of a tangent to the curve i(t) at t=0 and the asymptote, as shown in 
Fig. 2.1(b). 

Knowing the current response, we can now easily find the voltages across 

the inductance, v; and the resistance, vp: 


di _d V.( R 
mabe ale alle ey = L al r) g aye 


dt d 
and 
Vp = Ri=V,(1—e &), 


where V,= RI,,. 

Both these curves are shown in Fig 2.1(c). As we can see at the first moment 
the whole voltage is applied to the inductance and at the end of the transient 
it is applied to the resistance. This voltage exchange between two circuit elements 
occurs gradually during the transient. 

Before we turn our attention to more complicated RL circuits, consider once 
again the circuit of Fig 1.8, which is presented here (for the reader’s convenience) 
in Fig. 2.2(a). The time constant of this circuit has been found (see (1.20)) and 
is the same as in a series RL circuit. Therefore the natural response (step 1) is 
Ae!" The forced response (step 2) here is i, ; = 1, and the initial value (step 
3) is zero. Hence, the integration constant subsequently (step 5) is A=0—I, = 


“)This statement is only true in first order circuits. 
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Figure 2.2 An RL parallel circuit (a), the circuit in which the inductance discharges through a 
resistance (b) and the plots of the discharging current and voltage (c). 


—I,. Thus, the complete response will be i, =1,(1—e “"), which is in the 
same form as in the RL series circuit. 

To complete our analysis of a simple RL series circuit, consider the circuit in 
Fig. 2.2(b), in which the switch changes its position from “1” to “2” instantane- 
ously and the inductance “discharges” through the resistance. In this case, the 
natural response, obviously, is the same as in the circuit (a), but the forced 
response is zero. Therefore, we have i, = Ae @/"=J,e ®/™", where A=I, 
since the initial value of the inductance current (prior to switching) is I,. This 
response and the voltage across the inductance and the resistance are shown in 
Fig. 2.2(c). Verifying the voltage response is left to the reader. 

Let us illustrate the 5-step method by considering more complicated circuits 
in the following numerical examples. 


Example 2.1 


In the circuit, Fig. 2.3(a), find current i,(t) after opening the switch. The circuit 
parameters are V;=20V, V,=4V, R,=8Q, R,=20, R3=R,=16Q and 
L=1mu. 


Solution 


1) We start our solution by expressing the impedance Z(s) of the circuit that 
arises after switching, at the instant t=0,. We shall determine Z;,(s) as seen 
from source V;. (However, the impedance Z;,(s) can be found in a few different 
ways, as will be shown further on.) By inspecting the circuit in Fig. 2.3(b) we 
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t=04 R, L 2Q t— 


82 4v 


20V, 
8Q 


(d) 


Figure 2.3 The given circuit (a), its equivalent for t = 0 (b), its equivalent for t > 00 (c), its equivalent 
for t <0 (d) and the curve of current i3(t) (e). 


have 


R3R, 
R;+ Ry 


Zin(S) =SL+ Ry + 
Substituting the numerical values and equating the expression to zero yields 
10-*s+2+8=0. 
This equation has the root 
s=-—100s"' and 1t=0.01s, 
and the natural response will be 
in,=ae 


2) The forced response, i.e., the steady-state current i, -, is found in the circuit, 
Fig. 2.2(c) that is derived from the given circuit after the switching, at t— 0, 
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while the inductance behaves as a short circuit 


peda eA 
BER. 10° . . 


3) The independent initial condition, i.e., i,(0_) is found in the circuit prior to 
switching, shown in Fig. 2.3(d). Using Thévenin’s equivalent for the left part of 
the circuit, as shown in (d), we have 

V,—Vrn 4-10 
~ Ry+Ry, 244 


i2(0,) = i,(0_) =e 


4) None of the dependent initial conditions is needed. 


5) In order to evaluate constant A, we use equation 2.2a: A = i,(04) —i,(0) = 
—1—04=—14A. Thus the complete response is i,(t)=0.4—14e 1° A, 
which is sketched in Fig. 2.3(e). 


Example 2.2 


For the circuit shown in Fig. 2.4(a) find the current response i,(t) after closing 
the switch. The circuit parameters are: R, = R, =20Q, L,=0.1H, L, =0.4H, 
V,=120V. 


Figure 2.4 A given circuit for Example 2.2(a), its equivalent at time t = 0, (b) and the plot of current 
i,(t) and its components (c). 
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Solution 


1) The input impedance is found as seen from the L, branch (we just “measure” 
it from the open switch point of view), with the voltage source short-circuited 


Zin (S) + SLy + Ry + 2a. 
R,+ sl, 

Equating this expression to zero and after simplification, we get the characteristic 
equation 
R,L,+R,L,+R,L, RR, 

LL, LL, 
or by substituting the numerical data 

s* + 3-10°s + 10*=0. 
Thus, the roots of this equation are 
s,=—382s"', s,=—262s"', 

and the natural response is 


ing = Aye” 38-8 4 g~ 2624, 


e+ 


0, 


2) By inspecting the circuit after the switch is closed, at t 00, we may determine 
the forced response 


2 0 es 
nS R99 


3) By inspection of the circuit prior to switching we observe that i,,(0_)= 
120/20 = 6A and i,,(0_) = 0. Therefore, the independent initial conditions are 


iz1(04) =6A, i7,2(0,) =0. 


4) Since the characteristic equation is of the second order, and the desired 
response, which is a current through a resistance, can be changed abruptly, we 
need its two dependent initial conditions, namely: 


(0) Gs di 
i and —] . 
dt |,o 
By inspection of the circuit in Fig. 2.4(b) for instant t = 0,, we may find t,(0) = 
6A. (Note that in this specific case the current i, does not change abruptly 
and, therefore, its initial value equals its steady-state value, but because the 
circuit is of the second order, the transient response of the current is expected.) 
By applying KCL we have i; =i,,;—i,, and after the differentiation and 
evaluation of t=0 we obtain 


di di, 
i ne 


di, 
t=0 6at 
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Since, Fig. 2.4(b), vpg,(0)=V,, then v,,(0)=0 and vp,(0)=v,,(0) = 120 V. 
Therefore, we have 
di 
dt 


120 
04 — 


0 — 300, 


t=0 


and we may obtain two equations 

A, + A, =i(0)—i,(0) =6 —6=0 
di dir 
dt|,_, dt 


= —300—0= — 300. 


8,A, +5, A, 


t=0 
Solving these two equations yields A, = —1.34, A, = 1.34 and the answer is 
i,(t) = 6 — 1.34e7 38-7 + 1,34e7 26" A, 


This current and its components are plotted in Fig. 2.4(c). 


Example 2.3 


Consider the circuit of the transformer of Example 1.2, which is shown here in 
Fig. 2.5 in a slightly different form. For measuring purposes, the transformer is 
connected to a 120 V d.c.-source. Find both current i, and i, responses. 


1) The characteristic equation and its roots have been found in Example 1.2: 
s, = —86s~', s,= —1160s~'. Therefore, the natural responses are 


i p= Aye 8 4 Asem 11608 


. —86t ~ 11608 
in, = Bye + Be : 


2) The forced responses are found by inspection of the circuit after switching 
(too): 
120 


; Vs ; 
lie = Ry = “ee = 20 A, lof = 0. 


3) The independent initial conditions are zero, since prior to switching no 
currents are flowing through the inductances: i, = (0,) = i,(0_) =0, i, = (0) 
i,(0_) =0. 


4) In order to determine the integration constant we need to evaluate the 
current derivatives. By inspection of the circuit in Fig. 2.5(b), we have v,,(0) = 
120 V, vz2(0) = 0, and 


Li M—| =120 
t t=0 t t=0 
di di 
Ly, +M =0. 
U|,=0 U|,=0 
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0.03H 


9Q 


0.005H 


(a) load (b) 


t, ms 


Figure 2.5 The circuit of a transformer (a), its equivalent for t=0, (b) and the plots of two cur- 
rents (c). 


Solving these two relatively simple equations yields 


rs di 
A) = senq: 2 


= — 6000. 
dt |, dt a 


t=0 


5) With the initial value of i, ,,(0) = i, (0) — i,, -(0) = 0 — 20 = —20 and the initial 
value of its derivative 


di, di di 
ty = ~f) = 5000 —0 = 5000, 
dt |,-9 dt t=0 dt |,-0 
we obtain two equations in the two integration constants of current i, 
A,+A,= — 20 
S,A, + s,A, = 5000, 
for which the solution is: A, = —19.7, A, = —0.3. In a similar way, the two 
equations in the two integration constants of current i, 
B, + B, = 0 


s,B, + SB, = — 6000, 
for which the solution is B, = —0.52, B, = 0.52. 
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Therefore, the current responses are 
i, = 20 — 19.7e~ 8 —0.3e7 116% 
i, = —0.52e7 8 + 0,.52e7 110%, 


These two currents are sketched in Fig. 2.5(c). Note that the second exponential 
parts decay much faster than the first ones and are not shown in Fig. 2.5(c). 
Note also that the second exponential term in i, is relatively small and might 
be completely neglected. 


Example 2.4 


As a final example of inductive circuits let us consider the “inductance” node 
circuit, which is shown in Fig. 2.6(a). Find the currents i, and i, after switching, 
if the circuit parameters are: L, = L,=0.05 H, L; =0.15 H, Ry =R,=R;=10 
and V,=15 V. 


Solution 


1) Let us determine the characteristic equation by using mesh analysis. The 


+ Vii) 4. Vi2(0)_ 


(b) 


t, ms 


Figure 2.6 A circuit containing an “inductance node” (a), its equivalent at t = 0 (b) and the plots of 
the currents and their components (c). 
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impedance matrix is 
gprs —(sL3 + R3) |-[ 0.25 + 2 ee | 
—(sL3 + R3) S(Lz + L3) + Ro + R3 —(0.15s + 1) 0.2s +2 


Equating the determinant to zero and after simplification, we obtain the charac- 
teristic equation 


0.0175s? + 0.5s+ 3 =0, 
for which the roots are 
s,=—86s"', 53 =-—20s'. 
Thus, the natural responses of the currents are 
i, p= Aye + Aye 2 
in, = Bye *"+ Bye *™. 


2) The steady-state values of the currents are zero, since after switching the 
circuit is source free. 


3) The independent initial conditions can be found by inspection of the circuit 
in Fig. 2.6(a) prior to switching and keeping in mind that all the inductances 
are short-circuited 


i,(0) = i,(0 Ms a 10A 
i,(0) = i1( a ee ee 15 

, ' 10 

Fd at ere 


Note that only two initial independent currents can be found (although the 
circuit contains three inductances), since the third current is dependent on two 
others. However, because the circuit is of the second order, the two initial values 
are enough for solving this problem. 


4) Next, we have to find the initial values of the current derivatives for which 
we must find the voltage drops in the inductances v,;,(0) and v,,(0) for the 
instant of switching, i1.e., t=0. By inspection of the circuits in Fig. 2.6(b), we 
have 


Vp1(0) + Uz2(0) = —15, 7 1(0) + 07 3(0) = —15, (2.6a) 
Vp2(0) = v,3(0). (2.6b) 
With KCL we may write i, =i, +i, and by differentiation 


di, _ di, | dis Una _ Mra, Yas 


Sa ie 
dé a a die 
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With equation 2.6b we have 


ee ee 60.75 
i Un = is + ie Uz2, OF Up2 = (L, 7 L3)L, Uy, = - Ul1> 
and with equation 2.6a v,;, = —8.57 V and v,, = —6.43 V. Therefore, 
di, Ur 8.57 
171.4As"' 
dt|-5 L, 0.05 7 
128.6As~'. 
dtl I, 005 : 


5) We may now obtain a set of equations to evaluate the integration constant 
A,+A,= 10 
8,4, +5,A,= —171.4. 
for which the solution is A, =2.5, A, =7.5. In a similar way we can obtain 
B,+B,=5 
s,B, +s,B, = — 128.6, 
and the solution is B, = — 2.5, B, &7.5. Therefore, two current responses are 
i = 252° 4752 
ig = —2.5e7 8 + 7.5 e7 2%, 


The plots of these currents and their components are shown in Fig. 2.6 (c). 


2.3.2 RL circuits under a.c. supply 


As we already know, the natural response does not depend on the source 
function, and therefore the first step of the solution, i.e. determining the charac- 
teristic equation and evaluating its roots, is the same as in previous cases. This 
is also understandable from the fact that the natural response arises from the 
solution of the homogeneous differential equation, which has zero on the right 
side. The forced response can be determined from the steady-state solution of 
the given circuit. The symbolic, or phasor, method should be used for this 
solution. 

To illustrate the above principles, let us consider the circuit shown in Fig. 2.7. 
The solution will be completed by applying the five steps as previously done. 
In the first step, we have to determine the characteristic equation and its root. 
However, for such a simple circuit it is already known that s = — R/L. Therefore 
the natural response is 


i,= Ae", where t=L/R. (2.7) 


In the next step, our attention turns to obtaining the steady-state current. 
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iQ Sw 


v(t) 


Figure 2.7 A series RL circuit switching to an a.c. source. 


Applying the phasor method we have 


where V,, = V,,e» and I,,=1,,e”* are voltage and current phasors respectively 
and y= W,—w,= tan ‘(@L/R) is the phase angle difference between the voltage 
and current phasors. Thus, 


ip=Ty, sin(@t + w;), (2.8) 
where 
V, 
m = ? Wi We Q. 
VR? +(oLY 


In the next two steps, 3 and 4, we shall determine the only initial condition, 
which is necessary to find the current through the inductance. Since prior to 
switching this current was zero, we have i(0,) = i(0_) = 0. In the final step, with 
this initial value we may obtain the integration constant 


A=i(0)—i,(0) = —I,, sin W;. (2.9) 


Thus, the complete response of an RL circuit to applying an a.c. voltage source 
is 


i=ip+i,=1, sin(ot + p;)—I,, sin pe". (2.10) 


This current and its components are plotted in Fig. 2.8(a). 

Note that the initial values of i-(0) and i,(0) are equal and opposite in sign, 
so that with zero initial conditions the actual current i(t) always starts with the 
zero value. If switching occurs at the instant that w;= +7/2, then the total 
response reaches its maximum value at the point of one-half a period. This 
extreme value of the current may increase up to twice that of the amplitude of 
the steady-state current and occurs if the time constant of the circuit is much 
greater than the period of the a.c. current so that the natural response current 
decays relatively slowly. Thus, if t> T, where T is a period of an a.c. current, 
then ia, 2I,,. This is shown in Fig 2.8(b). If, however, the time constant of 
the circuit is small compared to the period of the a.c. current, the natural current 
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(d) 


Figure 2.8 The transient response of a series RL circuit when switching to an a.c. voltage source (a) 
and maximal (b), minimal (c) and zero (d) responses. 


decreases quickly during the first half period and no considerable excess current 
can develop, as shown in Fig. 2.8(c). If the phase angle w; is zero, which means 
that the forced (steady-state) current passes through zero at the instant of 
switching, no transient current (equation 2.9) occurs, so that the a.c. current 
immediately starts in its normal way, Fig. 2.8(d). 

In highly inductive circuits, which are common for industrial networks, the 
displacement angle between the voltage and current is nearly 90°. Thus the 
favorable case, Fig. 2.8(d), corresponds to the switching on at the maximum 
instantaneous voltage, which usually occurs in high voltage circuit breakers. 
The switching-on process in such breakers is initiated by a discharged spark 
between the breaker contacts, wherein the contacts approach each other rela- 
tively slowly compared with the a.c. frequency, and when the voltage passes its 
maximum. 

We shall now illustrate the transients in a.c. circuits by the following numerical 
examples. 


Example 2.5 


In an RL circuit of Fig. 2.7, the switch closes at t=0. Find the complete 
current response and sketch its plot, if r=10Q, L=0.01H, and 
v, = 120V2 sin(1000r + 15°) V. 
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Solution 
1) The time constant of the circuit is 


L 0.01 
R10 


and the natural response is 
i — Aen 10000. 
2) The steady-state current is calculated by phasor analysis. The impedance of 


the circuit is Z(jo)=R+ joL=10+ jl0= V210 Z 45° Q, the voltage source 
phasor is V,,,, = 100V/2e"". Thus, the current phasor will be 
~ Ven 100V2z 15° 
i" Z 10V22.45° 
and the current versus time is 


ip = 10 sin(1000¢ — 30°) A. 


102 —30°A, 


3) The initial condition is zero, i.e., i(0,) = i(0_)) = 0. 

4) Non-dependent initial conditions are needed. 

5) The integration constant can now be found A=i(0)—i;(0)= 
i 


0 — 10 sin(— 30°) = 5 and the complete response is 
10 sin(1000¢ — 30°) + Se 1°°* A, which is sketched in Fig. 2.9. 


Example 2.6 


At the receiving end of the transmission line in a no-load operation, a short- 
circuit fault occurs. The impedance of the line is Z=(1+j5)Q and the a.c. 


a it) 
10- 


Figure 2.9 A current response in a series RL, of example 2.5, circuit switched to the a.c. source. 
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voltage at the sending end is 10 kV at 60 Hz. a) Find the transient short-circuit 
current if the instant of short-circuiting is when the voltage phase angle is 1) 
—1/4+ 9; 2) —n/2+ @ and b) estimate the maximal short-circuit current and 
the applied voltage phase angle under the given conditions. 


Solution 


a) First we shall evaluate the line inductance L=x/w=5/2760= 
0.01326~13.3mH. The voltage at the sending end versus time is 
v, = 10V2 sin(wt + ,). 


1) The time constant of the line (which is represented by RL in series) is t= 
L/R = 13.3/1 = 13.3 ms or s= —1/t= —75.2 s~" and the natural current is 


= Ae” 1>-4# 


n 


2) The steady-state short current (r.m.s.) is found using phasor analysis: 


7, he _ 10rd 
jag Se 


=196/ W,—78.7°. 


Thus 
i, =1,,sin(377t + w, — 78.7°), 
where 


In =1.96V2A and w= 2260 = 377 rad/s. 
3) Because of the zero initial condition, i(0,) = i(0_) = 0. 


5) We omit step 4) (since no dependent initial conditions are needed) and 
evaluate constant A for two cases: 


(1) w, = —180°/4 + 78.7° = 33.7° 
and A= i(0) —i,(0) =0—I,, sin(33.7° — 78.7°) = (V2/2)In- 


Therefore, the complete response is 
I, = I, Sin(@t — 2/4) + (V2/2)I,,e7 724, 


(2) W, = —180°/2 + 78.7° = —11.3° 
and A = i(0) —i,(0) =0 — I, sin(— 11.3° — 78.7°) = Ip. 


Therefore, the complete response is 
ise = I, Sin(ot — 1/2) + Te” 797". 
b) The maximal value of the short-circuit current is dependent on the initial 


phase angle of the applied voltage and will appear if the natural response is the 
largest possible one as in (2), 1.e., when A = I,,. The instant at which the current 
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reaches its peak is about half of the period after switching. To find the exact 
time we have to equate the current derivative to zero. Thus, 
di,, di, di, dir di, 
= + =0, or — —, 
dt dt dt dt dt 


Performing this procedure we may find 


1 
T,@ cos(ct ar Wr 72 9) = Dn t sin(y, = ge rs 


or in accordance with (2) 


wot 
cos(wt — 2/2) =—e . 
Wt 
Taking into consideration that 
x L 
@tT=—'—=5 
LR 


we may solve the above transcendental equation finding 
Ot qnax) = 3.03 rad. 


Therefore, the short-circuit current, of the form i,,= J, sin(wt — 2/2)—I,,e"", 
will reach its maximal value at @t¢nax) = 3.03 rad, Fig. 2.10, and this value will 
be 


Tmax = Lm(Sin(3.03 — 2/2) + e 3-9/5) =1.54I,,,. 


Example 2.7 


The switch in the circuit of Fig. 2.11 closes at t= 0, after being open for a long 


Figure 2.10 A plot of the short-circuit current in which it reaches its maximal value. 
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ji 


(b) 


> t,ms 


Figure 2.11 A given circuit of Example 2.7 (a), its equivalent at t = 0 (b) and the current plot (c). 


time. Find the transient current i;(t), if Ry = R,=R3,=100, L=0.01 H and 
Vin = 120V/2V at f= 50 Hz and w, = 30°. 
Solution 


1) The simplest way to determine the characteristic equation is by observing it 
from the inductive branch 


Z(s) =sL+R,+R,//R,=0. 
With the given data we have 
0.01is+15=0, or s=—1500s~1, 
and 


is, p= Aer 1500, 


2) The forced response of the current will be found by nodal analysis 


: V, 120 £ 30° 
v= = =41.1 1 35.6°, 


: 1 i 1 1 
R ga 
: lz 7 Regge z| 1+ 70.314 
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where x, = ot = 314-0.01 = 3.14. Thus 
V, = 
— = 4117 35.6° and is -=4.11V2 sin(ot + 35.6°). 


3) The independent initial condition may be obtained from the circuit prior to 
switching: 


V, 
I,= - = 5.92/ 21.1°. 
* Ry, + Ry + jx, 


Therefore, i,(0_) = 5.92V2 sin 21.1° = 3.0A. 


4) With the superposition principle being applied to the circuit in Fig. 2.11(b), 
we obtain 


Note that the current i; is a resistance current and it changes abruptly. 


5) The integration constant is now found as 


A=i;(0) — is, -(0) = 2.74 4.112 sin 35.6° = —0.64. 


Therefore, 
i3(t) = 4.11 V2 sin(wt + 35.6°) — 0.64e7 15° A, 
which is plotted in Fig. 2.11(c). 


Example 2.8 


As our next example consider the circuit in Fig. 2.12 and find the current 
through the switch, which closes at t= 0 after being open for a long time. The 
circuit parameters are: Ry = 2 Q, x, =10Q, R, = 20Q, x, =50Q and V,,=15V 
at f= 50 Hz and yw, = —15°. 


Solution 


1) After short-circuiting, the circuit is divided into two parts, so that each of 


Figure 2.12 A given circuit for Example 2.8. 
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them has two different time constants: 


HSE _ aeons 1/ 62.9 5-1 
: or =— = —62. 
aR OR, 3142 ; . “ 


L, X4 50 
~ R, @R, 314-20 


=796ms, or s,=—1/1,=—125s"". 


Thus, the natural response of the current contains two parts: 


fy = Aye 02! + Ane 1251, 
2) The right loop of the circuit is free of sources, so that only the left side 
current will contain the forced response: 

15 
i, = J = sin(314t — 15° — tan 110/2) = 1.47 sin(314t — 93.7°) A. 
1/2? +10? 


3) The independent initial conditions, 1.e., the currents into two inductances 
prior to switching, are the same: 


15 
4/22? + 60? 


pO)=7,05= iO) sin(— 15° — tan~ 160/22) = —0.234 A. 


4-5) Since non-dependent initial conditions are required, we may now evaluate 
the integration constants: 


A, = i, (0) — iy, (0) = —0.234 — 1.47 sin(—93.7) = 1.23, 
Az = i;(0)—0 = —0.234. 


Therefore, the answer is: 


iggy =i, — ip = 1.47 sin(314t — 93.7°) + 1.23¢- © + 0.234e~ 125" A, 


Example 2.9 


Our final example of RL circuits will be the circuit shown in Fig. 2.13, in 

which both kinds of sources, d.c. and a.c., are presented. Consider the above 

circuit and find the transient current through resistance R,. The circuit 

parameters are: R,;=R,=50, L=0.01H, I1,=4A de. and v,(t)= 

100V2 sin(1000t + 15°) V. 

Solution 

1) The characteristic equation for this circuit may be determined as 
Z(s)=R,+R,+sL=0 or 0.0is+ 10=0, 

which gives 


s=—1000s~' or t=I1ms. 
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ia i(0) =0 Po 


(a) (b) 


Figure 2.13 A given circuit of Example 2.9 (a), its equivalent for t = 0 (b) and the plots of the current 
and its components (c). 


Thus, 
i, p= Ae™ 1000, 


2) The forced response (using the superposition principle) is 


100,/2 


ip = igs + ies) = —2+ iene sin(1000t + 15° — 45°) 


= —2+ 10 sin(1000t — 30°) A. 


3) The inductance current prior to (and after) switching is i,(0)=i,(0_)= 
I,=4A. 


4) The initial value of the current through R, (the dependent initial condition) 
is found in the circuit of Fig. 2.13(b). By inspection of this circuit, we shall 
conclude that this current is zero (since both branches with current sources, 
which possess an infinite inner resistance, behave as an open circuit for the 
voltage source, and the two equal current sources are connected in the right 
loop in series without sending any current to the left loop). Thus, i,;(0) = 0. 


72 Chapter #2 


5) The integration constant, therefore, is obtained as A=i,(0)—i,,,(0)= 
0+2-— 10 sin(—30°)=7A. Hence, 


i, (t)= —2 + 10 sin(1000t — 30°) + 7e~ 10% A, 


This current is plotted in Fig. 2.13(c). 


2.3.3 Applying the continuous flux linkage law to L-circuits 


As we have observed earlier (see Section 1.7.4), when an RL circuit is discon- 
nected from a source, say for instance a d.c. source, by the rapid opening of a 
switch a very high voltage appears across the switch, which may result in a 
breakdown of the circuit insulation. In this section, we shall review this phenom- 
enon by introducing a number of examples in which the problem is solved using 
the continuous flux linkage principle. Let us consider the circuit in Fig. 2.14(a). 
The current prior to switching is i(0_) = Ip = Vo/R and, according to the switch- 
ing law, at the first moment after switching it remains the same 


i(0,) = Ip. 


Because the resistance of an open switch is infinite R,,, 00, the voltage across 
the switch will also be infinite v,,,00. In reality an infinite voltage will not be 
reached, since the resistance of the actual switches in the open position is very 
high, but not infinite. Another reason that the voltage cannot reach infinity is 
that the spark appears between the switch contacts, and the stored energy is 


S i(t) Sw 
ot Wy —— of 
R R 
L 
L 
Vo Vo 


(b) 


(c) 


Figure 2.14 A series RL circuit switched off instantaneously (a), an RL circuit with a parallel 
resistance and capacitance (b) and an RL circuit with a resistance and capacitance parallel to 
the switch (c). 
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dissipated in ionizing the air surrounding the contacts. This phenomenon is 
used in special inductance coils for generating high voltage peaks (for instance, 
in the ignition system of an automobile such a coil is used to initialize the arcs 
across the spark plugs to ignite the gasoline in the engine cylinders). 

In power circuits, such excess voltages are detrimental and must be avoided. 
It is useful to connect a substantial resistance parallel to the circuit, Fig. 2.14(b), 
or, which is even better, parallel to the switch (or breaker), Fig. 2.14(c). In these 
figures, C represents the stray capacitance shunting the breaker. The presence 
of an inductance and capacitance raises the differential equation to one of the 
second order, which will be examined in the following sections. Let us next 
consider a few examples of the switching phenomenon in first order RL circuits. 


Example 2.10 


In the circuit of Fig. 2.15, which contains two coils, the switch opens almost 
instantaneously and coil L,, whose current prior to switching was different from 
that of coil L,, is connected in series with coil L,. (a) Find the transient current 
and (b) Estimate the voltage drop between the switch contacts, if the estimated 
switching time is Atx10 us. The circuit parameters are: L,=20mH, L, = 
80 mH, R,; =2Q, R, = R3=4Q and V,= 12 V (see also Example 1.8). 


Solution (a) 


1) By inspection of the circuit after switching, we observe that two coils are 
connected in series, thus 


RR 6 
s= — = 
L,+L,  (20+80)10 3 


60s 1, 


and the natural response is 


2) The forced response is: 


Figure 2.15 A given circuit for Example 2.10. 
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3) The currents in each coil prior to switching are: 


V, 12 


s 


1 
= = =3A d i,(0_)==i,(0_)=1.5A. 
R,+R,//R, 242 3 and i,(0_) i,(O_) 


2 


i,(0_) 


4) Using the first generalized switching law regarding flux linkages (1.35b), we 
may write 

Lyi, (0_) + Lyiz(O0_) = (Ly + Lp )i(0+). 
Therefore the common current i(0,) in both coils after switching is 


20-3 + 80-1.5 
(0.)= pgp = LSA 


5) The integrating constant is 


A=i(0,)—i,(0) =18—2= —02, 


and the complete constant is 


ip t+i,=2—0.2e A. 


Solution (b) 

To approximate the voltage drop we use the expression 

| Ai, 

At 

Since the current rise is Ai, = i,(0_) — i(0,) = 1.5 — 1.8 = —0.3 A, therefore 


Vsw(O) = L, 


fone =2.4-10° =2.4 kV. 


Vey & 80-1073 


Example 2.11 


In the circuit of Fig. 2.16, with L,= L,=24mH, M=12mH and R,=R,= 
1 Q, the switch opens practically instantaneously after being closed for a long 
time. Find the current i, and estimate the voltage drop in the switch, if 
At, & 1 ps. 


Figure 2.16 A given circuit of Example 2.11. 
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Solution 
1) The time constant of the secondary circuit is 
L, 24:10 3 


=24ms or s=—4l1.7s71 


i 


and the natural response is 
lon = Ae ae 


2) Since the circuit after switching is source free, the forced response is zero: 
inp = 0. 


3) The initial value of the current in the transformer secondary may be found 
in accordance with the principle of flux linkage continuance (first generalized 
switching law), 1.e., 


(A, a Am)=0, = (A, + Am)r=0- > 
or 
L,i,(0,) — Mi,(0,) + Lyi,(0,) — Mi, (0,) = Lyi, (0_) — Mi,(0_) 
+ L,i,(0_) — Mi,(0_). 
Since i,(0.)=0, i,(0.)=4A and i,(0,)=0, we have (L,—M)i,(0,)= 
(L, — M)i,(0_) and since L, = Ly, we have i,(0,) =i,(0_)=4A. 
5) Omitting step 4 (since non-dependent initial values are needed) we obtain 


A=i,(0) — is, (0) = 4, 


and 
in = Ae 41-7, 
The voltage drop across the switch will be 
— Ai, apt (24-4 + 12-4)10-3 


me vile a = 144-103 = 144 kV. 


v L 


sw 


Checking the energy preservation, we may find: 


The energy prior to switching: 


Ly,iz(0_) — L,i3(0_) Lyi7(0-) _ 24:107*-4? 


5 5 + Mi,(0_)i,(0_) = 5 5 = 192 mJ, 
and the energy after switching: 
L,i7(0 L,i5(0 L,i3(0 24-107 3-4? 
141(0,) 213(0,) + Mi,(0,)i,(0,) = 213(0,) = = 192 mJ, 


2 2 2 2 


which are the same. 
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Figure 2.17 A given circuit for Example 2.12. 


Example 2.12 


In the circuit of Fig. 2.17 containing the mutual inductance, the switch opens 
practically instantaneously, after being closed for a long time. Find the transient 
response of current i, for two cases: (a) Both dotted terminals are connected to 
the common node “a” and (b) Only one dotted terminal is connected to the 
common node “a”. The circuit parameters are Ry = 5 OQ, R, = R= 10Q, L, = 
0.1H, L;=0.2 H, M=0.05 H and V,= 60 V. 


Solution (a) 


1) The characteristic equation will be determined by writing the KVL equation 
for the right loop and equating it to zero (note that after switching i, =i, =i 
and all the elements are connected in series): 


[R, +R. + s(L; + L,—2M)]i=0. 
Thus, 
(0.1+0.2—0.1)s+5+10=0 and s=—75s~". 
Therefore, the natural response is 


ae OF 


2) The steady-state current is 


V, 60 
T"RO+R, 5410 


4A. 


3) The initial value of the current i(0,) shall now be found using the first 
generalized law, ie., 


i(0,)(Ly + Lz — 2M) = i, (0_)L, + i,(0_)L2 — [i, (0_) + i,(0_)]M, 
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or 
i,(0.) = i,(O_)L, + i,(0_)L — [i,(0_) + i,(0_)]M 
ois (L, + L,—2M) 
6-0.1 + 3:0.2 — 9-0.05 sass 
~ 01402-0001 907°? 


where the currents prior to switching are (by inspection of the circuit in 
Fig. 2.17): i;(0_) =6A and i,(0_)=3A. 
4-5) The integration constant can now be evaluated as 
A= i(0)—i,(0) = 3.75 —4 = —0.25, 
and the complete response is 
i(t)=4—0.25e77' A. 


Solution (b) 


1) The exchange of the position of the dotted terminals results in a positive 
sign connection of the mutual inductance. Therefore, 


[R, + Ry +s(L, + Ly +2M)]i=0, 
or 

15+04s=0 and s=—375s"1. 
Thus, 
Saas, 


i 


n 


2) The forced response is not influenced by the dotted terminal exchange and 
remains the same i, = 4A. 
3) The initial condition is now found as 
i,(O_)Ly + 1,(0_)L, + [i,(0_) + in(0-)]M 
(L, + L,+2M) 
6:0.1 + 3-0.2 + 9-0.05 
0.1+0.2+0.1 


i,(0,) = 


=4.125A. 


4-5) The integration constant is 
A=4.125 —4=0.125, 
and the complete response in this case is 
i(t)=4+0.125e° 377A, 


Example 2.13 


Our last example in this section will be the circuit shown in Fig. 2.18(a). This 
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(a) (b) 


Figure 2.18 A given circuit for Example 2.13(a) and the circuit after the short-circuiting for the 
second stage of the transients (b). 


circuit represents the equivalent of a d.c. supply network. At the instant of time 
t=0, the short-circuit fault occurs at node “a” and when the short-circuit 
current i,. through the breaker reaches the value I = 500 A, the circuit breaker 
opens practically instantaneously. Find the transient response of current i, after 
the fault. The circuit parameters are R, =1Q, R= R,=9Q, L,=0.01 H, L, = 
0.45 H and V,= 1100 V. 


Solution 
First stage (the period between a short circuit t=0 and opening the circuit 


breaker, BR, t = f,). 


1) Since the circuit is divided into two sub circuits: the left one with current i, 
and the right one with current i,, we shall obtain two time constants and two 
natural responses: 


L, 0.01 
(1) U=p= 7 = OOls, or s;= —100s"! and i= Aye, 
1 
L, 0.45 
(2) =p = = 005s, or s,=—20s-' and i,,=A,e72™. 
2 


2) The forced responses in these circuits are: 


; v, 1100 
() iy=pa = HOOA, (2) fp =0. 
1 


3) The initial conditions of the above two currents may be obtained by inspec- 
tion of the given circuit prior to short-circuiting 


(1) i,(0_) Ms 1100 200A, (2) 40.) = 4i,(0.)= 100A 
Bo RRR, eas ee eer ec 
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4-5) The integration constants are 
(1) A;=i,(0)— i, ¢ = 200 — 1100 900, 
(2) A, =i,(0)—is,, = 100—0= 100. 
The complete response in each of the circuits is 
(1) i,(t)= 1100 —900e° 1°" A, (2). i(@)—1006e™ A. 


In order to determine the instant of time, at which the breaker opens, we must 
solve the equation 


Ip = Ty — inlr=t, = 500, 
or 
1100 — 900e7 1° — 100e~ 7% = 500. 


This transcendental equation can now be solved by the iteration approach. 
Since the time constant of the second circuit is relatively large, we assume that 
current i, is a constant. Thus, the first estimation of time t, will be found as 


~100t, _ -_ = _ 300 (1) _ 
900e = 1100—600, and 100t, =In 900 or t)’?=5.6ms 


For the second estimation we assume that current 
i, = 100¢~ 205-610 * — 89.4 A, therefore, now 


900e7 19% = 511, 
to which the solution is 


In(511/900) 
100 


Since this result is very close to the previous one, no more estimations are 
needed, and the value t; = 5.7 ms is taken as the answer. 


i?) = 0.566: 10°? 5.7 ms. 


Second stage (the period of time after the breaker opens t > 5.7 ms) 


1) In this stage the circuit consists of only one loop, whose characteristic 
equation is 


R,+R,+s(L, + L,)=0. 
Upon substitution of the numerical data the time constant becomes 
0.46 = 
t= 9 or s=21.7s. 


2) The forced response is 


1100 
nf 7g 110A. 


80 Chapter #2 


3) The current values prior to switching are 
i,(O_) = i,(t,) = 1100 — 9002 1975-710 * = 591 A, 
i,(O0_) = i,(t,) = 100e7 205-79 * = 89 A. 


The initial value of i, after switching (note that both currents are now equal), 
in accordance with the first generalized law, is 
i,(0_)L,+i,(0_)L,  591-0.01 + 89-0.45 


(04) = ae = me ~100A. 


4-5) The integration constant can now be found A =i,(0)—i, = 100 — 110 = 
—10. 


Therefore, the complete response of current i, after the short-circuit fault is 
i,(t)=100e 7% for 0<t<5.7 
i,(t)=110—10e772-7"-) for 5.7<t<oo. 


Note that at the moment t = 5.7 ms the current changes rapidly (however, the 
total magnetic flux of both inductances remains the same). 


2.4 RC CIRCUITS 


We shall approach the transient analysis of RC circuits keeping in mind the 
principle of duality. As we have noted the RC circuit is dual to the RL circuit. 
This means that we may use all the achievements and results we obtained in 
the previous section regarding the inductive circuit for capacitance circuit analy- 
sis. For instance, the time constant of a simple RL circuit has been obtained as 
t, = L/R, for a simple RC circuit it must be tc = C/G (ie., L is replaced by C 
and R by G, which are dual elements). Since G = 1/R, the time constant of an 
RC circuit can, of course, be written as tc = RC. In the following sections, more 
examples of such duality will be presented. 


2.4.1 Discharging and charging a capacitor 


Consider once again the RC circuit (also see section 1.3.1) shown in Fig. 2.19(a), 
in which R and C are connected in parallel. Prior to switching the capacitance 
was charged up to the voltage of the source V,. After opening the switch, the 
capacitance discharges through the resistance. The time constant of the circuits 
is t= RC and the initial value of the capacitance voltage is V9 = V,. The forced 
response component of the capacitance voltage is zero, since the circuit after 


switching is source free. Thus, 
t 


Ve(t) = Vege RC. ii) 
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Figure 2.19 A circuit of a parallel connection of resistance and capacitance (a) and the plots of the 
discharging voltage and current (b). 


The current response will be 


4 
a Cr Fee RC, (2.12) 
Note that 1) the current changes abruptly at t = 0 from zero (prior to switching) 
to Veo/R and 2) its direction is opposite to the charging current. This current 
and the capacitance voltage are plotted in Fig. 2.19(b). Also note that the 
voltage curve in Fig. 2.19(b) is similar to the current curve in the RL circuit, 
and inversely the current curve is similar to the voltage curve in the RL circuit, 
as shown in Fig. 2.2(c). This fact is actually another example of duality. 
Let us now show that the energy stored in the electric field of the capacitance 
completely dissipates in the resistance, converging into heat, during the tran- 
sients. The energy stored is 


CVe5 
— er 2.13 
We 5 (2.13) 
The energy dissipated is 
oe? Vio( 22h RCV2g 221" CV2 
Wea ea) pote | a 
> R R J, 2R ee 


Hence, the energy conservation law has been conformed to. 
Consider next the circuit of Fig. 2.20, in which the capacitance is charging 
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Vs => Vc 


(a) (b) 


Figure 2.20 An RC circuit in which the capacitance is charging (a) and the plots of the voltage and 
current responses (b). 


through the resistance after closing the switch. The natural response of this 
circuit is similar to the previous circuit, Le., 


te,=—Ae 7, 


However, because of the presence of a voltage source, the forced response (step 
2) will be vc,,=V,, since in the steady-state operation the current is zero (the 
capacitance is fully charged), and the voltage across the capacitance is equal to 
the source voltage. 

Next, we realize that the initial value of the capacitance voltage, prior to 
switching (step 3), is zero, and the constant of integration (step 5) is obtained 
as A=0-V.=—-—\%. 

The complete response, therefore is 


te = V,— Ve FRE = V1 —e FRE), (2.15) 
The current response can now be found as 
dug Ve 
ig= C= Ge ee (2.16) 


Both responses, voltage and current, are plotted in Fig. 2.20(b). Note again that 
these two curves are similar to the current and voltage response curves respec- 
tively in the RL circuit as shown in Fig. 2.1(b) and (c). 


2.4.2 RC circuits under d.c. supply 


Let us now consider more complicated RC circuits, fed by a d.c. source. If, for 
instance, in such circuits a few resistances are connected in series/parallel, we 
may simplify the solution by determining R,, and reducing the circuit to a 
simple RC-series, or RC-parallel circuit. An example of this follows. 


Example 2.14 
Consider the circuit of Fig. 2.21 with R; = R, = R; = Ry = 500, C = 100 pF and 
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(a) (b) 


Figure 2.21 A given circuit of Example 2.14 (a) and its simplified equivalent (b). 


V,=250V. Find the voltage across the capacitance after the switch opens at 
t=0. 


Solution 


After the voltage source is “killed” (short-circuited), we may determine the 
equivalent resistance, which is in series/parallel to the capacitance, Fig. 2.21(b): 
Req = (Ri //R2 + Ry)//R3, which, upon substituting the numerical values, results 
in R,, = 30 . Thus, the time constant (step 1) is 


t=R,,C = 30-100:10°°=3 ms, and wvc¢,=Ae'?, (tis in ms). 


By inspection of the circuit in its steady-state operation (t— oo) the voltage 
across the capacitor (the forced response) can readily be found (step 2): ve, ,= 
50 V. The initial value of the capacitance voltage (step 3) must be determined 
prior to switching: 

R; 


50 
=0-(0_)= V, = 250 =125V. 
v¢(0+) = ve (0_) s R3 +R, 100 5 


Hence, the integration constant (step 5) is found to be A=v,-(0)—ve¢= 
125 — 50 =75, and the complete response is 


ve(t) = 50 + 7527", 


With the above expression of the integration constant (see step 5), the com- 
plete response in the first order circuit can be written in accordance with the 
following formula (given here in its general notation, for either voltage or 
current): 


fO=f,+h=frt+Po—-frole ™, (2.17) 


where f, and f;) are the initial values of the complete and the forced responses 
respectively. Or in the form 


f(\=fpl—-e "+ foe ™, (2.18) 
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and for zero initial conditions (f) = 0) 

f(t) = fe"), (2.19) 
In the following examples, we shall consider more complicated RC circuits. 
Example 2.15 


At the instant t = 0 the capacitance is interswitched between two voltage sources, 
as shown in Fig. 2.22(a). The circuit parameters are R, = 20 Q, R, = 10Q, R; = 
R, = 100 Q, C=0.01 F, and the voltage sources are V,,=60V and V,,=120V. 
Find voltage v(t) and current i,(t) for t > 0. 


Solution 


1) The input impedance, Fig. 2.22(b), is: 


1 
Zin(S) = sC ae R,//R3//Ra. 


Upon substitution of the numerical data and equating it to zero yields 


| ree = 
—10°+—=0, or s=—12s", 
s 6 


(c) 


Figure 2.22 A given RC circuit of Example 2.15 (a), a circuit for determining the input impedance 
and the forced response (b), a circuit for determining the initial value (c) and the curves of the 
voltage and current responses (d). 


Classical Approach to Transient Analysis 85 


and the natural response becomes 


te ,=Ae ™. 


2) The forced response is found as the voltage drop in two parallel resistances 
R3.4=50Q. With the voltage division formula, we obtain 


V. Raq 120 as 100 V 
Ot 8 eRe SO 


3) The initial value of the capacitance voltage must be determined from the 
circuit prior to switching, as shown in Fig. 2.22(c). Applying the voltage division 
once again, we have 

100 


ve(0s) = ve(0-) = 60 ae = SOV. 


5) (Step 4 is omitted, as it is unnecessary). In accordance with equation 2.17 
we obtain 


c(t) = 100 + (50 — 100)e~ 17 = 100 — 50e7 17" V. 
Current i, can now be easily found as, Fig. 2.22(b), 
d 
ijieipe— Cae * =o ie a0 10am 
R34 dt 


=2+5e @A. 


Both curves, of vc and i,, are plotted in Fig. 2.22(d). Note that the current i, 
changes abruptly from zero to 7A. Our next example will be a second order 
RC circuit. 


Example 2.16 


Consider the second order RC circuit shown in Fig. 2.23(a), having R, = R3 = 
200 Q, R, = Ry, = 100 Q, C,; = C, = 100 pF and two sources V, = 300 V and I, = 
1A. The switch opens at t=0 after having been closed for a long time. Find 
current i,(t) for t> 0. 


Solution 


1) We shall determine the characteristic equation by using mesh analysis for 
the circuit in Fig. 2.23(a) after opening the switch and with “killed” sources 
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Figure 2.23 A second order RC circuit of Example 2.16 (a), an equivalent circuit for the calculation 
of the independent initial conditions (b) and an equivalent circuit for the calculation of the dependent 
initial conditions. 


Equating the determinant for this set of equations to zero, we may obtain the 
characteristic equation (note that C, = C, = C) 


2 oR UR Eo D6 
ea ita ce es a 


Upon substituting the numerical data the above becomes 6s” + 700s + 10*=0, 
and the roots are s, = —16.7s~' and s,= —100s~'. Therefore, the natural 
response becomes 


bia =A,e 14 A,e 10% A. 


2) By inspection of the circuit in Fig. 2.23(a), in its steady-state operation (after 
the switch had been open for a long time), we may conclude that the only 
current flowing through resistance R, is the current of the current source, Le., 
inf = I, = 1 A. 


3) In order to determine the independent initial condition, i.e. the capacitance 
voltages at t = 0, we shall consider the circuit equivalent for this instant of time, 
shown in Fig. 2.23(b). Using the superposition principle, we may find the current 
through resistance R, as 


V; P Ri 300 , 100 
Ry +R3+Ry, *R,+R3+R, 400 400 


0.5A, 


is 


and the voltage across capacitance C, as 0¢.=Voo = V,— R3i3 = 300 
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200-0.5 = 200 V. In a similar way 


V; " R,+R; 300 | , 100 + 200 
Ret Ret Ry "Ret Ree Re 400 400 


= ASA; 


ig 
and 


0¢1(0) = Veo = Raig = 100-1.5 = 150 V. 


4) Since the response that we are looking for is the current in a resistance, it 
can change abruptly. For this reason, and also since the response is of the 
second order, we must determine the dependent initial conditions, namely i,(0) 
and di,/dt|,-). This step usually has an abundance of calculations. (This is 
actually the reason why the transformation methods, in which there is no need 
to determine the dependent initial conditions, are preferable). However, let us 
now perform these calculations in order to complete the classical approach. 

In order to determine i,(0) we must consider the equivalent circuit, which fits 
instant t=0, Fig.2.23(c). With the mesh analysis we have 
Ry Li,(0) — I] + Rain(9) = Vero— Vero, or 

Vero— Veoo + Ri, 150 — 200 + 200-1 


i,(0) = = =0.5A. 
i2(0) Rak 200 + 100 ~ 


For the following calculations, we also need the currents through the capaci- 
tances, i.e., through the voltage sources, which represent the capacitances. First, 
we find current i3: 


iz =(V, — Ver9)/R3 = (300 — 200)/200 = 0.5 A, 
then 


i4(0)=1,—2,(0)= 1-05 058 
ico(0) = i,(0) + i,(0) =0.5+0.5=1.0A. 


In order to determine the derivative of i,, we shall write the KVL equation for 
the middle loop (Fig. 2.23(c)): 


=e, — Ry, — in) + Rain + Veg = 0. 
After differentiation we have 
di, dug, dvg, 1. ; 
dt dt dt C (ic1 —ic2), 


(Ri + R2) 


or 
di, i. .: 1 
dt |,-9 (Ri + RyC (2) = 309-104 


(s—1)= 167, 


5) In accordance with equation 1.61 we can now find the integration constants 
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5, A, + 5,4) = “ - fos _ = 7167-0. 
or 
A, +A, = —0.5 
16.7A, — 100A, = — 16.7, 
to which the solution is 
Ae 0.5(— 100) + 16.7 =a 


— 100 + 16.7 
Ap = =05 =A, = 05 408 =03. 


Thus the complete response is 


i(t) = 1 —0.8e7 167 + 0,307 10% A. 


2.4.3 RC circuits under a.c. supply 


If the capacitive branch switches to the ac. supply of the form v,= 
Vim Sin(@t + W,), as Shown in Fig, 2.24(a), the forced response of the capacitance 


sm 


Figure 2.24 An RC circuit under an a.c. supply (a), the transient response when the overvoltage 
occurs (b) and the transient response with the current peak (c). 
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voltage will be 
vo. f= Vom sin(@t - W, —o— 7/2). (2.20) 


Here phase angle y, (switching angle), is appropriate to the instant of switching 
t=0 


1 V, 
- (2.21a) 
oC ,/R? + (1/o@Cy 


and 
g=tan '(—1/Ra@C) (2.21b) 
Since the natural response does not depend on the source, it is 
te pa Ae VF, 
With zero initial conditions, 1.e., v-(0) = 0, the integration constant becomes 
A=v¢(0) — 0¢ ¢(0) = — Vem sin(w, — 9 — 2/2). (2.22) 
Thus, the complete response of the capacitance voltage will be 
v¢(t) = Vem[sin(@t + W, —@ — 2/2) — sin(W, —@—n/2)e"7®°], (2.23) 


and of the current 


; dv¢ —_ - 
ic(t)=C a Tn sino +W,—9)+ ORC sin(, —g —n/2)e me | 
(2.24) 
where 
In = OCVem 2 (2.25) 
RV1+(1/oRCY 
and 
A= Im sin(,, —g — 2/2). (2.26) 


@oRC 


Since, during the transient behavior, the natural response is added to the 
forced response of the voltage and current, it may happen that the complete 
responses will exceed their rated amplitudes. The maximal values of overvoltages 
and current peaks depend on the switching angle and time constant. If switching 
occurs at the moment when the forced voltage equals its amplitude value, ie. 
when the switching angle w, = g and with a large time constant, the overvoltage 
may reach the value of an almost double amplitude, 2V;,,. This is shown in 
Fig. 2.24(b). It should be noted that the current in this case will almost be its 
regular value, since at the switching moment its forced response equals zero, 
and the initial value of the natural response (equation 2.26) is small because of 
the large resistance due to the large time constant, Fig. 2.24(b). (Compare with 
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Figs. 2.9 and 2.10 of the current response in an RL circuit under an a.c. supply). 
On the other hand, if the time constant is small due to the small resistance R, 
the current peak, at t=0, may reach a very high level, many times that of its 
rated amplitude, Fig. 2.24(c). However the overvoltage will not occur. 

We shall now consider a few numerical examples. 


Example 2.17 

In the circuit of Fig.2.25(a), with R,;=R,=50, C=S500uF and 
v, = 100 V2 sin(ot + m/2), find current i(t) after switching. 

Solution 


There are two ways of finding the current: 1) straightforwardly and 2) first to 
find the capacitance voltage and then to perform the differentiation i = C(dv¢/dt). 
We will present both ways. 


1) The time constant (step 1) is t= RC = 5:500-10° ° = 2.5-10° 3, therefore s = 


—1/t= —400s ‘and the natural response is i, = Ae *°°. The forced response 
(step 2) is 
ip =I, Sin(@t + 2/2 — gy) = 17.5 sin(at + 141.8°), 
where 
100.2 
v 175A 
V5? + (1/314-5-10~4? 
and 
—1/(314-5-1074 
g=tan ' a 5 _ — 51.8°. 


The initial value of the capacitance voltage (the initial independent condition, 
step 3) must be found in the circuit of Fig. 2.25(a) prior to switching 


100./2:6.37 (; _,-637 2 
sin tan 
10? + 6.372 


Tol 


; i: | 40.8 V, 


where 


= 6.37Q. 


“e™ 314-5-10-4 
The initial value of the current, which is the dependent initial condition (step 
4) may be found from the equivalent circuit, for the instant of switching, t = 0, 
which is shown in Fig. 2.25(b): 


100./2 — 40.8 
i(0) = = 20.1 A. 
5 
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I + Ye i(0) 
MW a a 
ye * = 40.7V 
V; = RS eS 1002 V 
(a) (b) 


Figure 2.25 A given circuit for Example 2.15 (a), its equivalent for calculating i(0) (b) and the plot 
of the current (c). 


The integration constant and complete response (step 5) will then be 


A; = i(0) — i,(0) = 20.1 — 17.5 sin 141.8° = 9.3 A, 


and 


i(t) = 17.5 sin(314t + 141.8°) + 9.3e7 4 A. 


2) The difference in the calculation according to way 2) is that we do not need 
Step 4. Step 1 is the same; therefore, the natural response of the capacitance 
voltage is v¢,=Ae 4°, and we continue with Step 2: 


a 100,/2-6.37 
OF 4.637 


Step 3 has already been performed so we can calculate the complete response 
as 


sin(314t + 2/2 + 51.8° — 2/2) = 111.3 sin(314¢ + 51.8°) V. 


vc(t) = 111.3 sin(314¢ + 51.8°) — 46.7e7 OV, 
where 


A, = v¢(0) — v¢,-(0) = 40.8 — 111.3 sin 51.8° = —46.7. 
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The current can now be evaluated as 


d 
iG “s = 17.5 sin(314t + 51.8° + 2/2) + 9.3e7 4 A, 
where 
I, = 5°1074-314-111.3=17.5 and A,=5-10~4(—400)(—46.7) =9.3A, 


which is the same as previously obtained. The plot of current i is shown in 
Fig. 2.25(c). 


Example 2.18 


In the circuit of Fig. 2.26(a), the switch closes at t= 0. Find the current in the 
switching resistance R;. The circuit parameters are: Ry = R, = R;=100, C= 
250 pF and v,= 100 V2 sin(wt + ,) at f= 60 Hz. To determine the switching 
angle w,, assume that at the instant of switching v,=0 and its derivative 
is positive. 


Solution 


The voltage is zero if y, is 0° or 180°. Since the derivative of the sine wave at 
0° is positive (and at 180° it is negative), we should choose w, = 0°. 


1) To determine the time constant (step 1) we shall first find the equivalent 
resistance R,, = R, + R,//R3 =10+5=15Q. Thus, t=R,,C = 15-250-10°° = 
3.75 ms and s= —1/t= —267s~'. Therefore, the natural response is 


i3 n = Ae 767 A. 


2) The forced response shall be found by using node analysis 


et 4 Va 


+ — 4 = 0, 
R, R,—jxc_ R; 
. t=0 
WwW 
WW —s—o°F N\A —+ 
Ry t=0 | is 10Q | i,(0) 
R 102 
V, R; 0 10Q 
Cc i) -58.3V 
b b 
(a) (b) 


Figure 2.26 A given RC circuit for Example 2.16 (a) and its equivalent for determining the initial 
value of the current i3(0) (b). 
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Upon substituting 1/377-2.5-10~+= 10.6 for xc, 141 2. 0° for V, and 10 for R; 
and R, the above equation becomes 


v,—141 i, 


V, 
# =i 
10° 10—j106~ 107” 


to which the solution is 


- . KB 5592-1042 
V=559 7-11.42" and i,=—*= = 5.59 — 11.42’, 


The forced response, therefore, is 


is, p= 5.59 sin(377t — 11.42°) A. 


3) The initial value of the capacitance voltage is found by inspection of the 
circuit prior to switching. By using the voltage division formula we have 


i, V(—jxc) 141(—j10.6) 
OT RP Re ite 20-7106 


= 66.0 2 — 62.07°. 


Therefore, 


vc(0) = 66.0 sin(— 62.07°) = —58.3 V. 


4) The initial value of the current may now be found by inspection of the circuit 
in Fig. 2.26(b), which fits the instant of switching, t=0. At this moment, the 
value of the voltage source is v,(0)=0 and the capacitance voltage is vc (0) = 
— 58.3 V. Using nodal analysis again, we have 


V, V,+583 V, 


a a = 0, 
10” 10 ~ 10 
to which the solution is V, = —19.4V and the initial value of current is 
i,(0) is a ee fi) & 
eo Re ie 


5) The integration constant will be A=i3(0) — iz, -(0) = 
— 1.94 — 5.59 sin(— 11.42°) = —0.83, and the complete response is 


i, = 5.59 sin(377t — 11.42°) — 0.83e7 2 A, 


Example 2.19 


As a last example in this section, consider the circuit in Fig. 2.27(a), in which 
R=100Q, C= 10 pF and two sources are v, = 1000 V2 sin(1000t + 45°) V and 
I,=4A dc. Find the response of the current through the voltage source after 
opening the switch and sketch it. 
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(b) 


Figure 2.27 A given RC circuit of Example 2.17 (a), its equivalent for instant t = 0 (b) and the plot 
of current i (c). 


Solution 


The time constant (step 1) is t=RC=100-10°=10-7=1ms_ or 
s=—1000s~' and i, = Ae~!©. The forced current (step 2) is found as a 
steady-state current in Fig. 2.27(a) after opening the switch 


; vy, 1000/2 2 45° 
~ R+jxe 100 — j100 


= 102 90° 


in which 
X¢ = 1/oC = 1/10°-107> = 100 Q. 
Thus, 
ip = 10 sin(1000¢ + 90°) A. 


The initial value of the capacitance voltage (step 3) must be evaluated in the 
circuit 2.27(a) prior to switching. By inspecting this circuit, and noting that the 
resistance and the current source are short-circuited, we may conclude that this 
voltage is equal to source voltage v-(0) = v,(0). 

By inspection of the circuit in Fig. 2.27(b), we shall find the initial value of 
current i (step 4), which is equal to the current source flowing in a negative 
direction, i.e., i(0) = —4 A. (Note that two voltage sources are equal and opposed 
to each other.) 

Finally the complete response (step 5) in accordance with equation 2.17 will 
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be: 

i=i, + [i(0) —i,(O0)]e* = 10 sin(1000t + 90°) — 14e7 1 A, 
where i,(0) = 10 sin 90° = 10 A. The plot of this current is shown in Fig. 2.27(c). 
Note that the period of the forced current is 


21 


- = -3 = 
= F000 2n10°°s or T=2nxms. 


T 


2.4.4 Applying a continuous charge law to C-circuits 


As we have observed earlier (see section 1.7.4) switching on circuits containing 
capacitances may result in very high pulses of current. (This phenomenon is 
dual to overvoltages in circuits containing inductances when switching them off 
as studied in section 2.3.3). When trying to solve these kinds of circuits the 
second switching law for capacitance voltages is usually disproved. However, 
as we already know, the problem might be solved by the principle of physics 
that electric charges are always continuous and cannot be abruptly changed. 
In this section we shall continue analyzing these kinds of circuits by introducing 
more numerical examples. 


Example 2.20 


Consider the circuit shown in Fig. 2.28(a), in which capacitance C3 switches on 
in parallel to capacitance C,. The resistances of the wires are very low and are 
presented by two resistors R, = R, ~ 0.1 Q. The rest of the parameters are R, = 
40 kQ, C, =4 uF, C,=1 uF, C; =3 pF and Vy,=100V. (a) Assuming that the 
voltage change of two capacitances C, and C; occurs abruptly, find the charging 
current i, and the voltage v, across the capacitances, connected in parallel, in 
the second stage of transients. (b) Find the time and the charge interchanging 
between these two capacitances and the current pulse. 


Solution 


(a) After switching, capacitances C, and C; are connected in parallel with C3 = 
C,+ C;=4uF, as shown in the circuit of Fig. 2.28(b). (The resistances R, and 
R, are neglected in comparison with R,). The time constant of this circuit (step 
1) is t= R,C,, = 40-10°-2-10° ° = 80-10 * = 80 ms, where 


C,Cy.3 4-4 


Ca= = =2 uF, 
oi, aaa? 
and the root of the characteristic equation is s = —1/t = —12.5s~'. The natural 
responses of the current and voltage will be: 


= Ae™ 12.5t 


v, = Bew 125, 


i 


n 
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Figure 2.28 A given circuit for Example 2.20 (a), a circuit of the steady-state operation (t— 00) (b), 
an equivalent circuit of the instant of switching t = 0 (c) and the plots of the current and voltage (d). 


The forced response (step 2) of the current is equal to zero as a steady-state 
current through the capacitance at the d.c. supply. However, the forced response 
of the capacitance voltages becomes half of the supply voltages, as divided 
between two equal capacitances C, and C2. Thus, ir =0 and v2,,=50V. 

Next, we shall find the initial value of the voltage of the two capacitances in 
parallel (step 3). With the generalized second switching law (1.36b), or the 
principle of continuous charges, we have 


Cy0¢2(0_) + C3 0¢3(0_) 
C,+C; 


Here v¢3(0_) should be zero and v¢(0_) can be found with the voltage division 
formula 


v2(0) = 


(0_)=V, a 100 : 80V 
Dv J)=V, = = : 
id GAG 441 
Thus, 
1:80 + 3-0 
= =20V. 
V2 (a4 0 


In the next step (step 4) we shall find the initial value of the current, as the 
dependent initial condition. By inspection of the equivalent circuit fitting instant 
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t =0, Fig. 2.28(c), we obtain 


_ —v¢1(0)—v¢9(0) 100 — 20 — 20 
0)= = =15mA. 
(0) R, 40-10° sa 


The integration constants (step 5) are 
A=i(0)—i,(0)=1.5—-O0=1.5mA 
B=v,(0) — v2, (0) = 20 —50 = —30V. 


The complete response of the current and capacitance voltage can now be 
written 


i(t)=1.5e 2A 
v,(t) = 50—30e 1? V. 
Both curves are sketched in Fig. 2.28(d). 
(b) In order to find the time of the first stage of the transients we must take 
into consideration the wire resistances. Thus, after switching, the time constant 


of the right loop of the circuit, in which the first stage of the transients takes 
place, may be estimated as t = 2R, C,, = 0.2-0.75:10°° = 0.15 ps. Here: 


C,C3 1:3 
Cede eS 


Ceq = 0.75 pF. 
The time of the first stage is estimated as TX 5t=0.75 pts, which is about 
2-10~° times shorter than the second stage. 

The charge of C3, g(0_) = C,v,(0_) = 1:10 °-80 = 80 uC, prior to switching 
decreases, during the first stage to q3(0,) = C,v,(0,) = 1:10 °-20 = 20 nC. Thus, 
the interchange of the charges between two capacitances is Aq = 80—20= 
60 uC. The current peak will be [;=v¢,(0)/2R, = 80/0.2 = 400A, which results 
in transferring the charge Aq =I;t=400-0.15-:10 -°=60 uC, as previously 
calculated. 


Example 2.21 


In the circuit of Fig. 2.29(a) the capacitance C, has been charged prior to 
switching up to voltage —6V. Find current i and voltage ve after switching, if 
R, = 300 Q, Rz = 600 Q, C, = 300 pF, C, = 200 uF and V, = 36 V. 


Solution 


In order to find the time constant and the root of the characteristic equation 
(step 1), we must find the equivalent resistance and capacitance: 
Ria F008 
og 300 + 600 


Coq = C,//C, = C,+ C, = 300 + 200 = 500 uF. 
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Figure 2.29 A circuit of Example 2.21 (a) and its equivalent at instant t = 0 (b). 


Thus, t = R,,C,, = 200-500-10°° = 0.1 sand s = —1/r = —10 s ',and the natu- 
ral responses are 
L=Ae™,. te =ne™. 


The forced responses (step 2) are: 


V, 36 
=0.04A=40 mA, 
TR +R, 300+ 600 = 

V, Re 36 = 24V 
me ee ae 


The initial value of the voltage of these two capacitances (step 3) shall be found 
using the second generalized law and by taking into consideration that (in the 
circuit prior to switching) vc,(0_) is negative, 1.e., v¢,(0_) = —6 V, and K.,(0_) = 
24V. Hence, 


C1 0¢1(0) + C,v¢,(0) 300-24 + 200(—6) 
C,+C, ~ 300 + 200 


The initial value of the current, which is a dependent initial condition (step 4), 
is found in the circuit of Fig. 2.29(b) for instant t= 0. By inspection, we find: 


Vi-Ue, += 36-12 
R, ——-300 
Now the integration constants (step 5) can be found 
A= i(0)—i,(0) = 80—40=40 mA 
B=v,(0) — v¢,p(0) = 12 — 24 = —12V. 
Thus, the complete responses are 
i(t)=40 + 40e 1% =40(1 +e '")mA 
v¢(0) = 24—12e7 1% v. 


v¢(0) = =12V. 


i(0) = = 0.08 A= 80 mA. 


Example 2.22 


As a last example for this section, consider the circuit shown in Fig. 2.30(a), in 
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Figure 2.30 A given circuit of Example 2.22 (a) and its equivalent at the instant of switching, t = 0 (b). 


which upon switching, the configuration of the circuit has been changed, namely, 
resistor R, connects in series to resistor R,; and capacitance C, being uncharged 
connects in parallel to capacitance C,. Assume that the switching occurs instan- 
taneously and find all the current responses, i,(t), i,(t) and i;(t) after switching. 
The circuit parameters are: R, = R,=5Q, R; =10Q, C, = 750 uF, C, = 250 pF 
and V,= 240 V. 

Solution 


The time constant (step 1) may be easily found after determining the equivalent 
resistance and capacitance: 


Req = (Ri + Ro)//R3 = (5 + 5)//10 = 5 Q, 
Coy = Cy + Cz = 250 + 750 = 1000 pF. 


Therefore, the time constant is t= R,,C,,=5:10°-7=5ms and s=—1/t= 
—200s~'. The natural responses of the currents, therefore, are 


. -2001 ; ~ 2008 
itn = Aye » 13, = Ase 
and 
Ss a aace ee tes ~200t 
i, =i, — i, = (A, — A3)e : 


The forced responses (step 2) are found in the circuit after switching in its 
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steady-state operation: 


. . Vy 240 
pal = = =12A, 
PO eRe Re Se Se 10 


baie 0. 

The initial value of the voltage across the two capacitances (in parallel) (step 
3) may be found using the principle of continuous charge (the second generalized 
law): 
(0) Cy 0¢1(0_) + Cz0e,(0_) 0+250-160 
D a = 

. Creu, 750 + 250 
where v¢,(0_)=0 and v¢,(0_) = 240-10/(5 + 10) = 160 V. The initial values of 
the currents, which are dependent initial conditions (step 4), can be obtained 


in the equivalent circuit of Fig. 2.30(b). Since the potential of node “a” is 40 V, 
we have: 


=40V, 


__ 240-40 


i(0)=—5 


=20A, 


i3(0) = = =4A, i,(0)=i,(0) —i;(0) = 20 -—4=16A. 
The integration constants (step 5) are: 
A, =i,(0) —i,,,(0) =20—12=8A 
A, =i,(0)— iz, -(0)=16-O0=16A 
A; =i3(0) —i3,,(0) =4—12= —8A, 
and the complete responses of the three currents are: 
i(t)=12+8e A 
i(t)= toe A 
i,(t) = 12 — 8e7 20 A, 


Note that current i,(t) might also be found as the difference between i, and i;, 
Le., i,(t) = i,(t) —i,(t) = 16e 7° A, which is the same as was found earlier. 

It is worthwhile to calculate current i,, which is actually the current through 
two parallel capacitances, also as i, =C,,(dvc/dt). In order to do this we 
first have to find the capacitance voltage. Since its forced value is 
240-10/(5 + 5 + 10) = 120 V, we have 


v(t) = 120 + (40 — 120)e 2°" = 120 — 80e- 7 Vv, 


and 


duc 
4 dt 


which again is the same as was calculated earlier. 


iLn(t)=C = 10~3(—80)(— 200) e~ 20 = 162720 A, 
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2.5 THE APPLICATION OF THE UNIT-STEP FORCING FUNCTION 


The reason that any transient responses at all appear in electrical circuits is 
because of the discontinuity or switching actions which take place at an instant 
of time that is defined as t=0 (or t= ¢). In studying transient responses, it is 
convenient, in many cases, to use a special function, which represents this kind 
of discontinuous or switching action, and is called a unit-step function. Thus, 
the operation of a switch in series with a voltage source is equivalent to a 
forcing function, which is zero up to the instant that the switch is closed and is 
equal to the value of the voltage source thereafter. This change of voltage occurs 
abruptly (since we are considering the switch as an ideal device working instanta- 
neously), expressing a discontinuity of the voltage at the instant the switch is 
closed. Such kinds of functions, which are discontinuous or have discontinuous 
derivatives, are called singularity functions. The two most important of them 
are the unit-step function and the unit-impulse function (see further on). Thus, 
the mathematical definition of the unit-step forcing function is 


1 t<0 nen 
th= : 
emer ee, 
or 
0 t<to 
u(t — to) = | (2.27b) 
1 £>%. 


Therefore, the unit-step function is zero for all negative values of its argument 
(t<0) and is unity for all positive values (t>0). This is shown in Fig. 2.31. 
Note that at the instant of time t = 0 is not defined: but it is zero as a left limit 
and unity as a right limit. In accordance with equation 2.27a, a switching action 
takes place at the instant t = 0 and in accordance with equation 2.27b at instant 
t = to (to £0, since, if tp = 0 we get equation 2.27a). To indicate that any voltage 
source of the value V is switching at t=0 (or t=ty)) to a general network, we 
write v(t) = Vu(t), which is illustrated in Fig. 2.32(a). Such representation of 
switching on sources by using a unit forcing function instead of a switch by 
itself is common and useful in transient analysis. (Note that the unit-step 
function is itself dimensionless.) 

Because of the wide use of the unit-step function in transient analysis, we 


u(t) 


(a) (b) 


Figure 2.31 A unit-step function applied at t= 0 (a) and applied at t = tp (b). 
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(a) _ (b) 


(c) 


Figure 2.32 A circuit in which the voltage source is applied at t = 0 (a) and its switching equivalent 
drawn correctly (b) and incorrectly (c). 


shall explain the features of this function in more detail. In the circuit of 
Fig. 2.32(a) the ideal voltage source possesses a zero internal impedance, so that 
circuit A is short-circuited the entire time, also prior to t=0, even when the 
applied voltage equals zero. We have the same conditions in the circuit (b), 
which is therefore the correct equivalent of the circuit with the discontinuous 
forcing function (a). (Note that the switch in this circuit is an ideal instantane- 
ously operating switch.) The circuit in (c) cannot be the correct equivalent of 
(a) since prior to switching circuit A is open-circuited. However, after switching, 
t>0, the circuits in (c) and (a) are equivalent, and if this is the only time interval 
we are interested in, and if the initial currents which flow from the two circuits, 
A in (a) and in (c), are identical at t=0, then Fig. 2.32(c) becomes a useful 
equivalent of Fig. 2.32(a). 

The circuit with a discontinuous current source is a dual of the circuit with 
a discontinuous voltage source and is shown in Fig. 2.33. The above explanation 
regarding the voltage source may be easily understood from this figure. Using 
two unit step functions, we can obtain the rectangular pulse of a forcing function, 
as is shown in Fig. 2.34. 

To show an application of the unit-step function in transient analysis, let us 
consider a numerical example in which a pulse current is applied. 


Example 2.23 


In the circuit, shown in Fig. 2.35(a), find the output voltage, if the current pulse 
of amplitude J =2 A and duration tp = 0.01 s, shown in Fig. 2.35(b), is applied 
to this circuit. 
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Figure 2.33 A circuit in which the current source is applied at t = 0 (a) and its switching equivalent 
drawn correctly (b) and incorrectly (c). 


- Vu(t) & Vu(t) 
7 t @ Vu(t-t,) 
-Vu(t-t,) 


(a) (b) 


Figure 2.34 A rectangular forcing function (a) and a combined source, which yields the rectangular 
pulse (b). 


Solution 
The output voltage can be represented as 
Vo(t) = v(t) + v5 (t), 


where v(t) is the part of the total response due to the positive current source 
acting alone and v/(t) is the part due to the negative current source acting 
alone. Starting with the first part of the output voltage and following the five 
steps, we must do as follows: 


1) To obtain the characteristic equation we shall equal the input admittance to 
zero, since the current source possesses an infinite impedance (an open circuit): 


‘ Lo 1 1 100 + 2s 
"15° 10+1/(1/100+ 1/2s) 15 1000+ 220s’ 
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10Q 


Figure 2.35 A circuit of Example 2.23 (a), the input current pulse (b), an equivalent circuit for 
determining v;(0) (c), an equivalent circuit for determining v/(to) (d) and the output voltage 
response (e). 
or 

250s+2500=0 and s=—10s"'. 


(Alternatively, we may obtain the characteristic equation by equaling the admit- 
tance, seen from the inductance branch, to zero, which is left for the reader as 
an exercise.) Thus, 


vi(t)=A’e IV, 
2) The forced response is zero as a voltage drop across an inductance in a d.c. 
circuit, thus, v, ,=0. 


3) Inspecting the circuit for t <0, we have i,(0_) = 0, so that i,(0,) =0. 


4) In the circuit drawn for t = 0, Fig. 2.35(c), we have 


15 
(0) = 100i(0) = 100-2 =24V. 
UNO) = E000) 1002 oad 
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5) The integration constant, therefore, is A’ = vj,(0)— vj, = 24 —0 = 24. and the 
first part of the voltage response is v/,(t)=24e 1" V. 

To find the second part of the voltage v{(t) we start from step 3, since the 
root of the characteristic equation and the forced response have already been 
found, ie., s= —10s~' and vf ,=v),,=0. 


3) The independent initial condition for the inductance current at the instance 
of second commutation, fo, is 


1 to 24 0.01 12 0.01 
i(to_)=— | vidt=— rit gt 012 A, 
if (to ) = ("% | e “40° : 0 


4) To find the initial condition of vj in the second transient interval we must 
consider the given circuit for t=t), in which the inductance is represented by 
a current source of 0.12 A. 

+ 0.12 
110+15 ~~ 100+ 25 


and v!"(ty ,) = —100-0.264 = —26.4V. 


w=? 


0 =0.264A 


5) We can now find the constant of integration: A” = vj (0) — v,, = —24.6-O0= 
—24.6V, and 


ui(t)= —24.6e 2% V for t>to. 
Then 
v, =v, +07 = 24e 1% 24.6 1) Vo for t>to. 
To simplify this expression we designate t’=t—ty or t=t'+ to, then 
Dy = 24e™ 100g 10" _ 24 6e7 1" = —2.9¢7 10", 


which means that the y-axis has been moved to the new origin at fo, Le., now 
to = 0. 

The output voltage and inductance current are shown in Fig. 2.35(e). Note 
that the output voltage form is almost a rectangular pulse, i.e. similar to the 
input current pulse. In other words, the current pulse is transferred to the 
voltage pulse. Note also that this is correct in the case that ty«T or t)/t<«1, 
where t = L/Rgq. 


2.6 SUPERPOSITION PRINCIPLE IN TRANSIENT ANALYSIS 


In this section, we shall show how the property of superposition can be used 
for solving problems in transient analysis. Suppose that a new branch connects 
to a general active network A after closing the switch and, suppose that we are 
looking for the transient current in any other branch of the network, say i;, as 
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shown in Fig. 2.36(a). The transient behavior of the entire circuit can be written 
as a superposition of two regimes: 1) the previous one, which existed prior to 
switching and 2) an additional one, which is a result of the switching. Therefore, 
the unknown current i, will be the sum of the two currents. The first one, i; is 
the current which flowed in branch “1” before switching, figure (b), and the 
second one, i7, is the additional current which appears in circuit P, figure (c). 
This circuit arises from the original circuit A, in which all the sources have been 
“killed” and the switch is replaced by a voltage source, which is oppositely 
equal to the voltage across the open switch in circuit A, as shown in Fig. 2.36(c). 
(Remember that “to kill” a source means that the source is replaced by its inner 
resistance/impedance, or that the ideal voltage source is simply short-circuited 
and the current source is simply open-circuited.) Hence, 


iy — ij +P iy or iy = li prt liad» (2.28) 


where i; is the previous current and ij is the additional one. It is very important 
to note that, in the additional circuit, the independent conditions are zero. 

If any branch in a general network is disconnected, as shown in Fig. 2.37(a), 
we may apply the principle of duality, which means that the switch in the 
passive circuit must be replaced by a current source that is oppositely equal to 
the current through the closed switch in circuit A, as shown in Fig. 2.37(c). The 
required current i, will then again be the sum of the previous current, which 
flows in the circuit with the switch closed, Fig. 2.37(b), and the additional 
current, which will flow in the passive circuit with the source current, Fig. 2.37(c), 
as indicated in equation 2.28. The above technique is illustrated in the following 
examples. 


(b) (c) 


Figure 2.36 A given circuit (a), a previous circuit prior to switching (b) and the additional passive 
circuit with a voltage source (c). 
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Figure 2.37 A given circuit (a), a previous circuit prior to switching (b) and the additional passive 
circuit with a current source (c). 


Example 2.24 


In the circuit, shown in Fig. 2.38(a), find current i after opening the switch, 
using the principle of superposition. The parameters of the circuit are: v,= 
100 sin wt at f= 60 Hz, ob = 10Q and R, = R,=10Q. 


Solution 


First, we find the currents in the circuit of Fig. 2.38(a) prior to switching 


: 100 ; ; 
i = FSS Sin(ot + Wi) = 8.94 sin(wt — 63.4°) A, 


Js? +10 


(bh): F 


Figure 2.38 A circuit prior to switching (a) and the additional circuit (b). 
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where the current phase angle is wy; =0— tan 1(10/5) = — 63.4°, and 


i’ ' 
ig = = 4.47 sin(wt — 63.4°). 
Now we shall find the transient current in the circuit of Fig. 2.38(b), in which 
the initial value of the inductance current is zero. The characteristic equation 
is 


1 1 
a ue an or sL+R,=0, 
and its root is 
ae) = 377s5—1 
ge Agee 


Hence, the natural response is 
fade 
The forced response of current i; is found with phasor analysis: 


ze Ri 


0 
ae =(447 . —63.4° ~ 3.16 7. — 108.4. 
fo ig 70+ jo - 


Therefore, 
i-(t) = 3.16 sin(@t — 108.4°) A. 
Since the initial value of this current is zero (zero initial conditions), we have 
A=0-—i;(0) = —3.16 sin(— 108.4°) =3.0A. 
Thus, the total response of current i is 
i=i'—i” = 8.49 sin(wt — 63.4°) — 3.16 sin(wt — 108.4°) —3e 3’ A. (a) 


The initial value of this current at t=0 is i(0)= —8A, which is the current 
through the inductance prior to switching (i’(0) = 8.94 sin(— 63.4°)= — 8 A). 
Note that the same current can be found as current i, through resistance R,, 
since in the original circuit both currents are equal. The forced response of this 
current is determined as 
ss joL 


: j10 
ee =447 1 —63.4° = 3.167 —18.4°, 
Lew 4 jo = 10 + j10 = 


or, as versus time, 
if ¢ = 3.16 sin(wt — 18.4°). 
Since i7(0) = 0, the initial value of the current through resistance R, is 


i”(0) = 4.47 sin(—63.4°) = —4 A, 
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and the integration constant for this current is A = —4— 3.16 sin(—18.4°)= 
—3. Hence the total current is 
i, =i, + if =4.47 sin(t — 63.4°) + 3.16 sin(@t — 18.4°)—3e 37" A. 
(b) 
This current at t=0 yields i,(0)= —8A, which is again the value of the 


inductance current prior to switching. Both results (a) and (b) can be simplified 
to the same expression 


i(t) = 5/2 sin(wt — 45°) —3e737" A. 


Example 2.25 


In the circuit, having all R’s of 10Q, C=1 uF and V,=60V, shown in 
Fig. 2.39(a), the switch closes at time t = 0. Find current i, using the superposit- 
ion theorem. 


Solution 


First, we shall find the previous current i; and the voltage across the open 
switch. By inspection of the circuit in Fig. 2.39(a), we may find 
V, 60 


i; = = = =2A d V,, = Rai, =10-2=20V. 
1, Ret Rot R, 3-10 an sw 4ly 


To find the time constant of the circuit in Fig. 2.39(b), we must determine R,, 


20u(t) V 


Figure 2.39 A circuit of Example 2.25 prior to switching (a) and an additional circuit for finding 
the transient response (b). 
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seen from the capacitance (note that R, is short-circuited by the voltage 
source): R,,= Rj +R,//R3=15Q and t=R,,C=15:10°°s, or s=—1/s= 
= 66,710 $7", 

The forced response of the current in Fig. 2.39(b) will be found as: 


V, 20 


sw 


10 RR, 10410 


1A. 


The initial value of current ij, since the capacitance voltage is zero (which 
means that the capacitance is short-circuited, ie., zero initial conditions), will 
be 


1 Vy 1 20 


~ 2R3+R,//R, 21045 


Therefore, the arbitrary constant will be: A=i/(0)—ij,,=0.667—1= 
—0.133 A. The additional current now is 


if = 1 — 0.3337 0-710 A, 
and the total current will be: 


iy =i, + if =3 —0.333e7 6-010 A, 


i,(0) = 0.667 A. 


2.7 RLC CIRCUITS 


This section is devoted to analyzing very important circuits containing three 
basic circuit elements: R, L, and C. These circuits are considered important 
because the networks involved in many practical transient problems in power 
systems can be reduced to one or to a number of simple circuits made up of 
these three elements. In particular, the most important are series or parallel 
RLC circuits, with which we shall start our analysis. 

From our preceding study, we already know that the transient response of a 
second order circuit contains two exponential terms and the natural component 
of the complete response might be of three different kinds: overdamped, under- 
damped or critical damping. The kind of response depends on the roots of the 
characteristic equation, which in this case is a quadratic equation. We also 
know that in order to determine two arbitrary integration constants, A, and 
Az, we must find two initial conditions: 1) the value of the function at the 
instant of switching, f(0), and 2) the value of its derivative, (df/dt)|,=o. 

In the following section, we shall deepen our knowledge of the transient 
analysis of second order circuits in their practical behavior and by solving 
several practical examples 


2.7.1 RLC circuits under d.c. supply 


We shall start our practical study of transients in second order circuits by 
considering examples in which the d.c. sources are applied. At the same time, 
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we must remember that only the forced response is dependent on the sources. 
Natural responses on the other hand depend only on the circuit configuration 
and its parameter and do not depend on the sources. Therefore, by determining 
the natural responses we are actually practicing solving problems for both kinds 
of sources, d.c. and a.c. However, it should be mentioned that the natural 
response depends on from which source the circuit is fed: the voltage source or 
the current source. These two sources possess different inner resistances (imped- 
ances) and therefore they determine whether the source branch is short-circuited 
or open, which influences of course the equivalent circuit. 

In our next example, we shall elaborate on the methods of determining 
characteristic equations and show how the kind of source (voltage or current) 
and the way it is connected may influence the characteristic equation. Let us 
determine the characteristic equation of the circuit, shown in Fig. 2.40, depend- 
ing on the kind of source: voltage source or current source and on the place of 
its connection: (1) in series with resistance R,, (2) in series with resistance R,, 
(3) between nodes m-—n. 


(1) Source connected in series with resistance R, 


If a voltage source is connected in series with resistance R,, Fig. 2.40(b), we 
may use the input impedance method for determining the characteristic equa- 
tion. This impedance as seen from the source is 


Z(s) = R, + (R24 1/sC)//(R3 + sL). 


YO. m m 


) 0 


¥6) () 


Figure 2.40 A given circuit (a), a circuit in which a voltage source is connected to the branch of R, 
(b) and a circuit in which a current source is connected to the branch of R, (c). 
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Performing the above operation and upon simplification and equating Z(s) to 
zero we obtain 

(Ry + R,)LCs? + (Y° R;R;C + L)s +(R, + R3) =0. (2.29) 
where ) R;R; = R,R, + R,R3 + R,R3, and the roots of (2.29) are 


1/R. 1 - f(s i 4 
Me = 5 ie * RC) ON 4 GL tee) Ee 


eq” RoR 


where 
Zee 
R,+R,° 


Ry=R,+R, and « 


If a current source is connected in series with resistance R, we may use the input 
admittance method. By inspection of Fig. 2.40(c), and noting that the branch 
with resistance R, is opened ( Y, = 0), we have 
+ : + ; 0 

R,+1/sC ' R3+sL ”’ 


Y(s)=0 


or, after simplification, 
LCs? + (R,+ R3)Cs+1=0, (2.30) 
and the roots of (2.30) are 


TR, /1 (R23 ee | 
S1,2 aE ~ValL LC’ where R,,=R,+R;. 


Since the characteristic equations 2.29 and 2.30 are completely different, and 
therefore their roots are also different, we may conclude that the transient 
response in the same circuit, but upon applying different kinds of sources, will 
be different. 


(2) We leave this case to the reader to solve as an exercise. 


(3) Source is connected between nodes m-—n. 


If a voltage source is connected between nodes m-n, the circuit is separated into 
three independent branches: 1) a branch with resistance R,, in which no tran- 
sients occur at all; 2) a branch with R, and C in series, for which the characteristic 
equation is R,Cs+1=0; and 3) a branch with R; and L in series, for which 
the characteristic equation is Ls + R; = 0. 


If a current source is connected between nodes m-—n, by using the rule Y,,,(s) =0 
we may obtain 

Y, : + : + : 0 

Ry Ret dee ReAsk. -~ 
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Performing the above operations and upon simplification, we obtain 
(Ry + Rz)LCs? + ()) R;RjC + L)s + (Ry + R3) =0, (2.31) 


where ), R;R; is like in equation 2.29. Note that this equation (2.31) is the same 
as (2.29), which can be explained by the fact that connecting the sources in 
these two cases does not influence the configuration of the circuit: the voltage 
source in (1) keeps the branch short-circuited and the current source in (3) 
keeps the entire circuit open-circuited. In all the other cases the sources change 
the circuit configuration. 

In the following analysis we shall discuss three different kinds of responses: 
overdamped, underdamped, and critical damping, which may occur in RLC 
circuits. Let us start with a free source simple RLC circuit. 


(a) Series connected RLC circuits 


Consider the circuit shown in Fig. 2.41. At the instant t = 0 the switch is moved 
from position “1” to “2”, so that the capacitor, which is precharged to the initial 
voltage Vo, discharges through the resistance and inductance. Let us find the 
transient responses of u(t), i(t) and v,(t). The characteristic equation is 


R+sL+—==0, or P+ FstroH0. (2.32) 
The roots of this equation are 
R R\? 1 
2 ~ 57 = (=) ine (2238) 
or as previously assigned (see section 1.6.2) 
S12= —at Vo? — ?, (2.33b) 


where « = R/2L is the exponential damping coefficient and , = 1/WLC is the 
resonant frequency of the circuit. 


An overdamped response: Assume that the roots (equation 2.32) are real (or 
more precisely negative real) numbers, ie, «>a, or R>2VL/C. The natural 


Figure 2.41 A series connected RLC circuit. 
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response will be the sum of two decreasing exponential terms. For the capaci- 
tance voltage it will be 


Uc.n = Ay esi! + A,e, 


Since the absolute value of s, is larger that that of s,, the second term, containing 
this exponent, has the more rapid rate of decrease. 

The circuit in Fig. 2.41 after switching becomes source free; therefore, no 
forced response will occur and we continue with the evaluation of the initial 
conditions. For the second order differential equation, we need two initial 
conditions. The first one, an independent initial condition, is the initial capaci- 
tance voltage, which is Vy. The second initial condition, a dependent one, is the 
derivative dv,/dt, which can be expressed as a capacitance current divided by 
C 


dvc.n 1 
G6 leg © 


ic.,(0) = 0. (2.34) 


This derivative equals zero, since in a series connection i,(0)=i,(0) and the 
current through an inductance prior to switching is zero. Now we have two 
equations for determining two arbitrary constants 


A,+A,= Vo, 


(2.35) 
Sy Ay + S2A, => 0. 
The simultaneous solution of equations 2.35 yields 
Vos Vos 
Ay=— and A,=—~. (2.36) 
S2— Sy S1 — S2 
Therefore, the natural response of the capacitance voltage is 
Ki 
Ven = —— (se — 5, €). (2.37) 
S2— $1 


The current may now be obtained by a simple differentiation of the capacitance 
voltage, which results in 
duc S182 Vo 


; = =CYV, Syt Sot Syt Sat) 9) 
it) = CFF = Cho (et — et) = et et), (2.38) 


(The reader can easily convince himself that s,s, = 1/LC.) Finally, the inductance 
voltage is found as 
di, VY 


vy ,(t)= L— = (s,e8' — s,e%2"), (2.39) 
, dt = %—S, 


The plots of v¢.,, i,, and v,,,, are shown in Fig. 2.42(a). As can be seen from the 
inductance voltage plot, at t=0 it abruptly changes from zero to — Vo, at the 
instant t=f, it equals zero and after that, the inductance voltage remains 
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Figure 2.42 The natural responses of v¢.,, v,,, and i, in a series connected RLC circuit: overdamped 
(a), and underdamped (b). 


positive. The instant of t, can be found from the equation s, e%" — s,e2 = 0, 
to which the solution is 


= In(sy/s;) 


Sy — So 


1 (2.40) 
At this instant of time, the current reaches its maximum. By equating du,_,,/dt 
to zero it can be readily found that v,,, has its maximal value at t = 2t,. The 
overdamped response is also called an aperiodical response. The energy exchange 
in such a response can be explained as follows. The energy initially stored in 
the capacitance decreases continuously with the decrease of the capacitance 
voltage. This energy is stored in the inductance throughout the period that the 
current increases. After t=t,, the current decreases and the energy stored in 
the inductance decreases. Throughout the entire transient response, all the 
energy dissipates into resistance, converting into heat. 


An underdamped response: Assume now that the roots of equation 2.32 are 
complex conjugate numbers, i.e. «<a, or R<2VL/C, and s,,= —a+ jay, 
where w, = V@7z—? is the frequency of the natural response, or natural fre- 
quency, and « = R/2L is, as previously, the exponential damping coefficient. As 
we have observed earlier (see section 1.6.2), the natural response of, for instance, 
the capacitance voltage in this case becomes a damped sinusoidal function of 
the form (1.33): 


Uc,,(t) = Be ™ sin(a,t + f), (2.41a) 


where the arbitrary constants B and f can be found as was previously by 
solving two simultaneous equations 


Bsin B= No, 


—asin fh +@, cos B = 0, 
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to which the solution is (also see (1.65)): 


\ o 
°- and f=tan !?—. 
on 


sin B 


By using trigonometrical identities we may also obtain: 
tan Bp o 


n 


\/1 + tan? B Vo? + w? 
Vo a? + ot o 
B=— =VN zt+1 or B=)h—, 
On On On 


Oy= Ve +o. 


We may also look for the above response in the form of two sinusoids as in 
(1.66): 


sin fp 


where 


Uc,(t) =e “(M sin w,t + N cos a@,f). (2.41b) 
In this case, the arbitrary constants can be found, as in (1.68), with 
(dvc,,/dt)|,=0 = 9 
and vc¢,,(0) = Vo: 


This results in 


N @, ——_ | 0? ro) 
Botan oa and B=/M?+N2=Vh 5 +1=h =. 
ot Dn, Oy 


which is as was previously found. Therefore, 


a 
vc, (t) =e * (= Vo sin w,t + Vocos @, ) ; (2.42a) 
On 
or 
Wa 3 : 
Ve n(t) = Vo — e ™ sin(w,t + B). (2.42b) 
On 
The current becomes 
dvc y Ou. : 
i,(t) =C Tt =VNM Ce “[—asin(o,t + B)+ a, cos(@,t + B)] 
Vo 
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where tan v= w,/(—«) and, since tan f = w,,/a, B + v= 180°. Therefore, 


‘ Yo —at o: 
i,(t) = ——— e “sin yt. (2.43) 
o,L 


The inductance voltage may now be found as 


di, My — at ; 
OS a Fo [—« sin w,t +, cos o,t] 
Yo@a at Vo@a at « 
=———e “sin(o,t+v)=——e ™ sin(w,t — fp). (2.44) 
Dn Oy 


The plots of vc, i,, and v,,, are shown in Fig. 2.42(b). This kind of response 
is also called an oscillatory or periodical response. 

The energy, initially stored in the capacitance, during this response is inter- 
changed between the capacitance and inductance and is accompanied by energy 
dissipation into the resistance. The transients will finish, when the entire capaci- 
tance energy CV,/2 is completely dissipated. 


Critical damping response: If the value of a resistance is close to 2VL/C, i.e., 
R>2\VL/C, the natural frequency w, = V1/LC — R2/4L? >0 and the ratio in 
equation 2.43 sin a, t/, >> is indefinite. Applying ’Hopital’s rule, gives 


: sin @,¢ d/da,(sin @,t) t cos @,t 
lim = =; 
©, 0 Or, d/dO, (On) |o,-00 1 a 
Therefore in this critical response the current will be 
, Vig ge 
i,(t)= ——te ™, (2.45) 


L 


which is also aperiodical. The capacitance voltage can now be found as 


if if WVi.g 
Ven(t) = Cc i,(t)dt C L 2 e ( at 1), 


or since a” = 1/LC, 


Ven = Vo(1+at)e™. (2.46) 
Finally, the inductive voltage is 
di, 2 _ _ 
U,,,(t) = Le =—V(e“—ate “)=—V(l—at)e™. (2.47) 


It is also worthwhile to introduce here the graphical representation of the 
roots of the characteristic equation. On the complex plane the roots, which 
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Figure 2.43 The location of the roots of the characteristic equation on the complex plane: over- 
damped response (a), critical damping response (b), and underdamped response (c). 


define the three different cases of the transient response, are located as shown 
in Fig. 2.43. 

The position of the roots on the complex plane, Fig. 2.43 (in other words the 
dependency of a specific kind of natural response on the relationship between 
the circuit parameters), is related to the quality factor of a resonant RLC circuit. 
Indeed, by rewriting the critical damping condition as R/2L = 1/VLC we have 
s= VL/C/R = Q, this in terms of the resonant circuit is the quality factor. (In 
our future study, we shall call Z, = VL/C a surge or natural impedance.) Hence, 
if Q <1/2 (the position of the roots is shown in (a)), the natural response is 
overdamped, if Q > 1/2 it is underdamped (c) and if Q =1/2 the response is 
critical damping (b). Hence, the natural response becomes an underdamped 
oscillatory response, if the resistance of the RLC circuit is relatively low com- 
pared to the natural impedance. 

In (a), two negative real roots are located on the negative axis (in the left half 
of the complex plane), which indicates the overdamped response. Note that 
|s,| > |s,| and therefore e*2' decreases faster than e*’. In (b), two equal negative 
roots s; = $8; = —a, which indicate the critical damping, are still located on the 
real axis at the boundary point, ie., no real roots are possible to the right of 
this point. In (c), the two roots become complex-conjugate numbers, located on 
the left half circle whose radius is the resonant frequency «,. This case indicates 
an underdamped response, having an oscillatory waveform of natural frequency. 
Note that the two frequencies + jm, represent a dissipation-free oscillatory 
response since the damping coefficient « is zero. This is, of course, a theoretical 
response: however there are very low resistive circuits in which the natural 
response could be very close to the theoretical one. Finally, in Fig. 2.44 the 
change of the form of the natural response with regard to decreasing the damping 
coefficient is shown. 


(b) Parallel connected RLC circuits 


The circuit containing an RLC in parallel is shown in Fig. 2.45. At the instant 
of t = 0 the switch is moved from position “1” to position “2”, so that the initial 
value of the inductance current is Ig. In such a way, this circuit is a full dual 
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a> OPOd = Od 


al Ai 
a<@q ax<<@g a>0 


Figure 2.44 The transformation of the natural response in an RLC circuit by decreasing the damping 
coefficient «. 


t=0 


| 
I 
Sw 


Figure 2.45 A parallel-connected RLC circuit. 


of the circuit containing an RLC in series with an initial capacitance voltage. 
In order to perform the transient analysis of this circuit we shall apply the 
principle of duality. As a reminder of the principle of duality: the mathematical 
results for RLC in series are appropriate for RLC in parallel after interchanging 
between the dual parameters (R->G, L>C, CL), and then the solutions for 
currents are appropriate for voltages and vice versa. The roots of the characteris- 
tic equation will be of the same form: s,,= —a#+ V0? — 7, but the meaning 
of « is different: « = G/2C (instead of « = R/2L for a series circuit), however, it 
is more common to write the above expression as «= 1/2RC. The resonant 
frequency w, = 1/\/LC remains the same, since the interchange between L and 
C does not change the expression. 


Underdamped response: The common voltage of all three elements is appropriate 
to the common current in the series circuit, therefore (see equation 2.38). 
Io 


v, (t) = Cee (et! — @4), (2.48) 
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The inductor current is appropriate to the capacitor voltage in the series circuit, 
therefore (see (2.37)) 


ipn(t) = (s,e' — s, e%2"). (2.49) 


Sz — S} 


In a similar way, we shall conclude that the capacitor current is appropriate to 
the inductance voltage (see equation 2.39) 


Io 


ic.,(t) = (s,e°! — sy e%2"), (2.50) 


S23 — Sj 


In order to check these results we shall apply the KCL for the common node 
of the parallel connection and by noting that ig,,(t)=v,(t)/R, we may obtain 


inn -F ion tr inin = 0, 
or 
Io 


Sz — Sy 


1 1 
s,e°* — s, e* + 5, e%! — 5, e°' + —— et! — ——- eat 
RC RC 


Io Sotsy+ : (es! — e&2') = 0, 
So — Sy RC 


since Ss, +s, = —2« = —1/RC. 


Overdamped response: The analysis of the overdamped response in a parallel 
circuit can be performed in a similar way to an underdamped response, i.e., by 
using the principle of duality. This is left for the reader as an exercise. 


(c) Natural response by two nonzero initial conditions 


Our next approach in the transient analysis of an RLC circuit shall be the more 
general case in which both energy-storing elements C and L are previously 
charged. For this reason, let us consider the current in Fig. 2.46. In this circuit 
prior to switching, the capacitance is charged to voltage i.) and there is current 
I; flowing through the inductance. Therefore, this circuit differs from the one 


ob TA 60 


R OL 


Vs 


Figure 2.46 RLC circuit with a non-zero initial condition. 
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in Fig. 2.41 in that the initial condition of the inductor current is now i,(0_) = 


I,o, but not zero. The capacitance current is now, after switching, i;(0)= 


—izo(0) = —I,o. By determining the initial value of the capacitance voltage 
derivative in equation 2.34, we must substitute —J;9 for i-(0). Therefore, 


dic 1 ' 
dt at a C LO> 
and the set of equations for determining the constants of integration becomes 
A, + A, = Veo 


8, A, + 824A, = —(1/C)I 0, 


(2.51) 
to which the solution is 


$,C 


I Ss I Ss 
A= (vio) 2 and 4,= ( : 
S,C/} 8S. — Sy 


Veo +—; ; (2.52) 
Sy — Sz 
The natural responses of an RLC circuit will now be 


1 S> - 1 Sy hi 
Ven(t) = | Veo + Tro eu + | Veo + Tho e? 
SC Sy — Sy 8yC 


Sy — Sg 
or in a slightly different way 


(2.53) 


Veo 
Ven(t) = 
S2—S 


Tro 
yt Sot fit — gest) 2.54 
(sre — se) + (ee), (2.54) 
which differs from equation 2.37 by the additional term due to the initial value 
of the current I;o. 


The current response will now be 


Ve I 
i,(t) = ——°— (et — et) 4 (5, et! — 5, 0%"), (2.55) 
L(s2 — 81) Sz — Sy 
and the inductance voltage 
Vo LI 
Vi n(t) = ——— (se! — se) + — 
So — Sq 


(steet! — s3e%"). (2.56) 
Sz — Sy 

The above equations 2.54—-2.56 can also be written in terms of hyperbolical 

functions. Such expressions are used for transient analysis in some professional 


books. We shall first write roots s, and s, in a slightly different form 


Si.=—a+y, where y= Vo? — 0, 


(2.57a) 
“) Greenwood, A. (1991) Electrical Transients in Power Systems. Wiley, New York, Chichester, 
Brisbane, Toronto, Singapore. 
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then 
Sy —S8,=—2y, 848) =0?—-y? =07=1/LC, 
and 
e812! — eH et — e~M(e!t 4 e~ 1") — e~“[cosh yt + sinh yt]. (2.57b) 


With the substitution of equation 2.57(a) for s,. and taking into account the 
above relationships, after a simple mathematical rearrangement, one can readily 
obtain 


I 
Uc,(t) = | vol cosh yt + = sinh it) + aye sinh i e™, (2.58) 
Y Y 
and 
: Veo. x, - 
i,() =| — WE sinh yt + I;o| cosh yt — — sinh yt } |e~™. (2.59) 
Y Y 


It should be noted that 1/yC and yL (like 1/oC and wL) are some kinds of 
resistances in units of Ohms. 
For the overdamped response 


S,2= —a+t jo, 


which means that y must be substituted by jw and the hyperbolic sine and 
cosine turn into trigonometric ones 


ao, Tio. = 
Uc,(t) =} Veol cos w,t + — sin a,t } + sin @,t |e ™, 
: On ,C 
or 
I Vig 
Uc, (t)=e 7 [ i “at sin @,t + Veo cos ont]. (2.60) 
@,C On 


(Which, by assumption I, = 0, turns into the previously obtained one in equa- 
tion 2.42a.) 

At this point we shall once more turn our attention to the energy relations 
in the RLC circuit upon its natural response. As we have already observed, the 
energy is stored in the magnetic and electric fields of the inductances and 
capacitances, and dissipates in the resistance. To obtain the relation between 
these processes in a general form we shall start with a differential equation 
describing the above circuit: 


di : 
L Ti +Uc¢+ Ri=0. 
Multiplying all the terms of the equation by i= C(duv,/dt), we obtain 


att C duc R?=0 
tt te Gg ve 
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Taking into consideration that 


we may rewrite 


or 


d (Li* Cvé 5 
if = — Ri. (2.61) 


The term inside the parentheses gives the sum of the stored energy and, therefore, 
the derivative of this energy is always negative (if, of course, i #0), or, in other 
words, the total stored energy changes by decreasing. The change of each of 
the terms inside the parentheses can be either positive or negative (when the 
energy is exchanged between the inductance and capacitance), but it is impos- 
sible for both of them to change positively or increase. This means that the 
total stored energy decreases during the transients and the rate of decreasing is 
equal to the rate of its dissipating into resistance (Ri’). 

At this point, we will continue our study of transients in RLC circuits by 
solving numerical examples. 


Example 2.26 


In the circuit of Fig. 2.47 the switch is changed instantaneously from position 
“1” to “2”. The circuit parameters are: Ry =2Q, R,=100, L=0.1H, C= 
0.8 mF and V,=120V. Find the transient response of the inductive current. 


Solution 


The given circuit is slightly different from the previously studied circuit in that 
the additional resistance is in series with the parallel-connected inductance and 
capacitance branches. 

In order to determine the characteristic equation and its roots (step 1), we 


Figure 2.47 A given circuit for Example 2.26. 
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must indicate the input impedance (seen from the inductance branch) 
Z(s) =(Rz + sL) + R,//(1/sC), 


which results in 


R 1 RR. 4 
2+ 2 i )s+ , 4 0, 


iL RG Rk, iC 
or 
s? + 725s + 7.5:104 = 0, 
where 
2a = (H+ : ) oe 
R,C) 01. 2:08 
O= a = ae = a =7.5-104 rad/s. 
Thus, 
51.9 =(—3.625 + 3.625? — 7.5): 10? = —125, —600s~" 
and 


ves (2) = A,e~ 125t ae Aye= OO, 


Since the circuit after switching is source free, no forced response (step 2) is 
expected. 

The initial conditions (step 3) are: 
y,— e199 = 00 
heh. ~ 2210 - 

V, 120 
RyRy DEI - 


vc(0) = vc (0_) = 


i,(0) =i,(0_) 10 A. 


The initial value of the current derivative (step 4) is found as 


di, v4(0) _ ve(0)— Roiz(0) _ 100-1010 _ 
dela de L = i _— 


By solving the two equations below (step 5) 
A, + Az = 10, 
8,A,+5,A,=0, 
we have (see equation 2.36) 


IioS,  10(—600) IioS; :10(—125) 
= = =126, A,= = = 
S.—S; — 6004125 S:—S,  —1254600 


A, — 2.6. 
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Thus, 
i,(t) = 12.6e7 1* — 2,627 © A. 
In the next example, we will consider an RLC circuit, having a zero independent 
initial condition, which is connected to a d.c. power supply. 
Example 2.27 


In the circuit with R= 1000, R,=5Q, R,=30, L=0.1H, C= 100 uF and 
V, = 100 V, shown in Fig. 2.48, find current i,(t) for t>0. The voltage source is 
applied at t=0, due to the unit forcing function u(t). 


Solution 


The input impedance seen from the inductive branch is 


1 
Z12(s)= Ry tsL+ (x, + =) //R, 


S 


or, after performing the algebraic operations and equating it to zero, we obtain 


i@) 


Zi(s) 
as (b) 


> tims 


Figure 2.48 A given circuit for Example 2.27 (a), an equivalent circuit for instant t = 0 (b) and the 
current plot (c). 
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the characteristic equation 


R 1 R+R, 1 
2 eq = 0, 
e+ 7 z) s+ RoR I 


where 
Req = (RR, + RRz+ R,Rz)/(R+ Rz). 
Substituting the numerical values yields 
s? + 176.2s + 10.2-10* = 0, 
to which the roots are: 
$1. = —88.1+ j307s~". 
Since the roots are complex numbers, the natural response is 
iz. ,(t) = Be ®8"* sin(307t + f). 
The forced response is 


V, 100 
tS" RR, 10045 


= 0.952 A. 


The independent initial conditions are zero, therefore 

vc(0)=0 and i,(0)=0. 

The dependent initial condition is found in circuit (b), which is appropriate to 
the instant of switching t = 0: 

di, v,(0) i(0)R, VR, 100-3 


= = = = 29.2. 
dt|,5  L L (R+R,)L (100+3)01 


The integration constant can now be found from 


Bsin B =i(0) —i,(0) =0 — 0.952 = — 0.952 


Bsi B E . 29.2 -0=29.2 
— «4B sin B+ w,B cos p Giles dele —0=29.2, 
to which the solution is 
p=tan-! = 79.4° and B — 0.968 
= tan = 79: n =-—— 7 = — 0.968. 
an = (29.2/0.952) + 88 sin 79.4° 


Therefore, the complete response is 
ip = ip ptipn = 0.952 — 0.968e~ 8 sin(307t + 79.4°) A. 


To plot this curve we have to estimate the time constant of the exponent, t= 
1/8811 ms, and the period of sine, T = 27/307 = 20 ms. The plot of the current 
is shown in Fig. 2.48(c). 
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Example 2.28 

In the circuit with R,=R,=100, L=5mH, C=10uF and V,=100V, in 
Fig. 2.49, find current i,(t) after the switch closes. 

Solution 


The input impedance seen from the source is Z;,,(s) = R, + sL + R,//(1/sC). Then 
the characteristic equation becomes 


R, 1 4K 1 
i 1 1 2 
=0. 
e+ (Bagg) i be 


Substituting the numerical values and solving this characteristic equation, we 
obtain the roots: 


51. =(—6 + j2)10°s~*. 
The natural response becomes 
iy» = Be~ ©! sin(2-10°t + B). 
The forced response is 
; V, 100 
2$R +R, 10410 
The independent initial conditions are 
V, 100 
~ R,+R, 10+10 
In order to determine the initial conditions for current i,, which can change 
abruptly, we must consider the given circuit at the moment of t = 0. Since the 


capacitance at this moment is a short-circuit, the current in R, drops to zero, 
1.e., i; =0. With the KVL for the right loop we have 


SA. 


i,(0) =i, (0) =5A and v,-(0)=0. 


Rji,-—vc=0 or Rzi,=0¢, 
and 
di, 
f\ RC" 
Here i;(0) =i,(0) =5A, since i,(0) = 0. 


11. i 
~ 10-1075 


S=5:10%, 


(0) 


Figure 2.49 A given circuit for Example 2.28. 
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Our last step is to find the integration constants. We have 


B sin B = i,(0) — in, (0) = —5 


. 
— 6-108 sin B + 2-108 cos B=—2| = 5-104, 
dt |, 
to which the solution is 
ge 6. Bea ei 
pa eto ees 


Therefore, the complete response is 


ip = 54 11.2e° 9 sin(2000t — 26.6°) A. 


Example 2.29 


Consider once again the circuit shown in Fig. 2.40, which is redrawn here, 
Fig. 2.50. This circuit has been previously analyzed and it was shown that the 
natural response is dependent on the kind of applied source, voltage or current. 
We will now complete this analysis and find the transient response a) of the 
current i(t) when a voltage source of 100 V is connected between nodes m-n, 
Fig. 2.50(a); and (b) of the voltage v(t) when a current source of 11 A is connected 
between nodes m-n, Fig. 2.50(b). The circuit parameters are R, = R, = 1009, 
R3; = 10Q, L=20 mH and C =2 pF. 


Solution 


(a) In this case an ideal voltage source is connected between nodes m and n. 


R; 


m 
i, qi il + 
C== OL 3 car OL a 
vu) ai BS upp ™ i 
n n - 


(a) ( 


Figure 2.50 A circuit for Example 2.29 driven by a voltage source (a) and by a current source (b). 


R, 
b) 
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Therefore each of the three branches operates independently, and we may find 
each current very simply. 


p= = OIA (po natural 
p= R, = 100 = no natura response) 


Ke 
iy = in. ptign = O+ R. es2! — Je 30008 A, 
2 


1 
h = =5 = 
where s RC > 100-2-10°° 000s~', 
yo ¥ 
i; =i, -+i;, = — — — e =10—10e "A, 
3 3. 7 3, R; R; 
h Rs a 500s~" 
ere $ = =— i 
eee a AO a : 


Therefore, the total current is 
i= Fh 4+G= 11 +e" — 102 A, 


(b) In this case, in order to find the transient response we shall, as usual, apply 
the five-step solution. The characteristic equation (step 1) for this circuit has 
already been determined in equation 2.29. With its simplification, we have 


2+ [Fas 1 | ,RitRs 1 
S S = 0, 
L.” (RIC Rit Rs VLC 


where R,, =(R,Rz +R, R3 + R2R3)/(R + Rp). 


Upon substituting the numerical data the solution is 
81.2 =(—2.75 + j2.5)10°s~ 7. 
Thus the natural response will be 
v, = Be 2-751" sin(2.5-10°t + B) V. 
The forced response (step 2) is 


BUR 100-10 
*R, +R; 100+10 


vp=l = 100V. 


The independent initial conditions (step 3) are zero, 1e., v-(0) = 0, i,(0) = 0. 
Next (step 4) we shall find the dependent initial condition, which will be used 
to determine the voltage derivative: 


the voltage drop in the inductance, which is open circuited 


v,(0) = 1,(R,//R>) = 11-50 = 550 V: 
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the capacitance current, since the capacitance is short-circuited 


R, 100 
I, = 11— =5.5A; 
Ry+R 200 


ic(0) = 


the initial value of the node voltage (which is the voltage across the inductance) 
v(0) = v,(0) = 550 V. In order to determine the voltage derivative we shall apply 
Kirchhoff’s two laws 


igtictip=I, v= Ryig= Roi t ve, 
and, after differentiation, we have 


dig dic | dir _ 9 


dt dt dt 
dv dig due 
=R 
dt dt ' dt 
By taking into consideration that 
due ic(0) diz v,(0) A 
= : and ip=—, 
Gi ley (O° “ailag 1G RG 


the solution for (dv/dt)|,-») becomes 


dv Ry fis)? Ry 
al. v,(0)). 
fic. Ryoko Oo 


which, upon substitution of the data, results in (dv/dt)|,-) = 0. 
The integration constant, can now be found by solving the following set of 
equations 


Bsin B = v(0) —v,(0) = 550 — 100 = 450 


2.75-10° sin + 2.5-10° cos p= ars} _g 
; dt t=0 dt a 
The solution is 
2-5 
Sg EO Ve 
pe ag 
Baa =e 
~ gin 423° 


Therefore, the complete response is 
v(t) = 100 + 6697 7-75"! sin (2.5-10°t + 42.3°) V. 
Note that this response is completely different from the one achieved in circuit 


(a). However, the forced response here, i.e., the node voltage, is 100 V, which is 
the same as the node voltage in circuit (a) due to the 100 V voltage source. 
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2.7.2 RLC circuits under a.c. supply 


The analysis of an RLC circuit under a.c. supply does not differ very much 
from one under d.c. supply, since the natural response does not depend on the 
source and the five-step solution may again be applied. However, the evaluation 
of the forced response is different and somehow more labor consuming, since 
phasor analysis (based on using complex numbers) must be applied. Let us now 
illustrate this approach by solving numerical examples. 


Example 2.30 


Let us return to the circuit shown in Fig. 2.51 of Example 2.26 and suppose 
that the switch is moved from position “2” to “1”, connecting this circuit to the 
ac. supply: v, = V,, sin(@t+w,), having V,,=540V at f=50Hz and y,=0°. 
Find the current of the inductive branch, i,, assuming that the circuit parameters 
are: Ry =2Q, R, =10Q, L=0.1 H and the capacitance C = 100 pF, whose value 
is chosen to improve the power factor. 


Solution 


The characteristic equation of the circuit has been found in Example 2.26, in 


Figure 2.51 A given circuit of Example 2.30 (a), circuit equivalent at t = 0 (b) and the plot of current 
iz (c). 
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which 


1/R, 1 DAG 20ers 
oot, Re) 2b oy 


> RitR, 1 2410104 
a Ta 7c aa Tl 


and 


= 6-10" 


Thus, the roots are 
Sy. =(—2.554+ J2.55? —0.6)10 =(—0.12, —5.0)10* s~" 
and the natural response is 
ip = A,e” 120t +4 Axe 2000, 


The next step is to find the forced response. By using the phasor analysis 
method we have 

Vo 540 31.8 2 — 90° 
F277, Moe Se 10 


= 1642 —72.6°A, 


Lim —_ 


where 
Z,=R, 4+ joL = 104 j31.4 = 32.9 7 72.3°, Z,= —jl/oC = — j318 
and 
Zin = Ry + Z//Z, = 105 2 — 174°. 
The forced response is 
in,¢ = 16.4 sin(314t — 72.6°). 


Since no initial energy is stored either in the capacitance or in the inductance, 
the initial conditions are zero: v;(0)=0 and i,(0)=0. By inspection of the 
circuit for the instant t=0, Fig. 2.51(b), in which the capacitance is short- 
circuited, the inductance is open-circuited and the instant value of the voltage 
source is zero, we may conclude that v,(0)=0. Therefore, the second initial 
condition for determining the integration constant is 


di, v,(0) 
dt\oy ob 


=0. 


Thus, we have 

A, + A, =i,(0) — i, (0) = 0 — 16.4 sin(—72.6°) = 15.65 
di, 
dt 


diz ¢ 
1=0 dt 


$,A,+5,4,= = 0 — 16.4-314 cos(—72.6°) = — 1540, 


t=0 
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and 


(—5-15.65 + 1.54) 10° 


A= 
: (=$40.12)10° 


= 15.72, A,=15.65, A,=—0.0720. 


Therefore, the complete response is 
i, (t) = 16.4 sin(314t — 72.6°) + 15.7e 1% A. 
This response is plotted in Fig. 2.51(c), whereby the time constant of the expo- 
nential term is t= 1/120 = 8.3 ms. 
Example 2.31 


A capacitance of 200 pF is switched on at the end of a 1000 V, 60 Hz transmission 
line with R = 10Q and load R, = 30Q and L=0.1H, Fig. 2.52. Find the tran- 
sient current i and sketch it, if the instant of switching the voltage phase angle 
is zero, W, =0. 


Solution 


The characteristic equation is obtained by equating the input impedance to 
zero 


s? + 2as + o7 = 0, 


1 ce ie a 
eal RC) 2 hod 100) 


R+R, 1 10+30 104 
“e—@ -fo°” 10 612 


Here 


and 


= 20-107, 


(A) gi 


(a) (b) 


Figure 2.52 A given circuit of Example 2.31 (a) and the current plot (b). 
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which results in the roots 


Sia= —at Jo? — 03 =(—4 + 16 — 20)10? = (—4 + j2)10? 5-1. 
Thus, the natural response is 
i,(t) = Be~ 4° sin(200t + f). 
The forced response is found by phasor analysis 


we Ve 1000 


[= Z,, ~ 22 — 50° = 47.2 L 50°" 

where 

Z,=R, + joL = 30 4+ j37.7 = 48.2 £ 51.5°, 

7,23] : j — — j13.3 

oC 377-2 
and 
funk BES aoe MAES BSE aay 

Therefore, 


ip = 47.2./2 sin(377t + 50°) = 66.8 sin(377t + 50°) A. 


The independent initial conditions are v,(0) = 0, i,(0) = 25.7 sin 43.3° = 17.6 A, 
since prior to switching: 


: V,/2 1000/2 _ 37.7 
Tim 25.7 and g=tan *—— = 43,3°. 
V(R+R,2+x2 40? 437.7 40 


The next step is to determine the initial values of i(0) and (di/dt)|,~). Since the 
input voltage at t = 0 is zero and the capacitance voltage is zero, we have i(0) = 
[v,(0) — ve(0)]/R = 0. The initial value of the current derivative is found with 
Kirchhoff’s voltage law applied to the outer loop 


—v,+ Ri+vc=0, 


and, after differentiation, we have 


a ot (iss cca 1 £533 —(—88)] 10° = 62.1-108 
dt|,. R\dt at 9 10! erie ee 
Here 
dv, 
77 1000./2-377 cos w, = 533-10° 
t=0 
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and 


dv¢ 
dt 


“ a 17.6) = —88-10° 
bok cc 2 7 > 


because i.(0) = —i,(0) = —17.6 (note that i(0)=0). Hence, we now have two 
simultaneous equations for finding the integration constants 


B sin B = i(0) —i,(0) = 0 — 47.22 sin 50° = —S1.1 
di 
t=0 | t 


di 


— 4-107B sin B + 2-10°B cos B = 7 


t=0 
= 62.1-10° — 47.2s/2-377 cos 50° = 45.9-103, 
for which the solution is 
p=tan7! ae 1582 and HS = 1476 
45.9-10°/(—51.1) + 4:10? sin 158.2° 
Thus, the complete response is 
i= 66.8 sin(377t + 50°) — 137.6e 4 sin(200t + 158.2°). 


The plot of this curve can be seen in Fig. 2.52(c). 


2.7.3. Transients in RLC resonant circuits 


An RLC circuit whose quality factor Q is high (at least as large as 1/2) is 
considered a resonant circuit and, when interrupted, the transient response will 
be oscillatory. If the natural frequency of such oscillations is equal or close to 
some of the harmonics inherent in the system voltages or currents, then the 
resonant conditions may occur. In power system networks, the resonant circuit 
may arise in many cases of its operation. 

In transmission and distribution networks, resonance may occur if an 
extended underground cable (having preponderant capacitance) is connected to 
an overhead line or transformer (having preponderant induction). The natural 
frequency of such a system may be close to the lower harmonics of the generating 
voltage. When feeder cables of high capacitances are protected against short- 
circuit currents by series reactors of high inductances, the resonance phenome- 
non may also arise. Banks of condensers, used, for example, for power factor 
correction, and directly connected under full voltage with the feeding transfor- 
mer, may form a resonance circuit, 1.e., where no sufficient damping resistance 
is present. Such circuits contain relatively small inductances and thus the fre- 
quency of the transient oscillation is extremely high. 

Very large networks of high voltage may have such a great capacitance of 
the transmission lines and the inductance of the transformers, that their natural 
frequency approaches the system frequency. This may happen due to line-to- 
ground fault and would lead to significant overvoltages of fundamental fre- 
quency. More generally, it is certain that, for every alteration in the circuits 
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and/or variation of the load, the capacitances and inductances of an actual 
network change substantially. In practice it is found, therefore, that the reso- 
nance during the transients in power systems, occur if and when the natural 
system frequency is equal or close to one of the generalized frequencies. During 
the resonance some harmonic voltages or currents, inherent in the source or 
in the load, might be amplified and cause dangerous overvoltages and/or 
overcurrents. 

It should be noted that in symmetrical three-phase systems all higher harmon- 
ics of a mode divisible by 2 or 3 vanish, the fifth and seventh harmonics are 
the most significant ones due to the generated voltages and the eleventh and 
the thirteenth are sometimes noticeable due to the load containing electronic 
converters. 

We shall consider the transients in the RLC resonant circuit in more detail 
assuming that the resistances in such circuits are relatively low, so that R« Ze, 
where Z-=VL/C, which is called a natural or characteristic impedance (or 
resistance); it is also sometimes called a surge impedance. 


(a) Switching on a resonant RLC circuit to an a.c. source 


The natural response of the current in such a circuit, Fig. 2.53 (see sections 1.62 
and 2.72) may be written as 


i, =I,e % sin(a,t + f). (2.62) 


The natural response of the capacitance voltage will then be 


—at 


1 e : 
Ven= C [iar I, Cee [—a sin(w,t + B)—@, cos(@,t + B)], 


upon simplification, combining the sine and cosine terms to a common sine 
term with the phase angle (90° + 6), 


Ven =Vene “ sinlo,t + B — (90° + 6)], (2.63) 
where 
Vi I = (2.64a) 
7 = Tt . a 
Cyn n C > 
t=0, + 


R<<\L/C 


Figure 2.53 A resonant RLC circuit. 
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04 
6=tan7? (=) ; (2.64b) 
On 
and 
a ae reas (2.65) 
n d LC’ : 


The natural response of the inductive voltage may be found simply by differenti- 
ation: 


di; , 
dt 


Vrnz=L =LI,e “ [—asin(o,t + B)+ a, cos(@,t + B)], 


or after simplification, as was previously done, we obtain 


ic 
Orn = I, fies sin[o,t + B + (90° + 4)]. (2.66) 


It is worthwhile to note here that by observing equation 2.63 and equation 2.66 
we realize that vc, is lagging slightly more and v,,, is leading slightly more 
than 90° with respect to the current. This is in contrast to the steady-state 
operation of the RLC circuit, in which the inductive and capacitive voltages 
are displaced by exactly + 90° with respect to the current. The difference, which 
is expressed by the angle 6, is due to the exponential damping. This angle is 
analytically given by equation 2.64b and indicates the deviation of the displace- 
ment angle between the current and the inductive/capacitance voltage from 90°. 
Since the resistance of the resonant circuits is relatively small, we may approxi- 
mate 


1 R\? 1 
Op ( je Te and tan d2R/2VLIC. (2.67) 
i 


LC 2L 


For most of the parts of the power system networks resistance R is much smaller 
than the natural impedance VL/C so that the angle 6 is usually small and can 
be neglected. 

By switching the RLC circuit, Fig. 2.53, to the voltage source 


vs = V,, sin(cot + W,) (2.68) 


the steady-state current will be 


ip =1, sin(ot + W;), (2.69) 
the amplitude of which is 
Vin 
I; (2.70) 


VR? + (oL —1/ocy’ 
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and the phase angle is 


oL—1/aC 
Wi=W-9, g=tan™* = : (2.71) 
The steady-state capacitance voltage is 
Ip, 3 
vase sin(@t + w; — 90°). (2.72) 


For the termination of the arbitrary constant, f, we shall solve a set of equations, 
written for i,(0) and v¢,,(0) in the form: 


i,(0) = i(0) —i,(0) 
Ven(9) = ve(0) — Uc, ¢(0). 


Since the independent initial conditions for current and capacitance voltage are 
zero and the initial values of the forced current and capacitance voltage are 
ip(O0) =I, sin w;, and vc, (0) = —(I¢/@C) cos y; we have 


I, sin B =0—I, sin w; 


L I, (2.73) 
1, C cos f =0 + oC cos W;. 


The simultaneous solution of these two equations, by dividing the first one by 
the second one, results in 


a) 
tan fp = — tan yj. (2.74) 


@ n 


Whereby the phase angle f of the natural current can be determined and, with 
its value, the first equation in 2.73 give the initial amplitude of the transient 


current 
sin W; 
I,=-Il,—=-! 
i t sin B ca ju + Sant, ( I 


. Dn 
I,= —I, ./ sin? w;+ | — } cos? yy. (2.75) 
@ 


The initial amplitude of the transient capacitance voltage can also be found 
with equation 2.64(a) 


Ven = mee eee si wt +(2) cos? W;, 


or 
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or, with the expression Vo, = I,/@C (see equation 2.72), we may obtain 


n 


Oo 2 
Von= —Ve.g (2) sin? W; + cos? W;. (2.76) 


From the obtained equations 2.74, 2.75 and 2.76 we can understand that the 
phase angle, f, and the amplitudes, I, and \..,, of the transient current and 
capacitance voltage depend on two parameters, namely, the instant of switching, 
given by the phase angle w; of the steady-state current and the ratio of the 
natural, w, to the a.c. source frequency, w. Using the obtained results let us 
now discuss a couple of practical cases. 


(b) Resonance at the fundamental ( first) harmonic 


In this case, with w, = @ the above relationships become very simple. According 
to equation 2.74 


tanf=tany; and P=W, (2.77) 


ie., the initial phase angles of the natural and forced currents are equal. 
According to equations 2.75 and 2.76 


I, = —I; and Von = = Voups (2.78) 


which means that the amplitudes of the natural current and capacitance voltages 
are negatively equal (in other words they are in the opposite phase) to their 
steady-state values. Since the frequencies w and a, are equal, we can combine 
the sine function of the forced response (the steady-state value) and the natural 


response, and therefore the complete response becomes 
i=I-(1—e ™) sin(wt + W;) 
‘ (2.79) 
Uc =Ve,(1—e ™) sin(ot + wy; — 90°). 


The plot of the transient current (equation 2.79) is shown in Fig. 2.54. As can 
be seen, in a resonant circuit the current along with the voltages reach their 
maximal values during transients after a period of 3—5 times the time constant 
of the exponential term. Since the time constant here is relatively low, due to 


Figure 2.54 A current plot after switching in a resonant circuit. 
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the small resistances of the resonant circuits the current and voltages reach 
their final values after very many cycles. It should be noted that these values 
of current and voltages at resonance here, are much larger than in a regular 
operation. 


(c) Frequency deviation in resonant circuits 


In this case, equations 2.77 and 2.78 can still be considered as approximately 
true. However since the natural and the system frequencies are only approxi- 
mately (and not exactly) equal, we can no longer combine the natural and 
steady-state harmonic functions and the complete response will be of the form 


i=I,[sin(wt+w;)—e ™ sin(@,t + W;)] 


; ; (2.80) 
Uc = Ve, [sin(ot + yw; — 90°) — ee” sin(w,t + w; — 90°)]. 


Since the natural current/capacitance voltage now has a slightly different fre- 
quency from the steady-state current/capacitance voltage, they will be displaced 
in time soon after the switching instant. Therefore, they will no longer subtract 
as in equation 2.79, but will gradually shift into such a position that they will 
either add to each other or subtract, as shown in Fig. 2.55. As can be seen with 
increasing time the addition and subtraction of the two components occur 
periodically, so that beats of the total current/voltage appear. These beats then 
diminish gradually and are decayed after the period of the 3—5 time constant, 
t. It should also be noted that, as seen in Fig. 2.55, the current/capacitance 
voltage soon after switching rises up to nearly twice its large final value; so that 
in this case switching the circuit to an a.c. supply will be more dangerous than 
in the case of resonance proper. By combining the trigonometric functions in 
equation 2.80 (after omitting the damping factor e “ and the phase angle y,, 


Figure 2.55 A plot of the current when the natural and fundamental frequencies are approxi- 
mately equal. 
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i.e., supposing that the switching occurs at w; =0) we may obtain 


. O-@ ot+ao 
i=2I, sin ; ”t-Cos 7 t 


(2.81) 
. O-O, O+ On 
ve = —2Ve,7 sin 5 t-cos 5 t. 


These expressions represent, however, the circuit behavior only a short time 
after the switching-on, as long as the damping effect is small. In accordance 
with the above expressions, and by observing the current change in Fig. 2.55, 
we can conclude that two oscillations are presented in the above current curve. 
One is a rapid oscillation of high frequency, which is a mean value of w and 
@,, and the second one is a sinusoidal variation of the amplitude of a much 
lower frequency, which is the difference between w and w,, and represents the 
beat frequency. 


(d) Resonance at multiple frequencies 


In this case, the transient phenomena are largely dependent on the instant of 
switching, i.e. on the angle w;. Two extreme cases are of particular interest: 1) 
W,=0 and 2) yw, =90°. 

If the switching occurs the moment at which w;= 90°, ie., at the instant at 
which the steady-state current is maximal, while the capacitance voltage passes 
through zero, then the natural phase angle (equation 2.74) will also be 


b=90°. 
Then, see equations 2.75 and 2.76, 


(60) 
I,=—-I, and Knp=—— Vey, (2.82) 
me 


n 


and the total current and voltage become 
i=I,[sin(a@t + 90°)—e ™ sin(w,t + 90°)] 


. ae (2.83) 
Vo = Vey Sse sin @,t }. 


n 


For the cases in which the natural frequency , is higher than the forced 
frequency ow, the current rises, at the instant half a cycle after the instant of 
switching, to almost twice the amount of the steady-state current, which is 
shown in Fig. 2.56. The excess capacitance voltage in this case, however, is 
relatively small due to the small ratio of the frequencies in the second term of 
the capacitance voltage, which lowers its natural response. 

If the switching occurs, the moment at which y;=0, ie., at the instant the 
steady-state current passes through zero and the capacitance voltage reaches 
its maximum, the natural current phase angle (equation 2.74) will also be zero 


B=0, 
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Al 


Figure 2.56 A plot of the current when wy; = 90°. 
and, in accordance with equations 2.75 and 2.76, 
Dy, 
L= = and K,z=—Vezy- (2.84) 


Now the total current waveform and the total capacitance voltage waveform 
become 


. : —at Dn : 
i=I,| sin@t—e “—sin w,t 
: o 


ve = Ve. [sin(wt — 90°) — e~* sin(,t — 90°)], 


which is almost inversely what is was in the former case. The plots of both the 
current and voltage are shown in Fig. 2.57. As can be seen, half a natural period 
after the switching moment the capacitance voltage is nearly doubled. The total 
current in this case may reach enormously high values due to the large ratio of 


Figure 2.57 The plots of the current (a) and the capacitance voltage (b) for the case where ; = 0. 
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Figure 2.58 The plot of the capacitance voltage for y;=90° and w, <a. 


the frequencies, which determine the natural component initial amplitude, when 
the natural frequency is higher than the system frequency. 

For cases in which the natural frequency is lower than the force frequency, the 
transient phenomenon is significantly changed. Hence, here the most dangerous 
case is where the switching on occurs at the initial phase w;=90° and the 
capacitance voltage (equation 2.83) rises to almost as much as the ratio of the 
frequencies w/o, times the amount of its final value, Fig. 2.58. 

In conclusion, as was previously mentioned, some parts of power system 
networks, particularly the windings of electrical machines and transformers, 
predominantly possess inductances, while other parts, particularly underground 
cables and high-voltage overhead lines, predominantly possess capacitances. 
Hence, the possibility of resonant conditions always exists, and by switching-on 
in such circuits the resonant phenomena may appear. The magnitude of the 
transient currents and voltages is dependent on the natural frequency and its 
ratio to the forced frequency as well as the instant of switching. Since it can 
never be predicted at what exact instant the switching occurs, we must always 
expect and analyze the most unfavorable cases. 


2.7.4 Switching-off in RLC circuits 


We have seen in sections 1.74 and 2.3.3 that very high voltages may develop if 
a current is suddenly interrupted. However, the presence of capacitances, which 
are associated with all electric circuit elements, as shown in Fig. 2.14, may 
change the transient behavior of such circuits. Thus, the raised voltages charge 
all these capacitances and thereby the actual voltages will be lower. To show 
this, consider a very simple approximation of such an arrangement by the 
parallel connection of L and C, as shown in Fig. 2.59. After instantaneously 
opening the switch, the current of the inductance flows through the capacitance 
charging it up to the voltage of V.. The magnetic energy stored in the induc- 
tance, W,, = 5LIi, where J, is the current through the inductance prior to 
switching, will be changed into the electric energy of the capacitance 
W.= $C Vz. Since both amounts of energy, at the first moment after switching, 
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3 
Figure 2.59 A circuit in which a coil with a parallel capacitance is disconnected from the voltage 
source. 
are equal (by neglecting the energy dissipation due to low resistances), we have 
2 2 
CVG _ Li; 
2 2° 


and the maximal transient overvoltage appearing across the switch is 


L 
c= fol. (2.85) 


Recalling from section 1.74, Fig. 1.28(a), that the overvoltage, by interrupting 
the coil of 0.1 H with the current of 5A, was 50 kV, we can now estimate it 
more precisely. Assuming that the equivalent capacitance of the coil and the 
connecting cable is C = 6 nF, and is connected in parallel to the coil, as shown 


in Fig. 2.59, 
Vo= ue 5 = 20.4 kV 
aM Gre 


Hence, for reducing the overvoltages, capacitances should be used. Subsequently, 
by connecting the additional condensers of large magnitudes, the overvoltage 
might be reduced to moderate values. 

For a more exact calculation, we shall now also consider the circuit resistances. 
By using the results obtained in the previous section, we shall take into consider- 
ation that when the circuit is disconnected, the forced response is absent. 
However, the independent initial values are not zero, hence the initial value of 
the transient (natural) current through the inductive branch is found as 


Ip =i,(0) — 0, (2.86a) 
and similarly for the capacitance voltage 
Vo = vc(0) — 0. (2.86b) 
With the current derivatives 
di, Vo — Ri,,(0) di, , di, 
—| =(1/L = : 
dt | HO) i aU alge deka 
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we have two equations for determining two integration constants 
I, sin B = Io, (2.87a) 


Vo — RI o 


I,(—a sin B + w, cos Bp) = L 


(2.87b) 


By dividing equation 2.87b by equation 2.87a, and substituting R/2L for « and 


V1/LC —(R/2L? 


for m, upon simplification we obtain 


VL/C~(R/2)P 


Vo/Io — R/2 


tan B= (2.88a) 


For circuits having small resistances, namely if R/2 « VL/C, the above equation 
becomes 


VLC 


tan B=—~*—_. 
an B= Rp 


(2.88b) 


Using equation 2.88 with equation 2.87a, we may obtain (the details of this 
computation are left for the reader to convince himself of the obtained results) 


Vo — RIp/2) C 
t= [3+ OR e/a CH — RiaP, (2.89) 


and with equation 2.64a 


: fin [En (Vo — RIo/2)? x fin (¥ Rin) 
So Vo" Veo 1 aemRee yor.’ 2° 


(2.90) 


The above relationships express, in an exact and approximate way, the ampli- 
tudes of transient oscillations of the current and capacitance voltage. They are 
valid for switching-off in any d.c. as well as in any a.c. circuit. 


Example 2.32 


Assume that, for reducing the overvoltage, which arises across the switch, by 
disconnecting the previously considered coil of 0.1 H inductance and 20 Q inner 
resistance, the additional capacitance of 0.1 uF is connected in parallel to the 
coil, Fig. 2.59. Find the transient voltage across the switch, if the applied voltage 
is 100 V de. 


Solution 


We shall first find the current phase angle. Since (R/2 = 10)«(VL/C = 103), 
using equation 2.88b and taking into consideration that Vj = V, and Ip = V,/R, 
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we have 


JLIC fI/LCL o, 


~ R-R/2 R/2 at 


tan B 


The damping coefficient and the natural frequency are 


R20 2 1 1 rad 
= S——= 100s"), a 10? —, 
0. VLC 0.1-0.1-10-° s 


therefore, 
B =tan~!—" = tan-1100 = 89.4°. 
Oo 


In accordance with the approximate expression (equation 2.90), we have 


V, Woe V, mal y NEC ec 510° V 
OH NE RR i a Geen: a ; 


(Note that this value is less than the previous estimation.) The capacitance 
voltage versus time (equation 2.63) therefore, is 


0¢,(t) = —Ve,e-* sin(wot + B — 5 — 90°) — Se7 1 sin(104t — 25) kV. 


Where 6 is a displacement angle (equation 2.64b): 6 = tan™ 1(a/a,,)20.6° (note 
that 6~90° — 6 = 89.4° as calculated above). The negative sign of the capaci- 
tance voltage indicates the discharging process. 

The voltage across the switch can now be found as the difference between 
the voltages of the source and the capacitance. Thus, 


Vow = V,— ¥¢(t) = 100 + 5-103 27 1 sin(104 — 1.2°) V, 


which for t = 0 gives v,,, zero. Instead, v,,,(0) = 100 + 5-105 sin(— 1.2°)=0. 
The plot of v,,, is shown in Fig. 2.60 (the source voltage here is unproportion- 
ally enlarged relative to the transient voltage to clarify the relation between 


t.ms 


Figure 2.60 A plot of the voltage across the switch in the circuit of Fig. 2.59 after opening the switch. 
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these two voltages). As can be seen this voltage does not suddenly jump to its 
maximal value, but rises as a sinusoidal and reaches the peak after one-quarter 
of the natural period (which in this example is about 1.57 ms). Within this time, 
the contacts of the switch (circuit breaker) must have separated enough to avoid 
any sparking or an arc formation. 

The circuit in Fig. 2.61(a) represents a very special resonant circuit, in which 
R, =R,=YVL/C. As is known, the resonant frequency of such a circuit may be 
any frequency, i.e., the resonance conditions take place in this circuit, when it 
is connected to an a.c. source of any frequency. If such a circuit is interrupted, 
for instance by being switched off, the two currents ig and i, are always 
oppositely equal. In addition, since the time constants of each branch are equal 
(t; = L/R, =R,C =7,), both currents decay equally, as shown in Fig. 2.61(b). 
Therefore, no current will flow through the switch when interrupted, providing 
its sparkless operation. 


(a) Interruptions in a resonant circuit fed from an a.c. source 


Finally, consider a resonant RLC circuit when disconnected from an a.c. source. 
The initial condition in such a circuit may be found from its steady-state 
operation prior to switching. Let the driving voltage be v, = V,, sin(wt + W,), 
then the current and the capacitance voltage (see, for example, the circuit in 
Fig. 2.59) are 
i=I,, sin(at + W;) (2.91) 
vc = V,, sin(o@t + W,), 


where 


Vin 


, OL 


[, = = __ and =tan™ (w;=W,—¢). 
T+ (oL? 9? R Wi=W-@ 


Figure 2.61 A special resonant circuit (a) and two transient currents after switching (b). 
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The initial conditions may now be found as 
i(0) =I, sin wy; = Ip 


. (2.93) 
v¢(0) — Vin sin We — Yo. 


Since the forced response in the switched-off circuit is zero, the initial values 
(equation 2.93) are used as the initial conditions for determining the integration 
constants in equation 2.87. Therefore, by substituting equation 2.93 in equations 
2.88—2.90, and upon simplification and approximation for very small resistances, 
we obtain 


LI, sinw; o,  siny; 


t = : = : ae 2.94 
ane CV, siny, @ sinw, sing ( ) 
where it is taking into account that the ratio 
Vin OL 
I, sing 
and 
; OV". a \? 
I, =I, . / sin? ¥;+ | ——— } sinw, 21, . /sin?W;+ | — ) cos? y; 
, Sin g On 
(2.95) 
, sin ~ 2 F . Oy, : - 
Ven =V,.|( =} sin? Wy, +sin2h.=% ./(—) sin? pi; +008? Wi, 
@) @) 
(2.96) 


where the second approximation (the right hand term) is done for 990", ie., 
sin g=1 and sin W, = sin(w; + 90°) =cos Wj. 

As can be seen from the above expressions, the natural current and capaci- 
tance voltage magnitudes are dependent on the phase displacement angle g (or 
the power factor of the circuit), on the ratio of the natural frequency , and 
the system frequency w, and on the current phase angle w;, which is given by 
the instant of switching. Therefore, in RLC circuits with a natural frequency 
higher than the system frequency (which usually happens in power networks), 
the transient voltage across the capacitance may attain its maximal value, which 
is as large as the ratio of the frequencies. This occurs in highly inductive circuits 
with g=90° due to the interruption of the current while passing through its 
amplitude, i.e., when w; = 90°. However, the switching-off practically occurs at 
the zero passage of the current, i.e., when =; = 0. In this very favorable case the 
transient voltage amplitude, with equation 2.96, will now be equal to the voltage 
before the interruption. The voltage across the switch contacts reaches a maxi- 
mum, which, with small damping, is twice the value of the source amplitude 


2V, 


s? 


Vv 


sw,max —_ 
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and then decays gradually. The initial angle of the transient response in this 
case, with equation 2.94, will be 


p20. 


Suppose that the circuit in Fig. 2.59, which has been analyzed, represents, for 
instance, the interruption at the sending end of the underground cable or 
overhead line having a significant capacitance to earth, while the circuit in 
Fig. 2.62 may represent the interruption at the receiving end of such a cable or 
overhead line. One of such interruptions could be a short-circuit fault and its 
following switching-off. The analysis of this circuit is rather similar to the 
previous one. The difference, though, is that here the initial capacitance voltage 
is zero and the forced response is present. Therefore, the initial conditions for 
the transient (natural) response will be 


inn(O) = i,(0) —ip(0) = Ip 
Ucn(9) =0-— Uc, (0) =h, 
and for the current derivative, we have 


diy,» 1 dis v(0)— Ri,(0) diy 
dt |j25 -& ‘ L so 


(2.97) 


The current through the inductance prior to switching might be found as a 
short-circuit current 


ise = a sin(ct an Wy _ Pe)» (2.98a) 
VR?+ (OL? 
where 
_,@L 
QM -= tan R° (2.98b) 


and yw, is a voltage source phase angle at switching instant t = 0. 

Since switching in a.c. circuits usually occurs at the moment when the current 
passes zero, we shall assume that J, = 0 and w,(0) = , — 9,.=0 (or the voltage 
phase angle at the switching moment is equal to the short-circuit phase angle). 


Figure 2.62 An RLC circuit, which arises after having been short-circuited. 
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Thus, 
Io5=0 and wW,=9,. (2.99) 


The forced response of the current and the capacitance voltage are found in the 
circuit after the disconnection of the short-circuit current, i.e. in the open-circuit, 
in which the cable or the line is disconnected (no load operation). In this regime 
the entire circuit is highly capacitive (1/w@C > wL). Therefore, we have 


Ip=V,@C and g,=—90°. (2.100) 
Now, the two equations for finding the integration constant are 


I, sin B =0—i,(0)= — I, sin(y, + 90°) = —I, cos wy, 


. V,, Sin Wy, : (2.101) 
I,(—« sin B + @, cos B) = —E o,1, sin W,, 
for which the solution is 
— W,@ 
tan p= (2.102) 


(wz + w*) tan, +an- 


Since in power system circuits the natural frequency usually is much higher 
than the system frequency, the above expression might be simplified for low 
resistive circuits to 


@ 


tan p= — (2.102a) 


o, tan wy, 


Thus, the oscillation amplitudes of the natural current and capacitance voltage 
are 


I, cos w, 
sin B 


Vi aii > a aL wv, = V,, sin (2.104) 
ri ~ sin nn SIN W,, . 
Cyn C n C f v m Wy 


where I, = @CV,,. Let us illustrate this case in the following example. 


ee 
=1,/1+ cot? BY1,— sin y,, (2.103) 
(60) 


n 


Example 2.33 


Determine the maximum voltage across the breaker and the transient current 
after it opens, disconnecting the system’s short-circuit fault, as shown in 
Fig. 2.63(a). The system is fed by an underground cable, through a reactor 
(whose purpose is to reduce the short-circuit current). The parameters of the 
reactor and the cable are L,; = 6.13 MH, Ry = 0.2 Q/km, Lp = 0.318 mH/km and 
Co = 0.267 uF/km. The system voltage is 10 kV (rms) at 60 Hz and the fault 
occurs at 13.5km from the sending end. Suppose that the arc, which appears 
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(b) (c) 


Figure 2.63 A given circuit for Example 2.33 (a) and the plots of the capacitance voltage (b) and 
transient current (c). 


at the first moment of switching, is extinguished at a current pause, 1.e. at its 
zero value. 


Solution 


The total circuit parameters are: L= L, + Lol = 6.13 + 0.318-13.5 = 10.4 mH, 
C = Col = 0.267: 13.5 = 3.6 uF, R = Rol = 0.2:13.5 = 2.7 Q. 


The natural frequency and damping coefficient are 
1 
QO, = 
VLC /10.4-1073-3.6-107° 


R 27 
* OL 2°10.4-10-5 


5.17-10% rad/s 


=130s |, 


and the characteristic impedance is 


L /10.4-10-3 
R.= ./-= ~~ = 53.79. 
CV 36-10 
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The forced current amplitude and phase angle are 


v, 10/2 7 
Tp=— = = 13.6V2A and 9,2 —90°, 


where 


Zin = VR? + (OL — 1/oC) 


= /2.7 + (377-10.4-10-3 — 1/377-3.6-10- 6 = 733 Q. 


Since the short current switching-off occurs at w; = 0, the forced voltage initial 
angle should be (2.99) 


" ' _,@L at 3.9 53.1° 
= Dgo= tan = tan = 531°, 
os R 27 


and the forced current phase angle will be 
Wi = Wy — Pin = 53.1° — (— 90°) = 143.1°. 
Now we can find the phase angle of the natural current (equation 2.102a) 


tan Bx ——— = 0 = —54.7:10°3 and B= —3.13°. 
wo, tanw,  5.17-10% tan 53.1° 


The magnitude of the transient capacitance voltage is (equation 2.104) 


Von =V, sin W, = 10/2 sin 53.1° = 8.0/2 kV, 


and the complete capacitance voltage is 
ve(t) = 10/2 sin(wt + 53.1°) + 8.0 2e7 13 sin(5.17-103¢ — 93.1°) kV. 
The transient current oscillation amplitude (equation 2.103) is 
5.17-10° 
377 


1,21, sin W, = 13.62 sin 53.1° = 149.2,/2 A, 


and the complete current response is 
i(t) = 13.6,/2 sin(@t + 143.1°)+ 149.2,/2e- 130 sin(5.17-10°¢ — 3.13°) A. 
Checking for t = 0 yields 
i(O) = 13.6,/2 sin(143.1°) + 149.2,/2 sin(—3.13°)=0 
(since the switching occurs at the zero current), and 
v¢(0) = 10,/2 sin 53.1° + 8.0\/2 sin(—93.1°)~0 


(since the cable was short-circuited prior to switching). 
The voltage across the breaker is equal to the capacitance voltage and its 
maximum will occur at the moment when the forced response reaches its first 
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maximum and the natural response is positive. Thus, 


(90° — 53.1°)/57.3° 0.644 
ma ro) ~ 377 


t ~1.71 ms, 


(note that 1 rad = 57.3°) and the maximum voltage is 


Vow max 10/2 + 8.0,/2e7 13%maxe = 16,4,/2 = 23.2 kV. 


The current maximum will occur at the moment when the natural response 
reaches its first maximum, ie., at the time 
: (90° + 3.13°)/57.3° 
a Si? 


= 0.314 ms, 


and the maximum current is 


Tinag [13.6 Sin(Ct pay ; + 143.1°) + 149.2-¢7 130%max.i),/2 = 212 A. 


max,i 


The plots of the capacitance voltage and the current are shown in Fig. 2.63(b) 
and (c). 
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TRANSIENT ANALYSIS USING THE LAPLACE 
TRANSFORM TECHNIQUES 


3.1 INTRODUCTION 


In the introductory courses of circuit analysis the transient response is usually 
examined for relatively simple circuits of one or two energy storage elements. 
This analysis is based on general (or classical) techniques, involves writing the 
differential equations for the network, and proceeds to use them to obtain the 
differential equation in terms of one variable. Then the complete solution, 
including the natural and forced responses, has to be obtained. The tedium and 
complexity of using this technique is in determining the initial conditions of the 
unknown variables and their derivatives and then evaluating the arbitrary 
constants by utilizing those initial conditions. This procedure usually requires 
a great amount of work, which increases with the complexity of the network. 
Therefore, we now focus our attention on more effective methods of transient 
analysis. 

A simplification of solving different problems can be achieved by using 
mathematical transformation. We are already familiar with one kind of mathe- 
matical transformation: the phasor transform technique, which allows simplify- 
ing the solution of the circuit steady-state response to sinusoidal sources. As 
we have seen, this very useful technique transforms the trigonometrical equations 
describing a circuit in the time domain into the algebraic equations in the 
frequency domain. Then the solution for the desirable variable (being actually 
manipulated by complex numbers) is transformed back to the time domain. 

In this chapter a very powerful tool for the transient analysis of circuits, 1.e., 
the Laplace transform techniques, will be introduced. This method enables us to 
convert the set of integro-differential equations describing a circuit in its tran- 
sient behavior in the time domain to the set of linear algebraic equations in the 
complex frequency domain. Then using an algebraic operation, one may solve 
them for the variables of interest. Finally, with the help of the inverse transform, 
the desired solution can be expressed in terms of time. The paramount benefit 
of applying the Laplace transform to circuit analysis is in “automatically” taking 
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the initial conditions into account: they appear when a derivative or integral is 
transformed. 

Moreover, the concept of the frequency-domain equivalent circuit, based on 
the Laplace transform analysis, will be introduced. These circuits can be ana- 
lyzed using techniques such as nodal and mesh analysis, Thévenin’s and Norton’s 
theorems, source transformations and so on, as described in earlier chapters. 

So, the transform method in general can be represented by the expression 


f(t)<— F(s), 


which shows the one-to-one correspondence between the time-domain function 
f(t) and its frequency domain transform F(s), where s =o + ja is the complex 
frequency. 


3.2 DEFINITION OF THE LAPLACE TRANSFORM 


The so called two-sided or bilateral Laplace transform of F(t) is defined as) 


F(s)= | e “f(t)dt. (3.1) 
In circuit analysis problems the forcing and response functions do not usually 
exist endlessly in time, but rather they are initiated at some specific instant of 
time selected as t=0. Thus, such functions that do not exist for t<0 can be 
described with the help of unit step functions as f(t)u(t) (see sections 2.5 and 
3.3.1). For these functions the Laplace transform defining integral is taken with 
the lower limit at t=0_*: 


F(s)= | ° e~f(t)u(t)dt = | ° ef (t)dt. (3.2) 


O_ 


— co 


The latter integral defines the one-sided or unilateral Laplace transform, or simply 
the Laplace transform of f(t). The lower limit t = 0_ (as distinguished from t = 
0 or t=0,) in a one-sided Laplace transform is taken in order to include the 
effect of any discontinuity at t = 0, such as an impulse function and independent 
initial conditions such as currents in inductances i,(0_) and voltages across 
capacitances v¢(0_). 

The direct Laplace transform (3.2) may also be indicated as L{f(t)} = F(s) 
so that L implies the Laplace transform and means that once the integral in 
equation 3.2 has been evaluated, f(t), which is a time domain function, is 
transformed to F(s), which is a frequency domain function. 


“)The terms “two-sided” or bilateral are used to emphasize the fact that both positive and negative 
times are included in the range of integration. 

“In transient analysis of electric circuits t=0_ is denoted as the time just before the switching 
action, and t=0, as the time just after the switching action, representing radically different states 
of the circuit. Mathematically, f(0_) is the limit of f(t) as t approaches zero through negative values 
(t <0), or the limit from the right, and f(0,) is the limit as t approaches zero through positive values 
(t>0), or the limit from the left. 
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However, the Laplace transform of a function f(t) exists only if the integral 
(3.2) converges, or 


oO 
| [f(t)|e “'dt< oo, where oa, = Re(s). 
0 

This means that if the magnitude of f(t) is restricted, or increases not faster 
than the exponential, ie., 


| f(t)| < Me* (3.3) 


for all positive t the integral will converge and the region of convergence is 
given by «<oa,< oo, as shown in Fig. 3.1(a). A function f(t) which fits this 
condition is shown in Fig. 3.1(b). The physically possible functions of time, or 
functions which are common in practice, always have a Laplace transform. (An 
example of the function, which does not satisfy conditions of equation 3.3, is 
e*, but not 2” or n',) 

If we have a transformation L{f(t)}, then we must have an inverse transforma- 
tion L~'{F(s)! = f(t), which is mathematically defined as 


c+ joo 


1 
ios ni | e“F(s)ds. (3.4) 


c— jo 


3.3 LAPLACE TRANSFORM OF SOME SIMPLE TIME FUNCTIONS 


For a better understanding of Laplace transformations, we shall begin by using 
this technique to determine the Laplace transforms for those time functions 
most frequently encountered in circuit analysis. 


3.3.1 Unit-step function 


As was mentioned already in Chapter 2 (see section 2.5), very often in circuit 
analysis a switching action takes place at an instant that is defined as t= 0 (or 


jo 


~ 


I. Region of 


Figure 3.1 The illustration of the region of convergence in the Laplace transform definition (a); the 
function increasing (b). 


158 Chapter #3 


ty = 0). We may indicate this action by using a unit-step function, which is 


\ t<0O (t<to) 
u(t) = 
1 t>0 (t>tp), 
as shown in Fig. 3.2. 
u(t) 
1 
0 t t 
(a) 


Figure 3.2 The unit-step function: u(t) (a) and u(t — to) (b). 


Thus, the unit-step function is zero for all values of its argument (time), which 
are less than zero (or negative in the case of (t —t,)) and which is unity for all 
positive values of its argument. By multiplying, for example, the voltage source 
value V, by the unit-step function: v(t) = V,u(t), we indicate that this voltage 
source is connected to the network at the moment of time t=0 (or if v(t) = 
V,u(t — to), at the time t — to). 

In accordance with the Laplace transform definition (equation 3.2), we may 
write 


L{u(t)} = | e “u(t)dt = | e “dt et) = 
o- 0 s 

for Re[s]=o>0, ie., that the region of convergence is the right half of the s- 
plane, except for the j-axis. Therefore, 


u(t). (3.5) 


S 


3.3.2 Unit-impulse function 


Another singularity function, which is often used for circuit analysis, is the unit- 

impulse function. As was stated earlier, the impulse function is defined as 
o(t)=0 for t#0O and | O(t)dt = 1. 

Therefore, we have for any function f(t)d(t) = f(0)d(t) since 6(t)=0 for t 40. 

Now, by definition of Laplace transform 


co 


Li{o(t) =| 


O_ 


0%: O04 
e“oinat= | eine | 6(t)dt = 1. 


Ou 


Transient Analysis Using the Laplace Transform Techniques 159 


Thus, 
(th 1. (3.6) 


3.3.3, Exponential function 


The next function of great interest is the exponential function f(t) =e“ with a 
real, positive or negative, i.e., 


ce co 1 co 
L{e“u(t)} = | e *e"di= | eS dt = — a 
0. 0. 
(3.7) 


For both positive and negative a, the converge conditions are Re[s] >a, then 
s—a>0, and e &~® 0 as t>o. Thus, 
at 1 
e-“u(tho —, (3.7a) 
Sta 


where a is always positive. Considering a imaginary quantity a= + jo yields 


7 1 
eu( tho = (3.7b) 
stjo 
for Re[s] > 0, since |e*/"| = e° = 1. 
3.3.4 Ramp function 
As an additional example, let us consider the ramp function tu(t): 
L{tu(t)} = | te“ dt. 
O- 
By a straightforward integration by parts [u=t, v= —(1/s)e “J: 
el ha ccoare 1 _|* 1 
L{tu(t)}} = —t-e™ e “dt=0—Ze*| =-. 
s 5 6 s s oS 
Therefore, 
1 
tu(t)os. (3.8) 


3.4 BASIC THEOREMS OF THE LAPLACE TRANSFORM 


For further evaluation of Laplace transform techniques, several basic theorems 
will be introduced. 
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3.4.1 Linearity theorem 


This theorem is based on linearity properties of integrals: if f,(t) and f(t) have 
Laplace transforms F,(s) and F,,(s) respectively, then 


Lifi() + fal0s = Fils) + Fils), (3.9) 


ie., the Laplace transform of the sum of two (or more) time functions is equal 
to the sum of the transforms of the individual time functions, and conversely 


LoYF,(s) + Fy(s)} =L*Fi(s)} +L {FL(3)} =A(O+ fat). (3.10) 
It is also obvious that for any constant K 
Kf(t)@KF(s). (3.11) 


From this it follows that the Laplace transform of a constant (for example, of 
a constant voltage/current source) for t > 0, is its value divided by s: 


Vout 2, (3.12) 


As an example of the use of the linearity theorem, we will show the easiest 
way of obtaining the Laplace transform of the sinusoidal function sin wt. Since 


1. 
sin wt = — (e/ —e J), 
2j 


in accordance with equation 3.7b, we have 
. 1 1 1 (s + jm) —(s — jo) 0) 
L{sin wt} = — ; ee he od 2 = 2 
2j\s—jo st+ja 2j(s° + w~) s+ 


As a second example, let us consider the exponential of the form (1—e “) 
which is often met in circuit analysis: 


. (3.13) 


1 a 


Li(l—e"“)u(t)} sta s(s+a) 


(3.14) 


As an example of using the opposite relationship (equation 3.10), let us determine 
the inverse Laplace transform of 
1 


1) aGe 


(3.15) 


Using the partial-fraction expansion (see further on), we can split equation 3.15 
into two parts: 
1 1 


I= aete) a AGeo 


whose identity to equation 3.15 can be easily verified. In accordance with 
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equation 3.10, we have 


1 1 


LS er a ar ee ~ b—a 


Thus, 


1 (e* —bt t i 
b-a a aa PERE CEE 


(3.16) 


3.4.2 Time differentiation theorem 


Time differentiation and integration (see further on) are the main theorems of 
Laplace transform techniques, which allow us to transform the derivatives and 
integrals appearing in the time-domain circuit equations. 

Let F(s) be the known transform of a time function f(t), then 


d x d 

{the Penta 
dt o dt 

and its integration by parts: u=e “ and dv=(df/dt)dt gives 


EL in as 
Lata sive 


= lim f(the *— f(0_)+s | sine-nae 


t> oo (mm 


oc 


— | f(H(—s)e “dt 
0. 


O_ 


The first limit must approach zero (since F(s) exists) and the last integral is 
F(s). Thus, 


df 
L at = sF(s) — f(0_). (3.17) 
When the initial value of a function is zero, we simply have 
L art F 3.17 
= sF(s). (3.17a) 


By taking the derivative of a derivative, it may be shown that the differentiation 
properties for higher-order derivatives are 


afl, 
Ly aS F)-S0)—f£0) (3.18a) 
d*f . . 
L it = SF(s) _ s*f(0_) Sf (OIF 4O): (3.18b) 


In conclusion, when all initial conditions are zero, differentiating once with 
respect to t in the time domain corresponds to one multiplication by s in the 
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frequency domain; differentiating twice in the time domain corresponds to 
multiplication by s? in the frequency domain and so on. Therefore, differentiation 
in the time domain is equivalent to multiplication by operands, which, of course, 
results in a substantial simplification. Note that when the initial conditions are 
not zero, by applying the differentiation theorem their presence is taken into 
account. 

To demonstrate the use of the differential properties of the Laplace transform, 
let us consider the following example. 


Example 3.1 


Using Laplace transform techniques, find the current i(t) in the series RL circuit 
driven by a constant voltage source, Fig. 3.3(a). Assume L = 5 H, R=4Q, v,(t) = 
6u(t) V and the initial value of the current is 4A. 


Solution 


In accordance with KVL the loop equation is 


di 
57 + 4i= bul). (3.19) 


Assuming that the Laplace transform of the current is I(s) and using the Laplace 
transform rules, with which we are already familiar, we transform the time 
domain equation 3.19 into the frequency domain. 


S[sl(s) 41 +41(9)=°. (3.20) 


Solving equation 3.20 for I(s) yields 


4 
s+0.8’ 


i(sy=1.5 — 

(s) s(s + 0.8) = 

and with equations 3.7 and 3.14 we obtain 
i(t) = 1.5(1 —e °*")u(t) + 4e7 9 u(t) = (1.5 + 2.5e°°8")u(t) A. (3.20b) 


v,(0-) 
+ a 


(a) (b) 


Figure 3.3 A circuit under study in Example 3.1 (a); circuit under study in Example 3.2 (b). 
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Note that instead of solving a differential equation 3.19, we actually solved the 
algebraic equation 3.20. 

The time differentiation theorem also helps us to establish additional Laplace 
transform pairs. For example, consider L{cos wt u(t)}. Using equation 3.17a 
yields 


L t t } = L sin t)u(t = Ss = — 
peeeay rule) nae omy) @ +a? s+ ao’ 
Leé., 
COS Miu 2 ie 


3.4.3 Time integration theorem 


Let F(s) be the known transform of a time function f(t); then the Laplace 
transform of an integral as the time function can be determined in accordance 
with the definition (equation 3.2) 


L 1| ftoye| = | e* | | ea | dt. 
0- 0 0 


KY 


Integrating by parts: u= fy fade and dv=e ™, yields 


L | ftojac} = i fee | a : e*| i — i — u ent (t)dt 
O- o- s o- o S 
[, fou (—fe)+ [rede (—fe) 
= f(t)dt( ——e } + f(dt—| —-e 
0 s 0. s 


+ = \" e “f(t)dt. 
S Jo_ 


Since the first two terms on the right have vanished (note again that Re(s) is 
sufficiently large so f(t)e “—0 as too) and the last integral is the Laplace 
transform of f(t), we obtain 


: F(s) 
f(t)dt~3 — (3.22) 
rt s 
which means that the integration in the time domain corresponds to the division 
by s in the frequency domain. In some cases, when the integral in equation 3.21 
is taken for the low limit not zero but any positive or negative quantity a (for 
example when the capacitance in the electric circuit was precharged; thus the 
voltage across the capacitance is 


1 t 
Uc — Cc | icdt, 
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dividing the whole integral into two integrals, we obtain 


{| ftoyde} = 4 | - f(@de+ | ftoyde} = Lm +14 | fey} 


eee (3.23) 


S S 


where F, is the value of the first integral (initial capacitance voltage) and F(s) 
is the Laplace transform of the considered function f(t). To demonstrate how 
the integration theorem helps us in circuit analysis, we shall consider the 
following example. 


Example 3.2 
Using Laplace transform techniques, find the output voltage v,,,(t) in the series 
RC circuit shown in Fig. 3.3(b). Assume R=5Q, C=0.5F, with an initial 
voltage ve =3 V and »v,(t) = 12u(t) V. 
Solution 
The voltage loop equation in the time domain is 
t 
12u(t) = 2 | i(t)dt + Si(t). (3.24) 


Taking the Laplace transform of both sides of equation 3.24 and since v¢(0_) = 
3 V, we obtain 


4 4 
Sod ee Sik (3.25) 
Ss Ss 


Solving equation 3.25 for I(s) yields 


_ 1.8 
 s+04° 


I(s) 


Since v,.,=5i(t), its Laplace transform is 


1.8 9 
s+04° s+0.4’ 


Vou(S) rs 


which immediately gives v,,,(t)u(t)=9e °*V. 

It should be emphasized that if the time functions are zero at t=0 (zero 
initial conditions) the linearity, differentiation and integration rules for phasor 
transform are identical to those for Laplace transform (only jw has to be 
replaced by s). Consequently, the phasor impedance treatment of electric circuits 
and the Laplace transform impedance (see further on) analysis are identical. (Of 
course, we have to remember that these two techniques have different meanings: 
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the phasor analysis gives the sinusoidal steady-state response, while the Laplace 
transform relates to zero-state response to any Laplace transformable function.) 

In conclusion, consider the complex exponential function e°*/®" and its 
transform equivalent 


1 


ef et iat, tho : 
(@) s+(o+ jo) 


(3.26) 


After separating real and imaginary parts of both sides of equation 3.26 and 
using linearity properties, we obtain two additional transform pairs 


23 S+o0 

e- “cos wt u(t) (sto +o’ (3.26a) 
ae a) 

e “sin wt u(t)o Gaaew Loree (3.26b) 


Now let V and V be a complex conjugate pair, then using linearity properties 
again, we obtain 

V V 
Lt —< + 
st(¢+jo) s+(o—jo) 


} = Ve~ ot iota V e (F— jot 


=2|Vile“ cos(mt+W)u(t), (3.27) 


where y= LV. 
Table 3.1 summarizes some of the more useful transform pairs (some of them 
were obtained above). 


3.4.4 Time-shift theorem 


Consider the transform of a time function shifted t seconds in time as shown 
in Fig. 3.4. Using the definition of the Laplace transform, we obtain 


co oc 


ft—oult—9e “d= | f(t—de “dt. 


Tt 


Lif(t— u(t —1)} = | 


o- 
Let t—t=0, then 


co 


| fu-9e*ae= | foye-s40= e = | f(O)e" db =e “F(s). 
Tt O- 


O_ 


Thus, 
f(t—t)u(t —t)hoe “F(s), (3.28) 


ST 


i.e., shifting by t seconds in the time domain results in multiplication by e7 
in the frequency domain. 

As an example of the application of this theorem, consider half a period of a 
sinusoidal function, as shown in Fig. 3.5(a). It can be represented as the sum of 
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Table 3.1 Laplace transform pairs 


F(s)=Lif(o} 
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1 1 
1 
y) ss 
s 
1 
5 
a r 
s 
1 
5 es 
sS+a 
1 
6 
s(s +a) 
1 
7 2 
s*(s+a) 
9 1 
(sta)? 
9 s 
(sta)? 
1 
10 
(s a a)" 
1 
11 
(s+a)(s+b) 
1 
12 
s(s +.a)(s +b) 
13 : 
(s+a)(s+b) 
s 
14 = 
s°+o 
s 
15 Zaot 
16 : 
s(s?+ 7) 
ssin +o cos y 
17 SEE a 
+o 
scosw—q@ sin wy 
18 Siw 
19 : 
(stay? +a? 
sta 
20 
(sta) +a? 


1 
-(l-e “)u(t) 
a 


1 
op Lat (1 —e)]u(t) 


te “u(t) 


1 1 
[: + (be “—ae~ "| u(t) 
a—b 


= (ae~“ — be”)u(t) 


1, 

— sin wt u(t) 
o 

cos wt u(t) 


i 


2 


(1—cos wt)u(t) 


gS 


sin(wt +)u(t) 


cos(wt + y)u(t) 


—e “sin wt u(t) 


e- “ cos wt u(t) 
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Table 3.1 (Continued) 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


31 


32 


33 


34 


35 


1 


s[(st+a’+o 


(sta) sinw+q cos y 


*] 


(st+a)’4 


(st+a)?—b 


1 


s[(s+a)—b*] 


(sta)? —b? 
a, 
Vs 
os 
sVs 
f(t) 
f(t) 


(a) 


1 a 
1l—e “| cos @t+—sin at } | u(t 
al ( a) )| 


e  sin(wt + p)u(t) 
e “ cos(wt+)u(t) 
: t sin wt u(t 
a4 sin ct u(t) 
t cos wt u(t) 
ti t : t t | u(t 
ae sin wt— nt cos wt | u(t) 
1, 
— sinh(at)u(t) 
a 
cos(at)u(t) 
ewe 
— t sinh(at)u(t) 
2a 


1 
5° ~“ sinh(bt)u(t) 


e “ cosh(bt)u(t) 


1 
eo [: =e (cosh bt+ ; sinh ms) | u(t) 


ew (cos bt— sinh bx) 


1 
Vat 


Figure 3.4 A function of time, f(t), (a) and the same function delayed by t (b). 
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(a) 


Figure 3.5 The positive half period of the sinusoidal function (a); shifted sinusoidal function (b). 


two sinusoidal functions while the second one is delayed by half a period T/2, 
as shown in Fig. 3.5(b). Thus, f,(t) can be written as 


fi(t) = sin wt + sin w t—ZJult-Z], 


then in accordance with equations 3.13 and 3.28 


o(1 4 e ST?) 
Lifi(t)} = Faw (3.29) 
The time-shift theorem is also useful in evaluating the Laplace transform of 
periodic time functions. Suppose that f(t) is a periodic function (for t > 0) with 
period 7} and F,(s) is the known transform of only the first period f,(t). Then 
the original f(t) can be represented as the infinite sum of f,(t), delayed by an 
integer multiplied by T: 


With the linearity and time-shift properties, the transform of f(t) will be 


F(s)= >) e-"™F,(s)=F,(s) ) eo "7. (3.30) 

n=0 n=0 
The last sum in equation 3.30 is an infinitely decreasing geometric progression 
of the ratio e **, hence its sum is given by the formula 1/(1—e~ "’). Therefore, 


F(s)= F,(s) 


~ t—e Ts’ 


(3.31) 


where 


T 


F,(s)= Lifi()] = | e “f(t)dt. 


(0) 


To illustrate the use of this transform theorem, let us apply it to the rectified 
sinus shown in Fig. 3.6. In accordance with equation 3.29 and using equation 
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f(t) 


0 


Figure 3.6 The sinusoidal shape function in full-wave rectification. 


3.31, we obtain the transform of a periodic sinusoidal in full-wave rectification: 


o(1 +e st?) 
_ (s? Es w7)(1 ee 


F(s) (3.32) 
In another example of applying the time-shift theorem, let us find the Laplace 
transform of a triangular pulse train, Fig. 3.7(a). We first obtain the Laplace 
transform of the triangular pulse as the sum of ramp “1”, shifted ramp “2” and 
shifted step functions “3” as shown in Fig. 3.7(b). Therefore, 
1 1 1 1 1 


F —sT —sT 1 —sT ~sT. : 
1(8) Te? T° 5° Ts! <9 s° ee) 


Now, to obtain the transform of a periodic pulse train, we divide equation 3.33 
by (l—e **): 


(3.34) 


3.4.5 Complex frequency-shift property 


Shifting the origin of the transform in the frequency domain by sp) has the same 
effect as multiplying the function f(t) by e °° in the time domain. Indeed, 


Lisine =|" fine we “a= [fe = Fo + 59) (3.35) 
OL OL 


This property of Laplace transform is especially useful in generating additional 
transforms. 


f,(t) leat 


Figure 3.7 Triangular pulse train (a) and pulse representation (b). 
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For example, we can use the frequency-shift property to find the Laplace 
transform of f(t) =e “ cos wot u(t). Using the Laplace transform of cos mot u(t) 
(equation 3.21), we have 


Sta 


e~* cos Wot u(t) ———,, 
of u(t) (stay? +a% 


(3.36) 


which is the same as equation 3.26a. 
As a second example, let us find the Laplace transform of f(t)= te *“u(t). 
With the help of (3.8), we have 


(3.37) 


3.4.6 Scaling in the frequency domain 


Scaling in the frequency domain, i.e. replacing s by s/a and dividing the transform 
by a, has the same effect as multiplying t by a in time domain. If 


co 


Lif(at)} = | f(at)e “dt, 


O_ 


then changing the variable 4 = at, yields 


| * plae io (*) w= 0F (;). 
OL a ‘ s 


Therefore, 


i Ss 
flathe a F (:) : (3.38a) 


which is the same as 


t 


F(as)o : f (2). (3.38b) 


a 


This property also can be useful in obtaining additional transforms. 


Example 3.3 


Find the Laplace transform of the function f,(5t), if the Laplace transform of 
f(t) is F(s) = 1/(s8 + 4). 
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Solution 


In accordance with equation 3.38a 
F(s) 1 7 s 1 if 25 
We 5 5) 5 5/5P +4 5? +500" 


3.4.7 Differentiation and integration in the frequency domain 


Another property of interest will be obtained after examining the derivative of 
F(s) with respect to s: 


a = d “ ~st¢(t) 
ae ()= 7. in e f(t) t: 


Providing the differentiation of the integrand with respect to s gives the results: 
| — te “f(t)dt = | [—¢f(t)le “dt, 
o- oO 


which is simply the Laplace transform of [—tf(t)]. This means that differentia- 
tion in the frequency domain results in multiplication by — t in the time domain: 


d 
— flo = Fs) (3.39) 


To illustrate the use of this rule, let us find the Laplace transform of higher 
powers of t. Noting that tu(t)<1/s?, we apply the frequency domain differentia- 
tion theorem as follows: 


d 1 1 
L{—?u(t)} = Be 2 2 

or 

u(t) 1 

= 5 (3.40) 
Continuing with the same procedure, we find 

c 1 

qi HO ” (3.41) 
and in general 

pe) 1 
Gamo - (3.42) 


Next, let us examine the integration of F(s) with respect to s and with the 


lower limit s = oo: 
| F(s)ds = | | frye ds. 
oO (a) (om 
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Interchanging the order of integration yields 


{ F(s)ds = | i ds f(t)dt = | | -ze*| f(t)dt 
ie) O— (oe) O_ t 
= | _ KY e “dt, 
0. t 


which is the Laplace transform of f(t)/(— t). Thus, the integration in the frequency 
domain results in division by —t in the time domain 


t s 
a oO | F(s)ds, (3.43) 
or by changing the limits in the integral 
4 ce 
a o | F(s)ds. (3.43a) 
For example, we have already obtained the pair (equation 3.14): 
(ivestu—"— fr 136 
br . 
s(s +a)’ = 


With the frequency integration theorem 
1 _ ew foe) a 
L - ds 
t s s(st+a) 


In accordance with the integral tables, the last integral is 


a FP ies =e 
. ssa) s |, s 
Therefore 
l-e “@ sta 
: oln , for t>0. (3.44) 
Ss 


The Laplace transform theorems and some properties which have been dis- 
cussed here are summarized in Table 3.2. 


3.5 THE INITIAL-VALUE AND FINAL-VALUE THEOREMS 


These two fundamental theorems enable us to evaluate f(0,) and f(co) by 
examining the limiting values of the transform F(s). 
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Table 3.2 Laplace transform operations 


Operation f(t), t=0 F(s) 
Addition Y f(t) y FY) 
i=1 tn 
Scalar multiplication af(t) aF(s) 
df 
Time differentiation, dt sF(s)—f(0_) 
where f(0_), f(O_) are ; 5 
the initial conditions af s*F(s)—sf(0_)—f'(0_) 
dt? 
t 
t)dt 
Time integration, iy F(a 1 FG) 
where [°- f(t)dt is the 8 : 
* itie 1 diti t 1 ; 1 fa 
initial condition I feat “F() + [noe 
Time shift f(t—a), a>0 e ““F(s) 
Frequency shift f(te* F(sta) 
LF (s) 
Frequency é 
differentiation —tf(t) ds 
F : ss S(t) - 
requency integration ms F(s)ds 
: 1 Ss 
Scaling flat), a=0 —F (2) 
a \a 
Initial value f(0,) lim sF(s) 
Final value, where all : 
poles of sF(s) lie in f(x) lim sF(s) 
LHP ° 
1 ; ; 
sin or cos f(t) sin(t) 2 LF(s—jo)—F(s-+jo)] 
multiplication in the ; 
: : 1 
time domain f(t) cos(at) ; [FG —jo)+ Fe+jo)] 
Convolution Aid) *fo(o) F,(s)F3(s) 
d 
qh) * 20] 
=f (0) f2(t) 
t 
Du Hamel integral oe j fAlt) f(t —t) dt SF, (s)F(s) 
o- 
=fi(t)f2(0) 
t 
te | AilOf i(t—t)dt 
0 
Time periodicity: 
(1) the transform of i Lg 
the first period & gee eae Fis) 
(2) the transform of Z F,(s) 
periodical function IeTent) J—e Ts 
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The initial-value theorem: Consider the Laplace transform of the derivative 
(equation 3.17) 


L af =sF 0_)= * of ~sd 3.45 
\ates (s)— f(0_) = [fe t. (3.45) 


By breaking the integral into two parts and approaching s infinity, we obtain 


i (| of | | «tat)=) [a= 0.) — (0 
im aes t+ ary t)= lim a if= f(0,) — f(0_), 


S00 0. 0. 


(3.46) 


since the second integral approaches zero with s— oo. 
Now taking the limit of both sides of equation 3.45 and applying the results 
of equation 3.46 yields 


lim [sF(s) — f(0_J] = (0) — (0), 


or, after removing f(0_) from the limit, we obtain 
lim [sF(s)] = f(0,). 


Therefore, in general 


lim f(t) = lim [sF(s)], (3.47) 
t> 04 s> 00 
1e., the initial value of the time function f(t) can be obtained from its Laplace 
transform by multiplying the transform by s and evaluating the limit of sF(s) 
by letting s approach infinity. It should be noted that if f(t) is discontinuous at 
t =0, then the initial value is the limit as t>0,, ie., the limit from the right. 
The initial value theorem is useful in checking the results of a transformation 
or an inverse transformation. Thus in Example 3.1 we obtained the transform 
of the current (equation 3.20a) 


4 
~ s(s +08) 540.8" 


I(s) (3.48) 


Applying the initial-value theorem yields 


(oh= Tenet tien aa 
Bet erg i aes OR EO) 
which is in agreement with the initial condition given. 


The final-value theorem: To prove the final value theorem, let us again consider 
the Laplace transform of the derivative df/dt 


| df _ 
—e “dt =sF(s)— f(0_), (3.49) 
on at 
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and take the limit as s>0 for both sides of equation 3.49. Taking the limit for 
the left side of equation 3.49 yields 


er isk eee ” df 
im |” ae i= | t= f(~)— FO), 


Soo 
O= 


and for the right side 
lim [sF(s) — f(0_)] = lim [sF(s)] — f(0_). 
Equating these two results, we have 


f(%©) = lim [sF(s)], 


soo 
or in general 


lim f(t) = lim [sF(s)] (3.50) 
which is known as the final value theorem. 

Of course, we can apply this theorem only if the limit of f(t), as t becomes 
infinite, exists. In other words, this requires that all the poles of F(s)*, except 
one simple pole at the origin (which gives the constant value of f(t)), lie within 
the left half of the s plane. 

Considering again, for example, the transform for current (equation 3.48) 
from Example 3.1 and applying the final-value theorem yields 


; i i 1.2 4 eK 
eo) = Sm she = 208 e408) 
which is evident by inspection of the circuit in Fig. 3.3(a) in its steady-state 
behavior, i.e. at [> 00. 
It is interesting to check the final value of the sinusoidal function. In accor- 
dance with (3.50), we obtain 


NO) 
=0, 


lim [sF(s)] 7 lim s2 + @ 


However, it is evident that the sinusoidal function: f(t) = sin wt does not have 
a final value. Looking again at 


ro) o 
+a (s+ ja)(s — jo) 


F(s) 


we can conclude that this transform fails the requirement that all the poles 
(except one) lie within the left half of the s plane, ie. that Re[s,]<0 (here 
Re[s,,.=0)]). 


“)The roots of the denominator of F(s) are considered as the poles of F(s). 
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3.6 THE CONVOLUTION THEOREM 


The convolution of two functions is defined as“? 


Fi(t) *fo(t) = | S(o)f(t— vat, (3.51) 
O_ 


and its Laplace transform is given by 
L{fi(t)*fo(0} = Fi(s)F2(s). (3.52) 


Thus, the operation of convolution in the time domain is equivalent to multi- 
plication in the frequency domain. Or, the inverse transform of the product of 
the transforms is the convolution of the individual inverse transforms. It is this 
property, among others, which makes the Laplace transform so useful in circuit 
analysis, especially since digital computers can be used for evaluating the convo- 
lution integral. 

To prove the convolution theorem, let us calculate 


JA LEE (t)*f,(t)} = | | Lot — oer | edt, 
oO oO 


and since f(t —t)=0 for all t>t, we may replace the upper limit “t” in the 
internal integral by “oo” and then interchange the order of integration: 


oe [ne | | 20 —cjenat| dt. 


Now in the inside integral we make the substitution t’=t — t and dt = dt’ (note 
that the lower limit remained O_, since only for t>0_ does the function 


f2(t') #0). Thus, 
f= [ne | | cere ae | edt. 
O_ oO 


The bracketed term is F(s), which is not a function of t and can be pulled out 
of the integral, so we have 


J = F,(s)F;(s). 
Thus 
fi(t) * fo(t)< Fi (s)Fo(s). (3.52a) 


Since the right-hand side of equation 3.52a does not depend on the order of 
multiplication F, and F,, consequently we can again conclude that the convolu- 
tion is commutative. 

As a simple example of the use of the convolution theorem, let us find the 


“) The lower limit in the convolution integral is taken here as t=0_, like in a one-sided Laplace 
transform, in order to include the effect of any discontinuity at t= 0. 
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convolution of f,(t)=t and f,())=e ™ for t>0: 


1 1 
AAAI =L FOF) = Lf \. (3.53) 


sta 


The inverse transform of equation 3.53 can be obtained by the partial fraction 
expansion (see further on), so 


=4 1 1 = 1 1 1 1 1 - 
. ssta ae as? as sta) ar 2 em), £20. 


Therefore, 


. 1 1 _ 
t*e wa [tr Bl-e “Ju (3.54) 


The convolution theorem can be used for finding the Laplace transform of the 
functions which include square roots: Vi. Indeed, if F,(s) f(t) then 


t 
FY(s) f(t) = | Si(ofilt — tat. 
0 
Changing the variable o = t — t/2 and the integral limits respectively yields 


1/2 ; , 
f(th= [A (5 + of (; _ r) do. 


Now for f;(t) = 1/Vt we obtain 


o=t/2 


Tl. 


f(t) { ald \- a no 
dep ViptoVvi2—-o Jan VEpp—oe #2 


By taking the Laplace transform of both sides of f(t) = we have 


o=-t/2 


Therefore, 


Taking the integral of f,(t) 


and using the integration theorem, we finally have 
pee 
2sv/ Ss 
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It is known, from basic circuit analysis, that the output voltage v,,,,(t) at some 
point in a linear circuit driven by the input v;,(t) can be obtained by convolving 
v;,(t) with the impulse response h(t) (response on a unit impulse at t=0 with 
initial conditions zero) 


Vout(t) = Vin(t) . h(t). (3.55) 
Taking the Laplace transform of both sides of equation 3.55 yields 

VoutlS) = Vin(s)H(s), 
where H(s) is the transform of the impulse response, so 


Viurl) 
L{h(t)} = H(s) = (3.56) 


The ratio (equation 3.56) was termed as the transfer function. Since the same 
rules are used by Laplace transform derivative and integral representations 
(with zero initial conditions) and by complex frequency analysis (see Table 3.3), 
there is considerable similarity between the transfer function and the Laplace 
transform of impulse response (equation 3.56). This is an important fact that 
will be used in Laplace transform techniques to analyze the transient behavior 
of some circuits. 


Example 3.4 
Find the transfer function H(s) = V,,,,(s)/V;,(s) of the circuit shown in Fig. 3.8(a). 


Solution 


First we represent the circuit elements in the frequency domain as shown in 
Fig. 3.8(b). Then we find Z,, of the parallel connection C and (L + R,): 


1 
2s + 6)—- 
Z eq(S) ass ae 
eq\S) = >.) > 
1 +3s+0.5 
23+ 6+ . 


Table 3.3 Laplace transform impedances of R, L, C elements 


Time-domain s-domain Laplace transform Impedance 
Element relationship relationship with i,(0_)=0, V(s) 
. == if pst = Z(s)=— 
i(t) I(s)=Ie v-(0_)=0 (s) 1s) 
= st 
R v=Ri a V(s)=RI(s) - 
di : 
L v=L FP V(s)=sLle* V(s)=sLI(s) sL 


1 1 1 1 
raaeaatie i V = st V —= 
e ae 6 [i aes Wes sC 
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Figure 3.8 A circuit (a) and its Laplace transform model (b). 


and the voltage 


Leg 0.5s+ 1.5 
Ri+Zeq 9° +3.5s+2° 


Vous(S) ~~ Vin (s) 


Therefore, the transfer function is 


Vin 0.58 +15 


Vin 2 4+3.58+2° 


H(s)= (3.57) 


3.6.1 Duhamel’s integral 


Suppose that the circuit response to a voltage unit-step function, u(t)<(1/s), is 
known and assigned as g(t). Then, the Laplace transform of the input current 
might be found as 


; Vin(S) . 1 
in) 7 Z in(S) = in) SZ in(S) ' 
where 
: =G 
SZ,,(5) 7 (s)<> g(t), 
and 
Vin(S)0;,(t) 


Therefore, the Laplace transform of the current can be written as 
sV(s)G(S). 


Applying now the convolution theorem (equation 3.52a) and the differentiation 
properties (for the case when the initial values are zero) (equation 3.17a) we can 
obtain 


LsVin(s) ]LG(s)] > vin(t) * g(t) 
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or 


t 
lin(t) = | Vin(t)g(t — t)dt. 
0. 
This integral is known as Duhamel’s integral (one of its forms) or superposition 
integral, since the total response is obtained as superimposed responses to 
varying voltages delayed by At (note that integration actually means 
summation). 

When the initial values are none zero, we should subtract the initial voltage 
Vin(O_), in accordance with equation 3.17, from the first factor: [sV,,(s)], which 
results in 


Tin(S) = LS Vin(S) — Vin(O-)JLG(s)] + vin(O-)G(s). 


This means that in the time domain the current is 

t. 

tin(t) = Vin(O_)g(t) + | Vin(t)g(t — t)dt. 

Oo 

The other forms of Duhamel’s integral in general notation are given in Table 3.2. 
As a simple example of using Duhamel’s integral, let us find the current for 

t > T in the series RC circuit if the voltage forcing function is a triangular pulse, 
as shown in Fig. 3.7(b). The Laplace transform of the reaction to a unit-step 
function is 


G(s) 1 1 
Si = 5) 
R+ ; RU s+ : 
" 8e "RC 
which in time domain gives 
g(t)= R e RC, 


Using the first form of Duhamel’s integral yields: 


i(t) = |, Vin(t)g(t — t)dt 


(The reader may be convinced that the method using Duhamel’s integral is 
much simpler than the straightforward solution.) 


3.7 INVERSE TRANSFORM AND PARTIAL FRACTION EXPANSIONS 


The analysis of a circuit by Laplace transforms yields the transform expression 
(like equation 3.57, for example) of the desired variable. The next step, therefore, 
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is to go from the Laplace transform back to the time function, ie. from the 
frequency domain to the time domain. 

This section will represent methods more useful in engineering for finding 
f(t) when F(s) is known, avoiding the complex integration of equation 3.4. 
These methods convert F(s) into a sum of terms, each of which can be found 
in Table 3.1 (or in more complete tables of Laplace transforms, in suitable 
handbooks). It is typically the case that F(s) is the ratio of polynomials: 


N(s) — ay8" + G,—18" 14° + ays + do 


F a ‘ 
(s) Dis) by S™ + by — 1S" 1 +++ bys + bo 


(3.58) 


If the degree of N(s) is larger or equal to the degree of D(s), the numerator can 
be divided by the denominator to obtain the quotient Q(s) and the remainder 
R(s). Hence 
R(s) 
F(s) = Q(s) + ~~ = Q(s) + P(s), (3.59) 
D(s) 


where R(s)/D(s) is a proper fraction. Let us consider the following example. 


Example 3.5 
Find the quotient and the remainder of the given F(s) 


s+ 557+ 85+7 
+4543 


F(s)= 


Solution 


Dividing the numerator by the denominator 


8+ 5s? + 85+7 ee 
s+1 
s+ 4s? + 3s 
s?+5s+7 
s?+4s+3 
s+4 
yields 
Fo)ast1t+ poe. (3.60) 


Note that the time function, whose Laplace transform is the quotient polyno- 
mial, is obtained directly from 
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es (er + ee ail pa q18 a do} 
= n-m0" "™(t) +7 + 4,0(t) +406, (3.61) 


where 6"—~™, 5°" ™—, ... 6(t) are derivatives of the unit impulse function. 
For further treatment the proper fraction polynomials R(s) and D(s) have to 
be coprime, that is, any non-trivial common factor has to be cancelled out. 
There are a few methods for expanding a proper fraction into partial fractions. 
We will discuss two of them: 1) equating coefficients and 2) Heaviside’s expan- 
sion theorem. Each of them may be the best to use, depending on the situation. 


3.7.1 Method of equating coefficients 
(a) Simple poles 


We first assume that the rational function F(s) has simple poles, i.e. that the 
denominator of (3.58) has simple zeros. Then the proper fraction of equation 
3.59 may be written as 
P(s) = R(s) - R(s) = A, a A, Aca: An : 
Ds) (s—Pi\(S— P2)--(S— Pm) S—Pr S—P2 S—Pm 
(3.62) 


The constants A; are known in mathematics as residues of the appropriate pole 
p;. The equating coefficients method for determining A; is illustrated in 
Example 3.6. 

Example 3.6 

Find the time function f(t) if its Laplace transform is given by equation 3.60 
(see Example 3.5). 

Solution 


First, we have to find the zeros of the equation s?+4s+3=0, which will be 
the poles 


Pi.2 24+ 4 3= —1, —3. 


Therefore, in accordance with equation 3.62, the partial fraction expansion of 
the proper fraction (equation 3.60) is 


s+4 A, % A, 
(s+1)(s+3) s+1 s+3° 


(3.63) 


Now combining two terms on the right side of this equation (by finding a 
common denominator) yields 
s+4 (A, + Az)s + (3A; + Ad) 


(s+ 1)(s +3) (s+ 1)(s+3) 
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The constants A, and A, are found by equating like coefficients in the numera- 
tors. Thus, 


A,+A,=1, 3A,+A,=4, 


or 
2 2 
Therefore F(s) is given by 
F(s)=s+i+ a — i 
st1 s+3 


Using the table of Laplace transform we obtain 
: Psst vd od 
f(t) = 6(t) + 6(t) + 5 “=e 3} u(t). 


(b) Multiple poles 
The following example illustrates the case when the denominator has repeated 
roots. 
Example 3.7 
Find the time domain function of the Laplace transform, which is given by 
_ st+2 
s)= G43" 
In this case, the expansion is given in the form 
s+2 Ay is A, 
(s+3P s+3  (s+3) 
Combining terms on the right gives 
s+2 A,(s+3)+ A, 
(st+3P  (s +3)? 
Equating like coefficients in the numerators yields 


A,=1,. 3A, # ASS? gad -A,=—4, 


Therefore, 


and 
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In general, the method of equating the coefficients produces m simultaneous 
equations for determination A; (i= 1, 2... m) constants. When m is large (usually 
more than three) and when the poles are complex, Heaviside’s method is more 
appropriate. 


3.7.2. Heaviside’s expansion theorem 


This method allows determining the unknown residue A; by using one equation, 
which contains only one residue. To develop it we should again distinguish 
between different kinds of poles. 


(a) Simple poles 


Consider equation 3.62 and multiply both sides by (s — p,): 


(s — p,)R(s) -A (s— p,)A, _ (s—pJAn 
(s—p1)(S—P2).-(S—Pm) ~~ (S—Pa) (S—Pm) 


Now we note that if s =p, then every term on the right side is zero, except A, 
while on the left side the (s — p,) terms in the numerator and denominator are 
cancelled. Therefore, A, can be evaluated as follows 


R 

A = (s—p,) 2” (3.64) 

re) oe 

or, in general, 

N 

A= (6- POF) = NP, (3.64a) 
Ee I] (Px — Pi) 
tk 


where F(s) is the Laplace transform function in proper fraction form and N(s) 
is its numerator. Note that the substitution of the poles p, for s in equation 
3.64 and equation 3.64a has to be performed after canceling the term (s— p,) 
in the nominator and denominator. 

Let us, for example, evaluate the residues of equation 3.63 from Example 3.6 


F(s) s+4 
s) = ——— 
(s+ 1)(s + 3) 
using the general formula of equation 3.64. We have, since p; = —1 and 


P= =—3, 
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Pore | = 
4 —s Pe ge Al ng 1D 
dies 0 ee te 
2=(st+ are en 


which is, of course, identical to the results of Example 3.6. 
Once the residues have been found, the Laplace transform, in accordance 
with partial fraction expansion, may be written as 


N(s) Ax 


F(s)= a : (3.65) 
D(s) y=. S— Px 
and the time domain function is 
f(t)=L71{F(s)} = ( Y Ayer u(t). (3.66) 
k=1 


(b) Multiple poles 


Suppose that the function F(s) has a double pole at p, and the remaining poles 
are simple, which means that the denominator has a double zero at p, and 
hence 


D(s) = (s — p1)-(s — Pa)"*“(S — Pm)- 
Then the partial fraction expansion may be written as 
N(s A A m oA 
( y_ 11 + 12 ; + 3 k ; 
D(s) s—py (S—pi) = S— Px 


Multiplying both sides of equation 3.67 by (s — p,)* and letting s = p,, yields as 
before 


F(s)= (3.67) 


_ N(p1) 
s=p, (P1 — P2)(P1 — P3)-+(Pi — Pm) 


Aj, = (s — p,) F(s) (3.68) 


To find A,,; we again multiply both sides of equation 3.67 by (s— p,)? 


m A, 
= Ay,(s— py) + Aya + (s— pi)? y . 
S=Dp, k=25— Px 


(s— pi) F(s) 


After differentiating the last expression with respect to s and letting s=p,, we 
obtain 


(3.69) 


d 2, 
Ay= as L(s — pi) F(s)] 
7 S=Py 
Note that the differentiation is performed after canceling the term (s— p,)* in 
the bracketed expression, and substituting p, for s has to be done after 


differentiation. 
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In general, when F(s) has a multiple pole p,, which is repeated r times, ie. 
the denominator of F(s) contains a factor of (s — p,)’, the residues at the multiple 
pole are evaluated as 


1 an 
Aai= Gal EE (s~ Pa) rol oe) 
The time domain expression corresponding to these terms can be obtained as 
2 te-) 
t 

f(t= | sat Ant Aes t+ Awa ePa' (3.71) 
Example 3.8 
ee R= tind the tie Soest Raat 

et F(s) = ; find the time domain function. 
S(st+ 1) 

Solution 


The given Laplace transform has the poles p, = 0 repeated three times and p, = 
—1 repeated twice. Thus, 


a 1d? s+2 4, A 1d s+2 
Bas @eie la, °“~“ (id@tiyl~@ ~ 


s+2 
Ace = 
olan. 


1 ds+2 s+2 
an=| it 3 | =-4 An=| s L-- 


Hence, in accordance with equation 3.71, the time domain function is 


f(t) =[4-3t+ 0? —(4+te u(t). 


and 


(c) Complex poles 


As we know from mathematics, polynomials with real coefficients may only 
have a pair of complex-conjugate poles, i.e. any complex pole in the denominator 
of F(s) will be accompanied by its complex-conjugate pole. Then the correspond- 
ing residues are also a complex-conjugate pair, so only one of them must be 
found. Combining these two terms, yields to the appropriate time-domain 
fraction of the whole response. 

Let the complex-conjugate pair be p, = —«+ jf and the corresponding resi- 
dues be A, and A,, which are a complex-conjugate pair. Hence, using the 
exponential form 


A, =|A,|e™ and A,=|A,|e7™% 
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we can write the expansion of F(s), which is appropriate to complex poles, as 


|A,Je™ |A,Je 
cal : rae (3.72) 
S+o,—jB, s+o,+ jp, 
and its time-domain inverse is 
L”UF.,(s)} = |A,|eMte” 1 iB + |A,|e Me” 1 FB 
_ |A, le ™LeiPit ty) + e MBit) 7 
=2|A,\e %' cos(B,t + W,)u(t). (3.73) 


This expression shows that the complex poles are associated with the time- 
domain response which is similar to the natural response of an underdamped 
second-order circuit. 

Note that equation 3.73 can be simply obtained as a double real part of an 
inverse transform of only one of the fractions in equation 3.72. Indeed, 


-1 |A,|e™ jw (a0, —jB,)t 
2Re| L ———— > |=2 Re[|A, ete Pt) 

Sop — Py 
=2|A,|e “ cos(B,t+ W,)u(t). (3.74) 


Example 3.9 
Find f(t) if F(s) is given by 


Solutions 


First, we find the roots of the denominator, which are the poles of F(s): p,..= 
—1+j2. Hence, 


s+4 
(s+ 1—j2)(s+1+j2) 


F(s)= 


Now, in accordance with Heaviside’s Expansion formula (equation 3.64), we 
have 


_ vad 3+j2 1 3 
— st14j2 s=-1+j2 i ae 


0.9¢7 82, 


1 


Therefore, 
f(t) =2 Re[0.9e- 87 e~ 4 J] — 1 8e~* cos(2t — 32°)u(t). 


The time-domain function of a complex-conjugate pair fraction can be obtained, 
using the complex residues in rectangular form A, = a,,+ja,;. Then the partial 
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fraction, which is appropriate to the complex poles, will be 


Ay, JQ; Ay, Jay; 


Fl) aay — iB) 8+, + 7B a 
and its inverse transform is 
fea (t) = (Ay, + jayj)e~ 2 P"* + (ay, —ja,)e 1 FP, 
or, using Euler’s formula, 
fault) =e '2(a,,c0s B,t — ay; sin B,t)u(t). (3.76) 


In conclusion, it is worthwhile giving one other notation of a residue evalua- 
tion formula (see equations 3.64 and 3.64a). 

If the pole factor (s—p,) cannot be easily canceled (for example when the 
denominator D(s) is not given in factored form), then the residue A, must be 
treated as limit: 

s— 


which in accordance with l’Hopital’s Rule gives 


d 
as (s— p;) 

A, = R(s) os 7 = R(s) DO ae (3.77) 
as (D(s)) 


3.8 CIRCUIT ANALYSIS WITH THE LAPLACE TRANSFORM 


There are two basic approaches to using Laplace transforms to find the circuit 
complete response. The first is to write differential equations describing the 
circuit and then to solve them using the Laplace transform of the variable and 
its derivatives. The advantage of this approach is that the Laplace transform 
provides an algebraic method for solving differential equations. Taking the 
inverse transform gives the time domain solution. 

A second method of finding a circuit response is based on a model that 
directly describes relationships between the Laplace transforms of the circuit 
variables and its elements. This Laplace model is in some way similar to the 
frequency-domain circuits developed earlier. 

First, we will discuss the differential equations approach. Consider the second- 
order circuit shown in Fig. 3.9. Then the KVL equation around the loop and 
the differential equation for ve are 


di 
L—+0c+ Ri=v,, C 


dic 
dt dt 


These two equations are sufficient to solve the two unknown variables. The 
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Figure 3.9 A second-order series connection RLC circuit. 


Laplace transform of these two equations is 
L[sI(s) — i(0_)] + Ve(s) + RI(s) = Vin(s) 
CLsV-(s) — ve(0_)] = Is). 


Let the initial condition be i(0_) = i(0)= J, and v¢(0_) = vc (0) = Veg and after 
rearranging the equations 3.78 we have 


(R + sL)I(s) + Ve(s) = Vin(s) + LIo 


(3.78) 


— I(s) + sCV(s) = CY. 2) 
Solving equation 3.79 for I(s) using Cramer’s rule, we have 
SCV,,(s sC[LIy — (1/8) 
W= Teg + he +1 eee Ret oy) 
or 
I(s) = Yin(s)Vin(S) + Yin(s)Wo(s), (3.81) 
where 


sC 
LCs? + RCs +1 


Yin (s) — 


is the Laplace transform of the input impedance and Wo(s) = LI) — (1/s)Veo is 
the initial condition representation. Equation 3.81 shows that I(s) is the sum of 
two terms: one due to the input source and the second due to all the initial 
conditions. Going back to the time-domain, we can say that circuit variables 
contain two terms: a zero-state response (when all the initial conditions are 
zero) and a zero-input response (when all the inputs are zero). 


Example 3.10 


Let the elements of the circuit in Fig. 3.9 be normalized and have the values 
L=1H, R=3Q and C=1/2F. Let the voltage input v,(t) = (10 sin t)u(t) and 
the initial condition Ip =2 A and KW o=SV. Find i(t). 


Solution 
Since the Laplace transform of the input voltage is V,,,(s) = 10/(s* + 1), expression 
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(3.80) after substituting the numerical values yields 


s 10 a 2s —5 
~ 43542 s7+1 9? 4+3542° 


I(s) 
The roots of the denominators are s; = —1, s; = —2 and s3,= +. Therefore, 
using partial fractions, we obtain 
A A A A 
eka: Oe ee ie 3 2 
stl s+2 s—-j st+j 


I(s) 


Performing the computation, we obtain 


J 10s gos 2 

Yet 2st 1)” 2 | ay 

4 10s 2s—5 B 

2=le4iyet+iy*? stil, 

r i” 1.58 —71.6° 
S |(s? +3s+2Vstf-; (—14+374+2)3 ~ _ 


So, 
i(t)=[—12e '+ 13e% + 3.16 cos(t — 71.6°)]u(t). 


The second approach which leads to more simplicity in Laplace transform 
circuit analysis uses the Laplace circuit model, which can be analyzed by 
frequency-domain methods. In these models, all the elements are expressed in 
terms of their impedances (admittances) at a complex frequency s (see Table 3.3 
at the end of the chapter) and the voltage/current sources — by their Laplace 
transforms, i.e. as a function of s. Then one of the known methods (KVL, KCL, 
nodal/mesh analysis, Thévenin-Norton’s theorem, etc.) can be used for identi- 
fying the desired variable transform. Finally, the time-domain response may be 
found with the help of the inverse transform (partial fraction expansion). 

In the next few paragraphs we will illustrate how this technique may be used 
for circuit analysis with Laplace transform, starting with networks without 
initial energy stored (zero initial conditions). 


3.8.1 Zero initial conditions 


As an example, let us examine the circuit shown in Fig. 3.10(a). First, we convert 
the circuit to frequency-domain (or to its Laplace transform representation) as 
shown in Fig. 3.10(b). Let the voltage across the capacitance C,, which is output 
voltage, be of interest. It may be found by the node equation. The output 
voltage is the node 1 voltage V,. Therefore 

= Vics V, Vea ¥ 


1 1 in,2 
+ + =~+s5C,V,=0. 
R, R,+1/sC, R; aks 


Transient Analysis Using the Laplace Transform Techniques 191 


Vout(S) 


(b) 


Figure 3.10 A two node circuit expressed in time-domain (a) and in the s-domain (b). 


Solving for V,(V,,.) yields 


where 
dy =R,R,R3C, do=R,R; 
b, =(R,R,+ Ry R3+ RzR3)C, bo =R, + RK 
by = R,R,R3C, C3. 
Now, in accordance with the transfer function concept 
Veuz(S) =H (8)Vip.1 (8) + H2(5)Vin.2(5), (3.83) 


and we can use the results in equation 3.83 for different inputs. It is obvious 
that 


A, (s)=(1/R,)Ao(s), H2(s) = (1/R3)Ao(s), 


aS +d 


H a é 
ols) bos? + bis + bo 
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To find v,,,,(t) we need to evaluate the inverse transform of each term in equation 
3.83 


Vour(t) = L~"{H(s)Vin.a(s)} + L~"{H3(s)Vin,2(8)}- (3.84) 


Example 3.11 


Determine the voltage across the resistance R in the circuit shown in Fig. 3.11 (a), 
which is already expressed in terms of the Laplace transform. The normalized 
elements are Ly = L, =1H, R=1Q, v,; =cos tu(t), v, = 1d(t)V. 


Solution 


The first step is to convert the voltage sources to current sources and, after 
simplification, we obtain a simple circuit as shown in Fig. 3.11(b) and (c). Thus 


els) 1 1 st+s4+1 
Oe Te) s(s? + 1) 
1 1 s4+2 
Y(s)= + — 3 
Ss Ss S 
and 
1 s?+s+1 
r= 1s) 5 


Y(s) (s+ 2st + 1)" 


=() 


I,(s) - 
on a ae i Va(s) 
Pend ~ . 


(c) 


Figure 3.11 A circuit under study in Example 3.11: frequency-domain representation (a); circuit with 
current sources (b); final circuit (c). 
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Using the partial fraction expansion yields 


Ay , Aa ots 


Vp. = : 
. =o ay as 
Therefore 
v+st+1 
a = 0.6 
: vt s=-2 
etstl j 
= - = — = 0.22367 — 26.6°. 
7 [st 2st Al) (+A) 


Then the desirable voltage in time-domain is 


V(t) = 0.6e~ 7* + 0.447 cos(t — 26.6°) V for t>0. 


3.8.2 Non-zero initial conditions 


As noted in the beginning of this chapter, the important advantage of the 
Laplace transform method is taking “automatically” into account the initial 
conditions. In the Laplace model approach, it is done by the appropriate 
frequency-domain equivalent of an inductor L with initial current and a capaci- 
tor C with initial voltage. 

First, consider the initially charged inductor shown in Fig. 3.12(a). Since 


i. L As), sL 
+ + 
i(0_) 
v(t) V(s) Li(0_) 
(a) (b) 
1), 
+ 
V(s) sL i(0.) 


(c) 


Figure 3.12 A Laplace model of an inductor with initial current: time-domain circuit (a); inductor 
representation in series with a voltage source (b); inductor representation in parallel with a current 
source (Cc). 
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v(t) = L(di/dt), then 
V(s) = sLI(s) — Li(0_). (3.85) 


In accordance with this expression, the Laplace model for the inductor might 
be represented by a voltage source in series with an uncharged inductor, as 
shown in Fig. 3.12(b). An alternative Laplace model for the inductor can be 
obtained by converting the voltage source into the current source as shown in 
Fig. 3.12(c). Note that the voltage source in Fig. 3.12(b) is the transform of an 
impulse, while the current source in Fig. 3.12(c) is the transform of a step- 
function. 

Considering the initially charged capacitor shown in Fig. 3.13(a) and in 
accordance with i= C(dv/dt), yields 


I(s) = sCV(s) — Cv(0_). (3.86) 


The Laplace model of a capacitor with equation 3.86 is shown in Fig. 3.13(b). 
(It is the dual of the inductor model in Fig. 3.12(b).) By converting the current 
source in Fig. 3.13(b) into the voltage source, the second alternative of the 
capacitor model can be obtained as shown in Fig. 3.13(c). The voltage and 
current sources due to non-zero initial conditions, as represented above, are 
called initial-condition generators. 

By using initial-condition generators, the Laplace transform circuit model is 
completed and can be analysed by frequency-domain methods when the initial 
conditions are not zero. The following examples illustrate these techniques. 


Sere Xs), 
+ a — + 
v(0_) 
v(t) V(s) oT 
Cv(0_) 
(a) (b) 


Figure 3.13 A Laplace model of initial charged capacitor: time-domain circuit (a); capacitor represen- 
tation in parallel with a current source (b); capacitor representation in series with a voltage source (c). 


Transient Analysis Using the Laplace Transform Techniques 195 


0.1H 100Q 


100u(t) 10uF 


(a) (b) 


Figure 3.14 The given circuit of Example 3.12 (a); its normalized Laplace model (b). 


Example 3.12 


Find the complete response of the current i(t) in the circuit shown in Fig. 3.14(a), 
if i(0_) = 0.2 A and v-(0_) = 80 V. 


Solution 


To work with more convenient numbers, we first normalize them by choosing 
the impedance normalization factor K,, and frequency normalization factor 
KK, Let K,=10* and K,=10™, ‘then #10 *KyatQ,. L= 
(10°7/10~*)L,,4=10H and C,,,,=(1/10~710~*)C,,4=0.1F. The Laplace model 
circuit with normalized elements is shown in Fig. 3.14(b). Note that, to keep 
the same currents, voltage sources are also normalized in accordance to K,,. 
Using mesh analysis, we have 


0.8 
s 


0.1 0.1 1 
(410s — |g ige—42 
Ss S Ss 


0.1 0.1 0.8 
ed eae 1 — In. = —- 
R) S Ss 


0.2s? + 0.04s + 0.01 
~ s(s* + 0.2s + 0.02) ’ 


with the poles p, = 0 and p, 3; = —0.1 + j0.1. Using the partial fraction expansion 
yields 


Solving for I,,, gives 


Tina (S) 


19 A, A, A. 
ma ee 01701 6014701 


where 


0.2s? + 0.045 + 0.01 
1 | : : = 0.5 


s? +0.2s + 0.02 


s=0 


= 0.212 Z 135°. 


s=-01+j0.1 


0.2s? + 0.04s + 0.01 
2 | s(s +.0.1 + 70.1) 
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Then the current in time-domain is 
i(t)=0.5+ 0.424e °°" cos(0.1t+135°)A for t>0. 


Returning to the original circuit, ie. that the actual natural frequency of the 
circuit is 


+ j0.1) = 10° + j10°, 


Snew 
Sold = K = 104( 0.1 
f 


then 
i(t)=0.5 + 0.424e7 10% cos(10°t + 135°). (3.87) 


Inspection of the circuit in Fig. 3.14(a) shows that the steady-state value of the 
current is 0.5 A, which is in agreement with the above results. Also checking 
the initial value of the current gives 


i(t) = 0.5 + 0.424 cos 135° =0.2A. 
The waveform of the current (equation 3.87) begins at a value of 0.2A and 
approaches 0.5 A with decayed oscillation in approximately 5 ms. 
Example 3.13 


The circuit of Fig. 3.15(a) is in steady-state behavior. At t = 0 the second voltage 
source is applied in series with the capacitor. Find the transient response of the 
capacitor voltage v;(t). 


Solution 


Using the superposition approach, we construct the Laplace model circuit in 
which the second voltage source acts alone (Fig. 3.15(b)). Then the Laplace 
transform of a desirable voltage can be written as 


Ve2(s) = — a = > 
S Zin(s) 
where 
Z,,(s) = (10 + 0.1s)100 n 107 _ 10(s? + 200s + 11-10*) 
110+ 0.1s S s(0.1s + 110) 
Therefore, 
(0.1s + 110)10* 10* O.1s+110 
Ve2(s) 


(s? + 200s + 11:10*)s os (s+ aPr+o?’ 

Using the method of equating the coefficients, this voltage can be obtained as 
10 ‘ sta 

s (stay +o?’ 

where a= 100 1/s and w = 316 1/s. 


Veo(s) = 
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10° 
Ss 
+ | - 
V. (s) 
10 
100 va) (+) 
0.1s 
(b) 
(a) Zin(s) 
V.(t),V 
10 
0 he —____—+» ot 
Tt 20 


(c) 


Figure 3.15 The given circuit of Example 3.13 (a); the Laplace model of the circuit driven by only 
the second source (b); the capacitor voltage waveform (c). 


In accordance with the table of Laplace transform pairs, we obtain 
Vc2(t) = 10(e~“ cos wt — 1)u(t) V. 


Since the capacitor voltage vc; caused by the first voltage source is 10 V, the 
entire capacitor voltage will be 


c(t) = vey +e = 10e7 1°" cos 316t V for t>0, 


which is shown in Fig. 3.15(c). 


3.8.3 Transient and steady-state responses 


With the Laplace transform we can determine the transient and steady-state 
responses of the circuit variables. In order not to get involved in complicated 
notations, we will consider a simple example. 
Let us say that the desired response of a circuit is described by a second- 
order differential equation 
d’y dy dw 


Oya th 7 + aot)=bi GZ + bow(t), (3.88) 
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and the initial conditions are y(0_) = yo, y(0_) = yo. Taking the Laplace trans- 

form of both sides of equation 3.88 gives (remember that w(t) applies for t > 0) 
a,[s* ¥(s) — so — Yo] + 4, LS ¥(s) — Yo] + ap Y(s) = by SW(s) + bp W(5), 

or 


(ays* + a8 + do) Y(s) + (— Gy YoS — 42 Yo — A) = (by 8 + by) Ws). 


Solving for the Laplace transform Y(s) yields 
bys + bo Wo(s) 


Y(s) = W(s : 
(s) ae eb oe, ay 8? + 45+ dy 


(3.89) 


where Wo(s) = a VoS + 42 VO + Gy Yo, L€., includes all of the terms that involve the 
initial conditions of y and its derivatives. 

Noting that the first expression includes the transfer function H(s) = Y(s)/W(s) 
(since it is separated from the initial conditions) we can finally write 


Y(s) = H(s)W(s) + Bis), (3.90) 


where B(s) = Wo(s)/(azs8? + a8 + do). 

Now, taking the inverse Laplace transform of equation 3.90 via partial fraction 
expansion, we pay attention that the term H(s)W(s) has two groups of poles: 
due to W(s) and H(s), while the term B(s) only has poles due to H(s). Therefore, 
the time response of y(t) can be grouped into two kinds of terms 


y(t) = L~"{H(s)W(s)} |p, + L”{H(s)W(s) + Bs)} lp,» (3.91) 


where the first term includes all the partial fractions which correspond to the 
pole p,, of W(s), while the second one includes all the partial fractions which 
correspond to the poles p, of H(s). Now, if all the poles of H(s) are strictly in 
the left half of the s-plane (LHP), which is the most practical case, the steady- 
state value of y(t) is entirely due to the first term: 


Yss(t) = lim L~ *{H(s)W(s)} |p, (3.92a) 


1.e., y,; Will be non-zero if and only if W(s) has at least one pole on the j-axis 
or in the right half of the s-plane (RHP). It means that only the input sources 
determine the steady-state response. 

The natural response is determined in accordance with the second term of 
equation 3.91: 


Vnai(t) = L~*{H(s)W(s) + B(s)} lp, (3.92b) 


which is entirely due to the poles of H(s) and, if all of them are in the LHP, 
the natural response must eventually die out. However, the transient response 
or complete response, which is given by (3.91), is obviously determined by the 
poles of the circuit (H(s)) and the poles of the input sources (W(s)). Note again 
that the transfer function denominator roots determine all the natural frequen- 
cies, i.e. the roots of as? + a,s + dy = 0 in the above example. 
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Example 3.14 


Determine the forced and natural responses of the output voltage in the circuit 
of Fig. 3.16(a) assuming that the capacitor was pre-charged with ve7=6V and 
Vg =4e ‘u(t)V. 


Solution 


First, we construct the Laplace transform model, shown in Fig. 3.16(b), of the 
given circuit. Next, we write the nodal equation for this circuit model: 


y,-—+ 44, K-68 sgh _ 
“stl ss 2/s “s 
or 
V, (0.53? 0.42 4 
(0.5s° + 5+ ) = 43. 
s s+1 
Solving for V, yields 
8s 6s 


Vouts) = Vals) = Tyg Is 40.84) + 42s +04 


The natural frequencies are p,, = —0.6, po,= —1.4 and the forced frequency is 


0.58 i, 


(b) 


Figure 3.16 The circuit under study in Example 3.14 (a) and its Laplace model (b). 
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Pw = —1. Therefore, the residues of the first term are 
A = 15, A = 35 
*'6+ D641 Die-06 29° OS EDC +O6)),-4, 
A eS 50 
ws +2s+04[,--, 7°” 
and the residues of the second term are 
ee SA Bio 10.5 
 s+14}--o6 ~  s+0.6|,--14 ~ 


The time-domain responses are: 
the forced response 
Vou, = S0e ‘u(t), 
the natural response 
Vout,h = (— 15e7 9 — 35e7 1-4 — 4. 5e7 9 + 10.5e71)u(t) 

=(—19.5e °° — 24.5e71-*)u(1), 

and the complete transient response is 
Vom = (50e '—19.5e 9% — 24.5e 3 )u(t) V, 

which proves the initial voltage 


Vou(O) = Vey = 50 — 19.5 — 24.5 =6V. 


3.8.4 Response to sinusoidal functions 


Circuit responses to sinusoidal inputs are widely met in Power Systems Analysis. 
The transient analysis of such circuits by the Laplace transform might be 
simplified if the sinusoidal input function is taken as a complex function é@(t) = 
Ee!*' where E = E,,e™ is the phasor. The relation between the complex function 
and the actual input is given by 


e(t) = Im {&(t)} = Im {Ee} = E,, sin(wt + ). 


The Laplace transform of the complex input will be just E(s)<> E/(s — jw). Then 
the Laplace transform of the output will be 


: : E. ev 
X(s) = E(s)H(s) = —"— H(s). (3.93) 
s—ja 
Taking the inverse transform yields 
: : af tt — p,)H 
3(t) = E,e¥ H(jo)e + E,e¥ 3 tim SPH) (3.94a) 


k=1 87 Pr S— Jo@ 
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If the initial conditions are not zero, they have to be evaluated as imaginary 
quantities I,(0_) = ji,(0_), V-(O_) = jvc(0_) (since the imaginary part of the 
complex representation of phasors corresponds to the time-domain functions). 
Then, in accordance with equation 3.91, the complete complex response will be 


X(t) = E,,e™ H(jo)ei! + y lim | Ene (s — Pu H(9) +(s B09 | err! 


k=1 57 Pr S—jJ@ 
(3.94b) 


With the complex response in equation 3.94a or 3.94b the actual response will 
be 


x(t) = Im{X(t)}. (3.95) 


We will illustrate this method by the following example. 


Example 3.15 


In the circuit shown in Fig. 3.17(a), the switch closes at time t= 0 after having 
been opened for a long time. Find i,(t) assuming that the circuit is driven by 
the sinusoidal voltage source v, = 180 sin(314¢ + 30°) V. 


Figure 3.17 The circuit under study in Example 3.15 (a) and its Laplace model (b). 
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Solution 


To determine the initial condition we must first calculate the capacitor steady- 
state voltage (before the switch is closed). The voltage source complex represen- 
tation is 6, = 180e° e'". So, 


V,(jo) 1 
Ve(jo) = = : : 
~ R, +R, + 1/joaC jac 
18028" 1 


= 72,30 Po? Vy, 


~ 90 — j1/(314-80-10~°) j314-80-10~° 
Therefore, the voltage across the capacitor at t= 0_ 
vc(0_) = 72.3 sin(— 36.2) = —43.0 V. 


Now we will construct the Laplace transform model circuit shown in 
Fig. 3.17(b). The Laplace transform of the voltage source, which is taken as a 
complex function, is V,(s) = 180e°/(s — j314). The initial capacitor voltage 
vc(0_) = —43 V is replaced by an initial-condition generator whose value is 
equal to the Laplace transform of this voltage multiplied by j: 


ae) 
Veo = J as 


In accordance with mesh analysis 


801, (5) — S0I(s) = eee 
1(s)— 19 = 314 
12.5-10° 4B 
— 501 (8) + ( 110+ —— J (5) =j—. 


Using Cramer’s rule yields 


1.43 e/°'s us 0.546 
~ (s— 7314)(s+ 159) 7 s+159° 


I,(s) 


Taking the inverse Laplace transform (with the help of the Laplace transform 
pairs, Table 3.1) we obtain 


i,(t) = 1.43 28° | 59 (ite 159e- 19 | + j0.546e~ 15% 


1 
— j314—1 
= 128 e144 56.99 + (0.64627 43" + j0.546)e7 15. 


Finally, the imaginary part of the above expression gives the time-domain 
current 
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i,(t) = 1.28 sin(314t + 56.9°) + [0.646 sin(—33.2°) + 0.548 ]e~ 15% 
= 1.28 sin(314t + 56.9°) + 0.159e7 15% A. 


3.8.5 Thévenin and Norton equivalent circuits 


Thévenin/Norton’s theorem can also be useful by circuit analysis via Laplace 
transform techniques. As we have already noted the Thévenin/Norton equivalent 
can be applied to the Laplace transform circuit model, using frequency-domain 
analysis. Here, the Thévenin/Norton equivalent can be especially helpful in 
reducing the initial state response to the zero-state response. 

Consider any active one-port network shown in Fig. 3.18(a). The switch, after 
having been opened for a long time, closes at t=0 (or any given time ty) and 
the external branch ab is connected to the network. The Thévenin equivalent 
of the given network after closing the switch is shown in Fig. 3.18(b). It is 
obvious that this circuit is initially quiescent, so its response is ZSR (zero-state 
response). Therefore, the Laplace transform for the current J,, is 


Vic(S) 


Fasls)= Zr) + Zay(S)’ 


(3.96) 

Anyway, it should be emphasized that the complete response of currents and 
voltages of the given network (except the branch ab) results from the superposi- 
tion of two networks (a) and (b) in Fig. 3.18, 1e. the ZSR of currents and 
voltages has to be added to their previous steady-state values. The following 
example illustrates this technique. 


Active 
Network 


Passive 


Active 
Network 


Passive 
Network Z lS) 


Zan 


(c) (d) 


Figure 3.18 The illustration of Thévenin and Norton equivalents in Laplace transform representa- 
tions: the active network with an open switch (a); the Thévenin equivalent with a voltage source 
(b); the active network with a closed switch (c); the Norton representation with a current source (d). 
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Example 3.16 


The switch in the circuit shown in Fig. 3.19(a) closes after having been opened 
for a long time. Find the currents through the capacitor i¢(t) and through the 
inductor i,(t). 


Solution 


The open circuit voltage across the switch is 


R 10 
=V 2 _ 00 =100V. 
®R, +R, 10+ 10 


V, 


The Thévenin equivalent impedance of the circuit is 


(R,+sL)R, 100+s 
 R,+R,+skL 204+01s° 


Th 


The Thévenin equivalent of the Laplace transform circuit is shown in 
Fig. 3.19(b). Thus, the Laplace transform of the capacitor current is 


V,(S) 100 1 
I¢(s) _ _ 3 
Zrnt+Zav s (100 + s)/((20 + 0.1s) + 10°/s 
100(0.1s + 20) 100(0.1s + 20) 
~ s?+4+200s+ 20-10% — (s + 100 — j100)(s + 100 + j100)’ 
where roots of the denominator are p, , = — 100+ j100. Therefore, 
100(0.1s + 20 ek 
eee ee! =5— 5 =5/20- 45", 
s+ 100 + j100},- — 100+ j100 


and, in accordance with equation 3.73, the inverse Laplace transform will be 


i¢(t) = 10-./2e~ 1° cos(100t — 45°) A. 


Figure 3.19 Circuit for Example 3.16 (a) and its Thévenin equivalent in s-domain (b). 
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To find the inductor current in circuit Fig. 3.19(b) we first use the current 
divider formula 
R, 100(0.1s + 20)-10 
R,+sL+R,  (s?+200s + 20-10%)(0.1s + 20) 
1000 
~ (s+ 100 — j100)(s + 100 + j100)’ 


T,(s) = Ic(s) 


which yields 


1000 
s + 100 + j100 


= —j5=5e 3, 
s=-— 100+ j100 


1L 


and 
i,(t)=10e 1° cos(100¢ — 90°) = 10e 1° sin 100t A. 


The steady-state value of the inductor current in Fig. 3.19(a), ic. before the 
switch is closed: 
V, 200 


1,(0_) = —4— = =10A. 
1{0-) R,+R, 10+10 


Therefore, the complete response of the current is 
i,(t) = 10 + 10e7 1 sin 100¢ A. 


Note that initial capacitance current i¢(0)=10V2cos(—45°)=10A is in 
agreement with its value, which can also be obtained by inspection of the circuit 
in Fig. 3.19(a): 


i-(0) = 1,,(0_) = 10 A. 


This result may also be obtained by straightforward calculation of i,(0) in 
accordance with the above formula: i,(0) = 10+ 10-e° sin0=10A. 

When the switch in any branch is opened after having been closed for a long 
time, as shown in Fig. 3.18(c), the equivalent circuit can be constructed by using 
a current source insert instead of the switch as shown in Fig. 3.18(d). The value 
of the current source is equal, and its direction is opposite, to the current 
flowing through the closed switch (short circuit current) just before its opening. 
Therefore, the rest of the network is passive, ie. all the network sources are 
killed and it can be represented by its Thévenin impedance, as shown in 
Fig. 3.18(d). It is obvious again that this circuit is having zero initial conditions. 
For getting the complete response, the ZSR of the circuit in Fig. 3.18(d) has to 
be superimposed on the previous steady-state regime of the circuit in Fig. 3.18(c). 


Example 3.17 


In the circuit shown in Fig. 3.20(a), the switch is opened at time t, = 0.2 s, while 
the whole circuit has been driven by the voltage source v, = 10u(t) V since t = 
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6.7/(s+2) 


vg=10u(t) Vous) 


fl 
1 
1 
t 
i 
1 
i 


Figure 3.20 Circuit for Example 3.17 (a) and its Norton equivalent in s-domain (b). 


0. Let R;=1Q, R,=4Q and C=1/2F. Find the output voltage v,,, and 
capacitance voltage vc versus time. 


Solution 


First, we construct the Laplace transform circuit having zero initial conditions. 
For this purpose, we must find the current through the switch at the time t = fy. 


isy(t) = Zz e@=10e *, £20, 
since a= 1/(R,C)=2s~' and i,,,(0) =(10/1) = 10A. 
Changing the variable t= t, + t’ yields 
i,(t') = 10e~-%e-* =6.7e-7",  t'>0, 


and the transformed current is 


1 


I, (s) = 6.7 ; 
sw(S) s+2 


Next we calculate the Laplace transform internal impedance measured at the 
ab terminals (see Fig. 3.20(b)). 


4(1 + 2/s) s+2 


Fh = =0. 
aol) 44+1+42/s s+0.4 


The Laplace transform of the output voltage is 
1 
Vour(S) — Z av(S) I sy(S) = 5.36 s+04 > 
and taking the inverse transform we obtain 
Voult’) = 5.36e 9" V,  t'>0, 


since, because the voltage before opening the switch was zero, the complete 
response is the same. Next, we use voltage division to obtain the expression for 
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the transformed capacitor voltage in Fig. 3.20(b): 


2/s 1 
Ve(s) = —V, 10.72 : 
cls) owl) 14 I5 (s+ 0.4)(s-+ 2) 
In accordance with the Laplace transform pairs (see Table 3.1) we have 
— 10.72 


Ucizsry(t') = 04-2 (e-* =e * j=67(e-% =e") V, 220. 


To get the complete response, we have to find the previous capacitor voltage, 
i.e., before the switch was opened (see circuit in Fig. 3.20(a)) 


Ucim(t) = 10(1 — e° #) = (10 — 6.7 **) V. 


Therefore, the complete response is 
ve(t’) = Vesey + Pepy = 10— 6.72 °*" V, tS 0. 


Note that, according to this expression, the capacitor voltage at t’=0 is 3.3 V, 
which is equal to the capacitor voltage at the moment of the switch commutation 
in Fig. 3.20(a). 


3.8.6 The transients in magnetically coupled circuits 


The Laplace transform techniques are also very useful for the analysis of coupled 
circuits. Consider the magnetically coupled circuits shown in Fig. 3.21(a). The 
KVL mesh equations are 


(3.97) 


Figure 3.21 Magnetically coupled circuit (a) and its Laplace model (b). 
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gives 
Ry 1,(s) + sL11,(s) — Lyi, (0_) + sMI,(s) — Mi, (0_) = V,(s) (3.98) 
R,I1,(s) + SL21,(s) — Lyi,(0_) + sMI, (s) — Mi, (0_) = V,(s). 
Combining terms yields 
Z1(s)I1(s) + SMI3(s) = V,(s) + Lyi, (0_) + Mi,(0_) (3.99) 


sMI,(s) + Z,(s)I2(s) = V2(s) + Lzi,(0_) + Mi,(0_). 


The Laplace transform circuit model in Fig. 3.21(b) represents equations 
equation 3.99 by the s-domain impedances and two voltage sources in each 
loop. The voltage sources Mi,(0_) and Mi,(0_) represent the time-domain effect 
of the initial stored energy in the mutual inductance due to the currents i, and 
i,. Solving equation 3.99 for I,(s) and I,(s) gives 


(V;(s) + B,)(s + a2) — (Va(s) + Bz)(M/L2)s 


HD: L,(1 — k?)(s? + as + b) 2008) 
(V,(s) + By)(s + a,) — (V,(s) + B,)(M/L,)s 
fils) = L,(1 —k2)(s? + as +b) ye) 
where 
a,=R,/Ly, dy = Ry/Ly, ‘TEL > 
oe (3.101) 
Pe a, + a, ay a, 
PRR ek??? 
and 
B, = L,i,(0_) + Mi,(0_ 
ay 2(0-) (3.102) 


B, = Ly i2(0_) + Mi,(0_), 


are initial-condition equivalent generators of the first and the second loops 
respectively. It is worthwhile noting that in accordance with equation 3.100 the 
mutual coupled circuit has a second order characteristic equation: s* + as +b= 
0, i.e., the mutual inductance does not increase the order of the circuit response. 


Example 3.18 

The mutually coupled circuit in Fig. 3.22(a) has V,,=120V, R = 60 Q, L=0.2 H, 
M =0.1H. The switch is closed at t=0 after having been opened for a long 
time. Find the currents i,(t) and i,(t) for t > 0. 

Solution 

First, we must find the initial conditions: 


V 
i,(0_)=0 and i,(0_)= R- 2A. 
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60Q 
~ 0.2H 
Figure 3.22 Circuit for Example 3.18. 
In accordance with equations 3.101 and 3.102 
R = M 2a, 600 4 
a =a,—7 = 3008 : k= = = 05, a=7_p-{-08 0s ; 
ay 300 ee 4 ‘ 
aa fue s', B,=Li,(0_)=0.2:2=04, 


B, = Mi,(0_)=0.1-2 = 0.2. 
With the help of equation 3.100, we obtain the transformed currents 
(120/s + 0.4)(s + 300) —(120/s + 0.2)0.5s  2(s? + 600s + 12-104) 
ae 0.2-0.75(s? + 800s + 12-10%) ~ (s? + 800s + 12-104) 
2(s? + 600s + 12-104) 
~— s(s + 200)(s + 600) 
(120/s + 0.2)(s + 300) — (120/s + 0.4)0.5s 800(s + 300) 


I 
2(s 0.2-0.75(s? + 800s + 12-104) (s? + 800s + 12-10*) 
800(s + 300) 
~ s(s + 200)(s + 600)’ 


ie., the poles are py = 0, py = —200, p, = —600 1/s. Therefore, the appropriate 
residues are: 


21210" 


Ajo= _ sI,(s) = 12-107 =2, Axo = 2, 
2(s? + 600s + 12-104 
5 Od e : ) = 1, Ap= =i, 
s(s + 600) 565 
2(s* + 600 12-104 
1 & as = ==1, Ay=—l, 
s(s + 200) s= —600 


which gives the time-domain currents 
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i,(t) = (2 — e7 200 4 e 000) A 
i,(t) =(2—e 720% + e” 0001) A. 


In conclusion, it is worthwhile mentioning that the Laplace transform tech- 
nique is also widely used for solving electromechanical problems. Consider, for 
example, the starting transients of a no-load shunt exciting d.c. motor (see 
Fig. 3.23). The torque equation is 


T = da 
= 
where the motor torque T (Nm) is proportional to the current, J (kgm7) is the 
moment of inertia and @ (rad/s) is the angular velocity. 
The Kirchhoff’s-law voltage equation for the motor is 


, 
VaR ake. 
dt 


where the term kq is the generated, or back, voltage which is proportional to 
the angular velocity, and R, L are the resistance and the inductance of the 
armature winding. With zero-initial conditions the Laplace transform of these 
two equations will be 


mI = JsQ 
V 
—=(R+sL)I+kQ, 
s 


where (s) and I(s) are the Laplace transform of the angular frequency and the 
current respectively. Solving the above equations for Q and I yields 


m 1 
Q=V 
JL 5 km 
Ss oa ae, 


Figure 3.23 An electromechanical system with a shunt exciting d.c. motor. 
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and 
1 oe 1 
7 wees ge 
ae aa 
The roots of the denominator are s,,=—a+f/, where «=R/2L and 


p= 4 a* —(km/JL). Thus, in accordance with the table of Laplace transform 
pairs, we obtain 


V a. 7 
o4t)= | 1 (cosh poeaains pr) e 


where V/k = Wo 1s the no-load angular velocity, and 


i(t) V ent si h pt 
oe sinh ft, 
i BL e 
where i(0_) = 0 because of zero-initial conditions and i(oo) =0 since the motor 
is no-loaded and the losses in this example were neglected. 
The condition of oscillations is R* < 4k?L/J, and then s,,= —a+ jp. 
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TRANSIENT ANALYSIS USING THE FOURIER 
TRANSFORM 


4.1 INTRODUCTION 


Like the Laplace transform, discussed in the previous chapter, the Fourier 
transform is very useful for transient analysis of electrical circuits. The Fourier 
transform, just as the Laplace transform, converts a function of time (time- 
domain function) into a function of frequency (frequency-domain function). 
However, in distinction to the Laplace transform, the Fourier transform trans- 
forms the time functions into a function of jw, a pure imaginary frequency, 
rather than a function of s =c + ja, which is a complex frequency. (More about 
the relation between Fourier and Laplace transforms further on.) From another 
point of view, the Fourier transform extends the Fourier series, which represents 
any periodic (but not non-periodic) function by an infinite sum of harmonics of 
different frequencies. The Fourier coefficients of such harmonics are functions 
of multiple n@, of a basic frequency wy, and are therefore discrete quantities 
corresponding to the integer n. 

However, in circuit analysis there are many cases in which the forcing func- 
tions are non-periodic: such as different kinds of pulses and signals in communi- 
cation engineering systems, or pulses resulting from lightning or some other 
strokes in power engineering systems. In these cases, as will be seen in this 
chapter, we may be able to find a Fourier transform F( ja) = |F(ja)|e/” of a 
non-periodic function, whose amplitude, |F(jm)| and phase Y(c) spectra are 
continuous rather than discrete, i.e., they are functions of @ (but not of na). 
The conversion of a non-periodic time function to a function of frequency 
allows us to analyze the transient behavior of any linear circuit by using their 
frequency characteristics, such as: impedance Z( jm), admittance Y( jm) and/or 
transfer coefficient K (ja). This means that we will be able to use all the methods 
of steady-state analysis by applying them to the transient analysis, which again 
will reduce the integro-differential operating in the time domain to more simple 
algebraic operations in the frequency domain. 

Thus, the Fourier transform extends the phasor concept, which has been 
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developed for sinusoidal (periodic) functions to non-periodic functions, which 
are more general than just sinusoids. 


4.2 THE INTER-RELATIONSHIP BETWEEN THE TRANSIENT 
BEHAVIOR OF ELECTRICAL CIRCUITS AND THEIR SPECTRAL 
PROPERTIES 


The study of transient behavior of electrical circuits in the previous chapter 
shows that this behavior is largely related to their frequency characteristics. 
This was especially evident from applying the Laplace transform. Thus, if the 
voltage was applied to the input of an electric circuit, whose Laplace transform 
was given as 


Vi (s)< 0, (0), 


then the Laplace transform of its response, for example of the current, can be 
found as 


1, (s) = V,(s)/Z(s) = V4 (s) ¥(s), (4.1a) 
where 
Z(s) = Z(jo)|jo=s or Y(s) = ¥(jo)| jo=s- 


Here the complex impedance Z(jm) or the admittance Y(ja) are actually the 
frequency characteristics of the circuit. In exactly the same way, we can represent 
the transfer function 


H(s) = H(jo)| jo=ss 
and with this function the Laplace transform of the output voltage will be 
V,(s) = H(s)V, (s). (4.1b) 


In finding the response function of the circuit to any forcing function the 
properties of the circuit are completely determined by its frequency characteristic 
Z(jo), Y(jo) or H(ja). This relationship between the frequency characteristics 
of the system and its behavior in transients is obvious when taking into consider- 
ation the physical properties of the circuit elements. Thus the inductance, which 
prevents an abrupt change of current, is characterized by changing, in particular 
by increasing, its reactance (X) by increasing the frequency; and in the same 
way the capacitance, which prevents an abrupt change of the voltage, is charac- 
terized by changing, in particular by increasing, its susceptance (B) by increasing 
the frequency. The availability of resonant oscillations during the transients 
also depends on the characteristics of the system, i.e., its impedance/admittance. 

Expressions like equation 4.1 are completely analogous to the phasor expres- 
sions for different harmonics in the steady-state analysis. Using the Fourier 
series in a non-sinusoidal analysis, we might write 


I, = V,/Z(jo) = YJjo)V,, 
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where jw = jnw is the discrete frequency of different harmonics: I, = I( jn) 
and V, = V(jnm ). Thus, the discrete spectra of the current, I, in accordance 
with the above expression, can be found if we are able to find the spectra of 
the forcing function, for instance, V,, by knowing its Laplace transform V(s) or 
straightforwardly by applying the Fourier series coefficient formulas. 

However, if the forcing function is non-periodical, which happens in many 
cases where this function is exponential, rectangular or any kind of pulse, its 
spectra cannot be found by just replacing s by ja. (More precisely, as will be 
shown further on, in some special cases of the above functions, the frequency 
characteristics can be found anyway by replacing s by jw.) As is known, using 
the Fourier series this problem cannot be solved either, since the Fourier series 
is appropriate only for periodic functions. 

Our goal in this chapter, therefore, is to develop a method which allows 
extending the phasor concept to non-periodic functions. The solution is the 
Fourier transform, which is, as we already mentioned, an extension of the 
Fourier series to non-periodic functions. 


4.3 THE FOURIER TRANSFORM 


4.3.1 The definition of the Fourier transform 


Let us proceed to define the Fourier transform by first recalling the spectrum 
presentation of the periodic function. In the simplest case of one harmonic 
A sin(@t + w) (Fig. 4.1a) its amplitude and phase spectra will be as shown in 
Fig. 4.1b. Using the complex form of sinusoids, 


. A_., F A_., ; 
A sin(wt + Ww) = 3j fellow _ e sory = . [ellorty— x/2) 4 e Katty a/2y1 C8) 


f(t) 


Asin(@,t+y) 


aot 


(a) 


Figure 4.1 Sinusoidal faction (a) and its spectra: in real notation (b) and complex notation (c). 


“Note that in this expression the additional angle — 2/2 appears for a cosine presentation of the 
sinusoidal function. It should be noted, however, that in this book we are using sine presentation 
rather than cosine. 
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we may take into consideration also negative frequencies as in the second term, 
in the brackets, of this expression. (It has to be mentioned that the definition 
of a negative frequency has a purely mathematical meaning without any physical 
connection.) In this case, the amplitude and phase spectra will be as shown in 
Fig. 4.1(c). As can be seen, both spectra are presented by two ordinates corre- 
spondingly for positive and negative frequencies. The amplitude spectrum com- 
ponents are symmetrical about the vertical axis and the phase spectrum 
components are symmetrical about the origin. 

As is known, if any current or voltage wave is not sinusoidal, but periodical, 
it may be represented by the infinite Fourier series. In trigonometrical form it 
will be: 


f(t) = 5 a Y A, sin(n@ot + Wa)s 
n=1 


where amplitudes A, and phases , can be expressed as 


= a 
A, = a, + be, Yt, 


b, 
and 

2 T 

b== t)dt 

do = ( f( ) ? 
9 T 

a, = | f(t) cos naot dt, (4.2) 
T Jo 
9) T 

b=7| f(t) sin n@ot dt, n=0,1,2,.... 
T Jo 


In accordance with the above expressions, the amplitude A, = f(nw)) and phase 
W, = f(n@o) spectra of a non-sinusoidal function may be sketched, as functions 
of n@p. With a complex, or exponentional form of the Fourier series: 


f(vj= »y C,, c/o", (4.3) 


where 
1 
C,= 5 (an — Jbn)s C_,= A 
and (4.3a) 


-1 b, -1 b, 

LC,=-—-tan-*—; £C_,=—ZC,=tan ‘—. 

ay ay 
The amplitude|C,| = f(n@,) and phase ZC, = f(n@y) spectra will be functions 
of both positive and negative frequencies: the amplitude spectrum will be sym- 
metrical about the vertical axis, and the phase spectrum will be symmetrical 
about the origin. Note that both the amplitude and phase spectra are discrete 

functions of harmonic frequencies. 
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Coefficients C,, can be determined by substituting the expressions for a, and 
b, (equation 4.2) into equation 4.3a by changing the limits of integration, i.e., 


T J_rp T Jerp 


1 T/2 1 T/2 ; 
C.=— | f(t)(cos nwpt — j sin n@gt)dt = = | f(t)e "°odt. 


An example of such discrete spectra of a periodic function is a train of rectangular 
pulses, having duration d, period T and amplitude Vo, which is shown in 
Fig. 4.2(a) and its spectra are shown in Fig. 4.2(b) and (c). Here the magnitudes 
are|C,,| = ¢V)Sa(nez), where Sa(x) is called a sampling function or sinc function 


A f(t) 


(b) 


(c) 


Figure 4.2 A train of rectangular pulses (a), its discrete amplitude (b) and phase (c) spectras. 


218 Chapter #4 


(in mathematics: sinc x = (sin zx)/2x = Sa(zx)) and it might be calculated with 
most mathematical programs like MATHCAD, MATHLAB etc). 

However, there are many important forcing functions that are not periodic 
functions, such as a single rectangular pulse, an impulse function, a step function 
and a rump function. Another example of a non-periodic function is an impulse 
voltage waveform, which appears in high-voltage transmission lines, when a 
stroke of lightning influences the line conductors). 

Frequency spectra may also be obtained for such non-periodic functions; 
however, they will be continuous spectra, rather than discrete. These spectra 
can be obtained by using the Fourier transform, which is an extension of the 
Fourier series for non-periodic functions. With such spectra we will be able to 
extend the frequency analysis and the phasor concept to non-periodic functions. 

Thus, the Fourier transform, in contrast to the Fourier series, is a function 
of the continuous frequency @ (but not of discrete frequency nw) and corres- 
ponds to the time-domain non-periodic function. To develop the Fourier trans- 
form technique we shall consider the non-periodic function f(t), Fig. 4.3a, as 
defined on an infinite interval. 

This function should satisfy the Dirichlet conditions: in any finite interval, 
f(t) has at most a finite number of finite discontinuities, a finite number of 
maxima and minima and Lee | f(t)|dt < 00, 1.e., the integral converges. To be 
able to extend the use of the Fourier series to a non-periodic function we will 
define a new function f,.,(t) which is identical to f(t) on the interval 


4 fo) 


(b) 


Figure 4.3 A non-periodic function (a) and its periodic extension (b). 


“ Gonen, T. (1988) Electric Power Transmission System Engineering. Wiley, New York, Chichester, 
Brisbane, Toronto, Singapore. 
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—T/2<t<T/2 and is periodic of any period T>t,—1t, as shown in Fig. 4.3b. 
Such a function f,.,(t) is said to be the periodic extension of f(t) and might be 
represented by the Fourier series. The given non-periodic function f(t), therefore, 
is also given by the same Fourier series, but only in the interval (— T/2, T/2). 
Outside of this interval, this function cannot be represented by the Fourier 
series. Using the exponential form of the Fourier series for f,,,.(t) we will have 


1 2 ; 
Spelt) = 5 oe (4.5) 
where 
1 (7? : 
C,== | foor(the dt. (4.6) 
T -T/2 


Our intention is to let T— oo, in which case 


Fner(t) > f(t). (4.7) 


We will then have extended the Fourier series concept to the non-periodic 
function f(t) by considering it to be periodic with an infinite period. Since now 
To and then w)=22/T becomes vanishingly small, we may represent this 
limit by a differential, i.e., a) do so that: 
1 aw do ee i (48) 
=> — 4 — => 7 : 
T 2x 2 sacs ie 
Now, the harmonic discrete frequency nw, will approach the continuous fre- 
quency variable @, since @, becomes vanishingly small (@)—0) and all the 
nearby frequencies approach a smoothly changing frequency wo. In other words, 
n tends to infinity as @) approaches zero, such that the product is finite: 


ND) > O. (4.9) 


Substituting equation 4.6 into equation 4.5, and taking into consideration 
equations 4.7 and 4.9, we may obtain 


at yt] | pyevrar | em 4.10 
f= 35a | | tema om (4.10) 


The inner integral (in brackets) is a function of jw (not of t) and we assign it to 
F(jo), so that 


F( jo) = | f (tye i? dt, (4.11) 
and it is the Fourier transform of f(t). Then as 


P ae tion 4.8 a: ed 
> 0 T on (equation 4.8) ] an T> Q, 
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the sum in equation 4.10 becomes an integral: 


1 (2 
fo= 5. | F(jo)e'do, (4.12) 


— co 


which is called the inverse Fourier transform. 
These two expressions above are known as the Fourier transform pair 


F(jo) = [- f(te-s"dt (4.13a) 


f(t)= ~ \- F(ja)e!'do, (4.13b) 


which are also often stated symbolically as 
ie =F[f(t)] (a) 
f()=F *[F(jo)], (b) 


where ¥ denotes the operation of taking the Fourier transform. These two 
expressions in equation 4.14 may also be indicated as 


f(t) oF (jo). (4.15) 


(4.14) 


The Fourier transform as seen in equation 4.13a is a transformation of the 
function f(t) from the time domain to the frequency domain and corresponds to 
the Fourier coefficient expressions in equation 4.3a. Equation 4.13b, the inverse 
transform, is an opposite transformation of the complex function F(jm) from 
the frequency domain into the time domain and is a direct analogy to the Fourier 
series (equation 4.3). Another explanation of these two analogies is to say that 
the Fourier transform is a continuous representation (with w being a continuous 
variable) of a non-periodic function, whereas the Fourier series is a discrete 
representation (with nw, being a discrete variable) of a periodic function. Finally, 
it must be indicated that the Fourier transform-pair relationship is unique: for 
a given function f(t) there is one specific F( ja) and for a given F( jm) there is 
one specific f(t). 

The following examples show how we can use the above-developed expres- 
sions to find the Fourier transform of a non-periodic function and its spectra. 


Example 4.1 
Let us find the Fourier transform of the exponential function 
f(t)=e “u(t) (a>0). (4.16) 
Using equation 4.13a we have 
F [e-“u(t)] = [- e *u(tie (“dt = \ eg Sor gt = a —¢@ tse! - 
—_ ‘ —(a+ jo) 0 
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Because a> 0, the upper limit results in zero (since the imaginary part e / 
represents the rotation features of the exponential amplitude e~“ and is therefore 
bound while the exponential approaches 0)*). Thus, we have 


1 
Fle “u(t)] = —, (4.17a) 
a+ jo 
or 
e “u(t)o — (a>0), (4.17b) 
a+ jo 
and 
F(jo)=— (4.17c) 
a+ jo 


In accordance with the obtained expressions (14.17) the amplitude spectra of 
an exponential function will be 


1 
[F(jo)] = =, 4.18) 
J a Le ( 
and its phase spectrum 
o) 
Y(w) = —tan71—. (4.19) 
a 


The exponential function (14.16) and its spectra (14.18) and (14.19) are shown 
in Fig. 4.4a—c. 


4 f(t) 4 |FGo)| 


1 Va 4 Po) 
oO 


>t > oO —nl2 


(a) (b) (c) 


Figure 4.4 Exponential function (a) and its amplitude (b) and phase (c) spectra. 


“Note that the function e “ (a>0) does not have a Fourier transform, since the integral 
J2.,e “e dt of its lower limit approaches infinity (infinite value). 
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Example 4.2 


As another example, let us find the Fourier transform of the single rectangular 
pulse. 


0 —-=>t> 
2 3 


which is shown in Fig. 4.5(a). By the definition in equation 4.13a we have 


i ae : \ ; 
F(jo) = | f(tve dt = | e Jt dt = —°— (eg HOd2) _ gid) (4.20a) 
—© ~d/2 — Jo 
ve Wo f eho?) — eg Kodi2) 2H) . wd yg Sulod/2) ror 
Ul 7) j2 ag wd/2 ” yeelh) 
or shortly 
d d 
x<t<z: wh 
. cod 
f(t) =< at time F i , oo Vod Sa (+) ; (4.20c) 
a >t> 5: 


where Sa(wd/2) is the sampling function. This function yields the continuous 
spectrum of a rectangular pulse (Fig. 4.5) which is shown in Fig. 4.5(b). 
Whenever wd/2 = kx (k = 1, 2, ...) or the frequencies w = 27/d, 47/d, ... the above 
spectrum curve crosses the w-axis, 1e., is zero. For wd/2 =(n/2)(2k +1) the 
spectrum curve reaches the maximum points which are F(j@)|max = 
Vod/(x/2)(2k + 1). Note that in this case the phase spectrum equals zero. 

We should again emphasize that this spectrum is a continuous function of @ 
as opposed to the discrete spectrum of a periodic sequence of rectangular pulses 
(as shown in Fig. 4.2). Note also that the value of the continuous spectrum in 


4 FG) 


Vod 


f(t) 
Vo 


-d/2 | d/2 


(a) (b) 


Figure 4.5 A rectangular pulse (a) and its spectrum (b) 
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equation 4.20 is as a product of the value of the pulse and the value of its 
duration, i.e., dimensionally it is indicated as “volts times seconds”, or “volts per 
unit frequency”. In the case of a discrete spectrum the value of its magnitude is 
given just in the same dimension as a periodic function (volts, or amperes). In 
order to better understand the above differences we should analyze more deeply 
the relationship between the Fourier transform and Fourier series and look into 
some of the properties of F( jo). 


4.3.2 Relationship between a discrete and continuous spectra 


To define the relationship between the discrete spectra of a non-sinusoidal 
periodic function and the continuous spectra of a non-periodic function we 
should use the complex form of the Fourier series. In Table 4.1 the basic formulas 
of the Fourier series and of the Fourier transform are given. 

As was previously mentioned, any periodic function has discrete or line 
spectra for both its magnitude and phase. However, as the period increases, the 
lines of the discrete spectra become more dense with more lines. In Fig. 4.6 the 
changing of the magnitude spectrum of a train of rectangular pulses by increas- 
ing its period, which is the same as decreasing the scaled duration ¢ = d/T, is 
shown. The solid line, or the envelope of the magnitude spectrum, in this figure 
crosses the frequency axis at the n@pd/2=k, or n@p =2nk/d n=k/e, k= 
+1, +2,...), which means that the zero point of the envelope does not depend 
on 7; but only on the duration d. However, when period increases, the number 
of lines, N, between the origin and the first zero, which is the same as between 
two adjoining zeros, increases directly proportional to 7: Note also that the 
product nw, remains the same as can be seen from Fig. 4.6. 

This number of lines might be calculated as 


21 1 


N=n-1 1 1. (4.21) 
Mod € 


The line magnitudes of the discrete spectrum are inversely proportional to the 
period or directly proportional to the scaled duration ¢, as can be seen from 


Table 4.1 Basic formulas of Fourier series and Fourier transform 


Fourier series Fourier transform 
(periodic function) (non-periodic function) 
fQ=> S cyeon fy=— | FUoel*do 
. 2 n=— 00 " 2n J- ok 
2 T/2 co 
C= 7 | f(t)e Mrdt Va (ten sot 
To) ope F(jo) = __ fe dt 


C,= 6,6 F(jo) = |F(jo) e@ 
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Ac/2 


| | | >t > 


(a) 


aft) isto? 
e=1/3 
N-2 
i ToS > 
(b) 
4 f(t) s=1/6 ac/2 


(c) 


Figure 4.6 The changing of the spectrum as duration ¢ decreases. 


expression (4.4) and Fig. 4.6, i.e. the broken-line curve is lower and approaches 
zero, as T—0, and finally coincides with the horizontal axis. 

If we multiply the Fourier coefficients 1/2C, by period T and then let the 
period become infinite (T— oo), then the frequency interval w) = 22/T between 
the lines of the discrete spectrum approaches zero and the discrete spectrum 
will turn into a continuous spectrum of a non-periodic rectangular pulse of 
duration d. On the other hand the Fourier coefficients, being multiplied by 
period T; become non-dependent on the period and their magnitudes will not 
change, i.e. the envelope curve is not dependent on T and follows the expression 


a2 sin(a@d/2) 
F( o)= | ee | ae pce 
J “ie wod/2 


The above explanation is illustrated in Fig. 4.7. 

It is obvious that the above example of a rectangular pulse can be generalized 
to any other kind of non-periodic function. In this case it is always possible to 
choose such a 7; that 


T/2 


F(jo) = [- fine Mat | f(t)e J" dt. (4.22) 


-T/2 


— co 


The periodic function, which coincides with the above non-periodic function 
f(t) in the interval — 7/2, T/2 and is of period T will have the line spectrum in 
accordance with the equation 


1 1 [e . 
= f(the ™o" dt. (4.23) 
2 Tg 
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Figure 4.7 The transformation of a discrete spectrum into a continuous one. 


By comparing these two equations 4.22 and 4.23 one can conclude that the 
continuous spectrum F( jo) (4.22) of the non-periodic function, being scaled by 
1/T; is identical to the envelope of the line spectrum (4.23) of the periodically 
repeated given function: 


1 1 T “ ; 
5 On : Pogo { ore = F(jO)lo=noo: (4.24) 
From the above it also follows that the phase spectrum: 
ee 4 (3) | eee (4.25) 


Since the continuous spectrum is actually a line spectrum scaled by frequency 
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1/T; its measurement is in the unit of a function multiplied by a unit of time, 
as was previously mentioned. 


4.3.3 Symmetry properties of the Fourier transform 


Our objective in this section is to establish several of the symmetrical properties 
of the Fourier transform in order to use them in our further studies. Replacing 
e 4” in equation 4.13a by trigonometric functions, using Euler’s identity, we 
will get 


co 


F(jo) = " f(t) cos wt i-i| f(t) sin ot dt (4.26) 


— oc — co 


All the functions, cos wt and sin wt, are real functions of time, therefore both 
integrals in equation 4.26 are real functions of w. Thus, we may write 


F( ja) = A(@) — jB(@) = |F(ja)|e, (4.27) 

where 
A(@) = \- f(t) cos ct dt (4.27a) 
Bio) = | ° f(t) sin ot dt (4.27b) 

and 

|F(jo)| = VA2(o) + B2(o) (4.27¢) 
= 4.27d 
6(o) = tan! (4.274) 


Replacing w by (—@) shows that A(w@) and|F(jq)| are both even functions of 
w, and B(w) and $(@) are both odd functions of w. Let us now consider 
three cases. 


(a) Function f(t) is an even function of t 


As is known, an even function is symmetrical about the vertical axis, and an 
odd function is symmetrical about the origin. Since the cosine and sine are even 
and odd functions of t respectively, then f(t) cos wt is an even function and 
f(t) cos wt is an odd function of t. Therefore the integral of symmetrical limits 
in equation 4.27b is zero, 1.e., B(@) = 0 and 


F(jw) = A(w) = 7 f(t) cos wt dt =2 \ f(t) cos wt dt. (4.28) 
ae) 0 


With those results we may conclude that the Fourier transform of an even 
function is a real even function of m and the phase function in (4.27d) is zero 
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or 7 for all w. Replacing e /' in (4.13b) by trigonometrical functions, yields 


ce 


fpj=— [- F(ja) cos wt da tz | F(ja) sin wt do. (4.29) 


= ee — oc 


Since F(jm) is a real and even function of w, the second integrand is an odd 
function of @ which results in a zero imaginary part of equation 4.29. Thus, in 
this case 
1 foe} 
f(t= . A(q@) cos wt do. (4.30) 
0 

Comparing the equations 4.28 and 4.30, we may see that the arguments w and 
t might be interchanged, i.e., considering 


F(jt) = F(—jt) 


(since it is an even function) as a function of t, then its spectrum should be 
f(@) = f(—o) as shown in Fig. 4.8 (a and b). 


(b) Function f(t) is an odd function of t 


In this case the function f(t) cos wt is an odd function of t and f(t) sin wt is an 
even function of t. Therefore, the integral in equation 4.27a is zero, i.e. A(@) = 
0 and 


co 


F(jo) = — jB(jo) = — j2 | f(t) sin ot dt, (4.31) 
0 


ie., F(jm) is a pure imaginary and odd function of w and therefore $(@) is 


4 FG@) 
f(t 
v, ) Vid 
t >t 0 > oO 

(a) 

d FO af(@) 

: 2nV, 

0 >t t >t 

(b) 


Figure 4.8 Interchange between the function and its spectrum: (a) a rectangular pulse f(t) and its 
spectrum F (jo), (b) a rectangular pulse spectrum f(a) of the time sinc function. 


228 Chapter #4 


+2/2. The function F( jm) cos wt is an odd function of @, therefore the first 
integral in equation 4.29 turns into zero and 


fov= L | B(q) sin cot dt. (4.32) 
10) 


Tl 


The interchanging properties of the time function and its spectrum are applicable 
also in this case, i.e. consideration of the function 


F(—jt)= —F(jt) 
as a function of time yields its spectrum as f(a). 
(c) Function f(t) is a non-symmetrical function, i.e., neither even nor odd 


Any non-symmetrical function can be presented as the sum of an even and odd 
function, Le., 


F(t) = L(t) + folt)- 


However, 


F(—t)= £(t) — folt), 


which means that such a function does not obey either an even or odd function 
definition. Performing summation and subtraction of the above expression we 
obtain 


1 
LAO+A-O1, £(0=5L/O-f-91. 


; 1 
EN =5 


With this result of splitting a non-symmetrical function into two subfunctions: 
even and odd, we may prove that in this case F(jm) is a complex function, 
whose real part is even while the imaginary part is an odd function of «. Finally, 
we note that the replacement of w by — in equation 4.27 gives the conjugate 
complex of F( ja), 1e., 


F(—jo) = A(o) + jB(o) = F(jo), 
and we have 


F (jo) F (—jo) = F(jo)F( jo) = |F(jo) ? = A2(@) + B2(o). (4.33) 


4.3.4 Energy characteristics of a continuous spectrum 


If f(t) is a periodic function of either the voltage across or the current through 
a circuit, then (1/ Ty f?(t)dt is proportional to the average power delivered to 
this circuit. With a complex form of the Fourier series, applied to a non- 
sinusoidal function, we obtain 


1 (7 s 7. 
- | Pwoda= (). (4.34) 
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which might be interpreted as the sum of the powers of all the amplitude 
spectrum components of a given function™?. In accordance with the previously 
explained relationship between the discrete and continuous spectra (para. 4.3.2), 
we can easily obtain an expression similar to equation 4.34, but for the non- 
periodic function f(t). For this purpose we first multiply equation 4.34 by T 
and replace (1/2)C,, by (1/T)|F(jo)| 


O=1®o* 


| f?(t)dt _ 5 |F (jo) hing (4.35) 
0 T 


Now, when T= 00 and nw) = a, then 


daw 


= 
2n 


n>oo 


1 @ o/n 


T Qn 2n 


and replacing the sum in equation 4.35 by the integral, we obtain 


2 1 1 (” 
: = «12 ee, «2 
im Y PIU 3-100 35 [evi doo. (4.36) 
or, finally 
co 1 CO 
| I?(t)dt = mn | |F(jo)?do, (4.37) 


This equation is a very useful expression known as Parseval’s theorem, which 
confirms the connection between the energy associated with f(t) and its 
spectrum. In other words, equation 4.37 shows that the energy of the signal can 
be calculated either by an integration over all the time of applying the signal in 
the time domain or by an integration over all the frequencies in the frequency 
domain. 

In accordance with this theorem, we are able to calculate the energy associated 
with any bandwidth of a given function by integrating |F(ja)|? over an appro- 
priate frequency interval, i.e., that portion of the total energy lying within the 
chosen interval, or energy density (J/Hz). In other words, the shape of |F(ja)|* 
gives the “picture” of energy distribution in the spectrum of a non-periodic 
function, as is shown, for example, in Fig. 4.9. For instance, 90% of the total 
energy of a rectangular pulse is concentrated into the frequency interval from 
@=0 to w= 2z/d. The narrower the pulse the wider the bandwidth interval, 
where most of the energy is concentrated. 

In the physical world, we may find examples of this phenomenon. For instance, 
a lightning stroke, which is of very short duration, produces observable signal 
frequencies over the entire communication spectrum from the relatively low 
frequencies used in radio reception to the considerably higher ones used in 
television reception. 


“)The above equation is also known by the statement that the power delivered to the circuit by a 
non-sinusoidal function is equal to the algebraic sum of the powers of all the harmonics, which 
represent this function. 
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+ |FGjo)| 


>o/f 


do/df 


Figure 4.9 The amount of energy |F(jat)|*da@ associated with f(t) lying in the bandwidth do. 


Example 4.3 


As an example of using Parseval’s theorem, let us assume that a 5 kV impulse 
of rectangular form, shown in Fig. 4.5(a), is applied to the input of an electrical 
circuit. Let us find the energy delivered to the circuit if R,,=1Q and the 
duration of the impulse t = 2 ms. 


Solution 


The Fourier transform of such an impulse in accordance with equation 4.20b 
is 


F (jo) = Vor Sa (5) 7 sin(wt/2) 


2 ot/2 ° 


which in this case is pure a real function. Using Parseval’s theorem, we have 


ee ; (Vor)? (%  (sin(wt/2)\? 
Wia= 5 | |F(j) do = on | ( ono ) do 


— 0 — co 


By changing the variable x = wt/2 we have dw = (2/t)dx and 


Vit [- (= *) 25-10°-2-1073 
W..=— dx = 
x Tl 


1 


3,142 =50 kJ™, 


Tl 


The same might be calculated straightforwardly 


1/2 
= 25-10°-2:10 7 =50 kJ. 


—1/2 


Wio= | v?(t)dt = 25-10°-t 


— 0c 


“The value of the integral in this expression can be calculated with computer programs like 
MATLAB, MATCAD or tables of integrals. 
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4.3.5 The comparison between Fourier and Laplace transforms (similarities and 
differences) 


As was shown in section 3.2 the one-sided Laplace transform is a function of s: 


F(s) = [foe nae, (4.38) 
10) 


where s is a complex argument with a real part c and an imaginary part a, Le., 
s=c+jo. It also was shown that the Laplace transform exists only if the 
integral in equation 4.38 converges, i.e., the function f(t) is restricted: 


[f(t)|< Me™ while a<c<o. (4.38a) 


The Fourier transformation is defined over the entire time and not just for the 
positive values of time. However, in the circuit analysis, as was previously 
mentioned, the forcing functions and their responses are usually initiated at t= 
0. Therefore, for such functions the Fourier transform (equation 4.13a) might 
be written as 


F( ja) = [foe ae (4.39) 
0 


Comparing the above two equations 4.38 and 4.39, we may find that, by 
assuming in the Laplace transform (equation 4.38) that c=0 and s= ja, both 
transforms are quite similar. However, the integral in equation 4.39 converges, 
if 


If(t)|< Me" while «<0. (4.39a) 


This restriction is stronger than equation 4.38a, and means that the given 
function f(t) does not exceed some exponentially decreasing functions. Some of 
the functions useful in circuit analysis do not meet this condition. For instance, 
functions such as unit functions, ramp functions, increasing exponential func- 
tions, and periodic functions belong to this category. For the function which 
does possess condition (equation 4.39a) we may find the Fourier transform by 
just replacing s by jm in the Laplace transform, 1.e., 


F( ja) = F(s)| (4.40) 


s=jo* 
This way of finding the Fourier transform or function spectra for most of the 
non-periodic functions is the simplest and most convenient one, i.e., for this 
purpose we can simply use the Table of Laplace transform pairs (see Table 3.1). 

The inverse Fourier transform (equation 4.13b) is also similar to the inverse 
Laplace transform 


f= = { © F(je"ds, (4.41) 
2nj J. 


— joo 


if we assume in equation 4.13b that c=0 and s=ja, which means that the 
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integration in equation 4.41 takes places on an imaginary axis. The restriction 
(equation 4.39a) also satisfies equation 4.38a, thus «<c in equation 4.38a also 
means « <0 in (4.39a), since c=0. Therefore, for all the functions which meet 
condition of equation 4.39a, we may use all the rules for finding the inverse 
Fourier transform by applying those derived for the Laplace transform in 
Chap. 3. Finally we should note that, for functions that do not meet conditions 
of equation 4.39a, we still may calculate their Fourier transform, however not 
straightforwardly (see further on). 


44 SOME PROPERTIES OF THE FOURIER TRANSFORM 


Keeping in mind the similarity between Fourier and Laplace transformations, 
a brief account of the properties of the Fourier transform will be given here 
(the proof is similar to that given in section 3.4 for the Laplace transform). 


(a) Property of linearity 
If f,(t) and f,(t) have Fourier transforms F,(jm) and F,(ja@) respectively, then 


F [AOD + fo(t)] = Fi (jo) + F(jo), (4.42) 


ie., the Fourier transform of the sum (difference) of two (or more) time functions 
is equal to the sum (difference) of the transforms of the individual time functions 
and conversely: 


FF, (jo) +F,(jo)] = F [Fi (jo)] + F "TF. (jo)] = fi() + f(t). 
(4.43) 


It is also obvious that for any constant K 

Kf(t)@ KF (jo). (4.44) 
The above properties are also known as superposition and homogeneity 
properties. 
(b) Differentiation properties 


Let us derive the transformation of the derivative of function f(t). If F(jq) is 
the Fourier transform of f(t), then 


df “ af 
Groot Ns jot 
F i = { e dt dt. 


Its integration by parts, u=e / and du = df, gives 


CZ df = — jot 
F ‘i = f(tje 


: tio] f(t)e dt = joF (jo), (4.45) 


—0o = 


since the first term in this expression gives zero for both limits t = + 00 (note 
that the given function, having a Fourier transform, must vanish to zero when 
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|t| > co). Thus, differentiating a time-domain function corresponds to the multi- 
plication of a frequency-domain function F(jm) by the factor ja. So we may 
write 
WN pins 
F A = joF (jo). (4.46) 
This result may be readily extended to the general case for derivatives of order 
n 


a"f ; 
F ea = (jo)"F (jo). (4.46a) 


For the one-sided Fourier transform in which the first term in equation 4.45 
turns into f(0), so in this case, we will have 


df 
F "| = joF (jo) — f(0), (4.46b) 


which is similar to the differentiation property of the Laplace transform (it is 
obvious due to the similarity between the one-sided Fourier transform and 
Laplace transform). 


(c) Integration properties 


Let G(ja) be a spectrum of an integral g(t) =f" of (t)dt. In accordance with 
the differentiation theorem, we may find that the Fourier transform of the 
function f(t) = dg/dt will be 


F (jo) = joG(jo). 


Thus, 
or 
eae, 
jo 
or 
ail fteyde} = PU) (4.47) 
a jo 


i.e., the integration in the time domain corresponds to the division by j@ in the 
frequency domain. For the one-sided Fourier transform this result will not be 
changed, since the integral from — oo to 0 turns into zero and the lower limit 
in equation 4.47 will simply be zero. However, in order for the function g(t) to 
be transformable, g(oo) must be equal to 0 (in other words, this requires that 
g(o)= Jef (t)dt = F(0)=0). If this condition is not satisfied, then the more 
general result is 


hf fen} = 
F fd} = at nF(0)5(c). (4.47a) 
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(More explanations and examples of using this result can be seen further on in 
the following sections.) 


(d) Scaling properties 


Next let us consider one of the most interesting properties of the Fourier 
transformation — the effect of changing the time scale of a function, 1.e. replacing 
argument t by a new one at, where a is some positive constant. If the given 
function is f(t), the time-scaled function becomes f(at). Taking the Fourier 
transformation of such a function, we have 


ce 


F< f(at)} = | flatye "dt. (4.48) 
By changing the variable 2 = at the differential dt becomes d//a and substituting 
this in equation 4.48, we obtain 


co 


E _l jeg: et 
Fisla)}=—| fe di=—F(j—). (4.49) 


From this relation we may conclude that the scaling of the variable t in the 
time domain results in a reciprocal scaling of the variable w in the frequency 
domain. In addition, there is a scaling of the spectrum magnitude F( ja) by 1/a. 

Scaling properties of the Fourier transform provide a mathematical justifica- 
tion for the phenomenon described in the preceding sections that shortening 
the duration of a pulse, i.e., expressing it in a larger scale (a> 1) as f(at), results 
in an a times wider spectrum F(ja/a) being expressed in a smaller scale w/a. 
Thus, for instance, a pulse f(t) which occurs from 0 to 1 s after scaling by a= 
5, transforms to a pulse of the same form which will occur from 0 to 1/5s 
(since f(t,) = f[a(t,/a)] where t,/a is a new time after scaling). The frequency 
spectrum F(j(@/5)) will be five times wider because of the new frequency scale. 


(e) Shifting properties 


As another significant property of the Fourier transform, let us consider the 
effect of shifting, or delaying, in the time domain. That is, let us find the 
transform of f(t —t) where t is a shifting constant. By defining a new variable 
of integration 2 = t —t in equation 4.13b, we have 


2n 


— co 


LP | eer las 
f(t-vj=— | F(joje" Pda = > e | F(jo)e’'da, 
1 


or 
F[f(t—1)] =e °F (jo). (4.50) 


The physical meaning of this result is that a delay in the time domain (the 
function f(t — t) is delayed t seconds in respect to f(t)) corresponds to a phase 
shift by — wt in the frequency domain. 
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(f) Interchanging t and @ properties 


Finally, let us consider once again the property of interchanging t and @ in the 
Fourier transform pairs. In the discussion about the symmetrical properties 
(section 4.3.3), we have already considered such an interchanging. Now let us 
show that this property is general and can be applied to any function f(t)- 
symmetrical and non-symmetrical. To prove this statement, we first change the 
sign of w in equation 4.13b and put the factor 1/27 inside the integral: 


[" 1 Cae {" F(—jo) _. 
f(yj= — F(—jw)e" i" d(—@) = e I'd. (4.51) 
2n 2n 


— co = 59) 


Secondly, we multiply both sides of equation 4.13a by 1/2 and change the sign 
of a: 


1 1 (% 
= F(—jo) = — f(t)el'dt. (4.52) 
2n 20 Jo 
Now, by interchanging t and in equations 4.51 and 4.52, we have 
@ F(-jt) _, 
f(o)= | PCIO | iotay (4.53a) 
see 28 
1 ; 1 (% 
— F(-jt) = — f(o)e"da, (4.53b) 
2n 20 J~ x 
or in short 
1 
3 Ft ef). (4.54) 
TU 


Comparing this expression with equation 4.15 we may state that, if the time 
function f(t) has as its spectrum the function F(jm), then the time function 
F(—jt) will have as its spectrum the function f(a). 

With the help of these properties, we can get a new set of transform pairs by 
simply using known ones. For instance by applying equation 4.54, with the 
results of Example 4.2 given in equation 4.20, we have 


T 

VY joal<=z 

12% . —jtr 0 lal<>5 
sin oo 

2n —jt 2 t 

0 lol> 5, 


or after taking —j out of sine: 


ae. inie 
tt 2 
Vot Sa 
2 0 T 
>= 
lol> >. 
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which means that the rectangular pulse in the frequency domain represents a 
spectrum of a sinc function in the time domain as shown in Fig. 4.8. 

Other properties of the Fourier transform may be readily derived in a way 
and manner used in connection with the Laplace transform due to the similarity 
between both transforms. The above discussed Fourier transform properties 
and some other important ones are summarized in Table 4.2. 


Table 4.2 Fourier transform operations 


Operation f(t) F(jo) 
1 Addition fit) 
pa x Fo) 
2. Scalar multiplication Kf(t) KF (ja) 


3 Time differentiation: 


d 
(a) two-sided transform 7A jJoF (jo) 
: d 
(b) one-sided transform qi joF (ja) — f(0) 
4 Time integration 
ioe} t F 0 
(a) | f(dt=0 finde ue) 
oo — co Jo 
t 
~ F (jo) - 
(b) f(ojdr 40 Lee io Ne 
5 Time-shift f(t#a) e*J°*F ( ja) 
6 Frequency-shift f(the* Jeo" F[f(o + @p)] 
: . . 1 o 
7 Time-scaling f(at) —F (i 2) 
a a 
; ae ; ds. 
8 Frequency differentiation (—jt)f(t) ik F(jo) 
; f(t) ere 
9 Frequency integration (jp F(ja)do 
J 0 
10 Convolution in time domain f(t) *f2(t) F,(ja)F,(jo) 
11 Multiplication in time domain 
1 
(a) by sine f(t) sin @,t cy (F[j(@ — @,)] —FLj(@+o,)]) 
J 
. : 1 : ; 
(b) by cosine f() cos a,t 7 FU@— a)] +FLj(o+a,)]) 


12  Parseval’s theorem | f?(t)dt ce |F (jo)? de 
a Te 


= 00 
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Figure 4.10 A pulse (a), its magnitude (b) and phase (c) spectra (d = 7). 


As an example of using Fourier transform properties let us derive the spectrum 
of the rectangular pulse shown in Fig. 4.10(a). This pulse is positioned at 
0<t<t and may be considered as shifting in respect to the pulse of Example 
4.2 (note that t= d). Therefore, in order to obtain its spectrum we shall use the 
time shifting property. With the results of equation 4.20 in Example 4.2, and 
using equation 4.50, we have 


2Vv a5 
Fi fsnigi(O} =# {F(t st = — "sin = e/2 


Thus, the magnitude spectrum (Fig. 4.10(b)) 


OMT 
|F(jo)| = Vor Sa, 


which is the same as in Example 4.2. The phase spectrum, however, will be 


T 
Y(o) = — 5 Q, 


which is declined lines changing from 0 to —z, as shown in Fig. 4.10(c), ie., 
taking into consideration the sign of sin(wt/2), we have 


T 2n _ OT 
¥o)= =, © for 0<@< — ua 


T 2n 4n _ OT 
F@)=—Zo+n for ‘ <o< sin 5 <0}. 


Our conclusion from this example is that time shifting does not influence the 
magnitude spectrum of the function, but changes its phase spectrum. 


4.55 SOME IMPORTANT TRANSFORM PAIRS 


For our future study of the Fourier transform technique, we shall develop the 
Fourier transform expression for those functions frequently used in circuit 


238 Chapter #4 


analysis. For this purpose we will do it either straightforwardly, using equations 
4.13, or by applying the Fourier transform properties listed in Table 4.2. 


4.5.1 Unit-impulse (delta) function 


As we have already discussed in the previous chapter, the unit-impulse or delta 
function is defined as a time function which is zero when its argument is less 
or greater than zero and which is infinite when its argument is zero, while 
having a unit area, Le., 


6(t — to) = 0 t—tyo #0 (t# ty) (4.55a) 


[- O(t—ty)=1 t—tp=0 (t=). (4.55b) 


If the switching operation occurs at t = 0 (which always can be done by choosing 
to = 0), we have 


d(t)=0 t#0 (4.56a) 


04 
| A(t—t)=1 t=0. (4.56b) 
o- 
Multiplication of the delta function by a constant will not affect equation 4.55a 
and equation 4.56a, because the value of this function must still be zero when 
the argument is not zero and approaches infinity at t = 0. However, this multi- 
plication will change the integrals’ value in equation 4.55b and equation 4.56b: 


| Ao(t)dt = a. (4.57) 
This means that the area under the impulse is now equal to the multiplying 
factor, which is called the strength of the impulse. Following this rule we may 
interpret the multiplication of the delta function by any other function as 
follows: 


| ° f(t)8(t)dt = £(0), or (4.58a) 


— oo 


| f(t)0(t — ty)dt = f (to). (4.58b) 
In this case, therefore, the strength of the impulse is the value of that function 
at the time for which the impulse argument is zero. For instance, the strength 
of the impulse multiplied by sine-function f(t)6(t) = sin(wt + 60°) 6(0) is V3/2. 

This property of a unit impulse function is sometimes called the sampling 
property. The graphical symbol for an impulse, used commonly, is an arrowhead 
line erected at the moment of the time when the impulse is applied (Fig. 4.11). 


Transient Analysis Using the Fourier Transform 239 


KG) 


3(t) 


(b) 


Figure 4.11 Positive and negative impulses of different strengths are plotted at the time of their 
appearances (a), a spectrum of impulse function (b). 


The strength of the impulse is usually indicated by adjusting the arrow, as 
shown in Fig. 4.11(a). 

Now bearing in mind the above properties of the impulse function and using 
the equation for finding the Fourier transform, we obtain 


Fi{(t—to)} = IF e I'§(t—to) =e I (4.59a) 
and 
Fi 5(t)} = [- e Jt S(t) =e Jt] = 1, (4.59b) 
-0 1=0 
or 
F;(jo) = 1. (4.60) 


This function is shown in Fig. 4.11(b) as the straight line of a unit magnitude. 
Note that the spectrum of the impulse function is infinite, since it goes to 
infinity. The result of equation 4.59a may also be written as 


F {S(t — to)} =e 1% = cos wty — j sin wtp. (4.61) 
Therefore, the energy density of a delta function is unity: 
| F{5(t — ty)}|? =cos? wty + sin? wty = 1. (4.62) 


This result states that the energy (released in a unit input resistance) per unit 
bandwidth is unity at all frequencies. Since the impulse function has an infinite 
bandwidth, the total energy in the unit impulse is infinitely large (note that a 
unit impulse function is only a mathematical model of real pulse source functions 
which are, of course, bound). 

In order to find the reverse Fourier transform of a unit impulse spectrum, we 
shall use the property of the Fourier transform which states that there is a 
unique one-to-one correspondence between a time function and its Fourier 
transform. Therefore, we can say that the inverse Fourier transform of e /®° 
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is 0(t — tg), thus 


1 (7 Lo 
F {eI} = on | e 1° eI dw = 0(t — to), (4.63) 
T 


or in the symbolic way: 
O(t — ty)e 1%, (4.64) 
Next, by using the property of interchanging arguments t and @ in Fourier 
pairs, we may readily obtain from equation 4.64. 
ef°0' <> 275(w — Wo), (4.65a) 
which might be interpreted as a Fourier pair for a unit impulse in the frequency 


domain located at w= ,. By changing the sign of the pulse location w, to 
—Wpo, we obtain 


e 1°0'<+276(W + Wy). (4.65b) 
By letting w) = 0 we obtain 
1<276(), (4.66a) 
from which it follows that 
Ko2rK0(a). (4.66b) 


Thus, the frequency spectrum of a constant K function in the time domain is a 
2K strength impulse in the frequency domain. An interpretation of this result 
is that a d.c. voltage or current forcing function, whose frequency is considered 
as Zero, L€., Mp = 0, has its Fourier transform in accordance with equation 4.66. 

Although the time functions in equation 4.65 are complex functions of time, 
which are not appropriate in the existing world of reality, with their help we 
can obtain in a very simple way the frequency spectra of such important 
functions as sine and cosine. Thus, 


1. 
F {COS Wot} =F . (el! + a) = 10(W — Wo) + 10(M@ + Wo), (4.67) 


or 

COS Mot 1[0(M@ — Mo) + 6(@ + Wo) I], (4.68a) 
and similarly 

SIN Wpt< jx[0(@ + Wy) — 6(@ — W)]. (4.68b) 


The above expressions indicate that the frequency spectra of sinusoidal functions 
are given as a pair of impulses, located at w= + Wp. 

This result actually corresponds to the representation of a sinusoidal function 
by imaginary frequencies s+ jm , which was used in our previous study of 
circuit analysis for instance, in the symbolic or complex method. 
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f(t) 3 (d=0) 


I/d 2 (d<<d,) ‘¥(o) 


2nid 4n/d 6n/d 
(a) (b) (c) 


Figure 4.12 A short pulse (a) and its amplitude (b) and phase (c) spectra. 


Example 4.4 


Consider once again the rectangular pulse shown in Fig. 4.12(a). This pulse of 
a unit area (since d(1/d)=1) approaches a unit impulse when d-0. In accor- 
dance with the result of Example 4.2 (see equation 4.20b) its spectrum is 


F(ja) = =. sin —. (4.69) 


By approaching d—0 in equation 4.69, we will obtain the Fourier transform of 
the unit impulse: 


pj 


ao d/2 ee) 


Figure 4.12(b) shows the transformation of the spectrum (equation 4.69) into 
the spectrum (equation 4.70). The zero points of the spectrum, given for a sinc 
function (1) at k(2z/d) (k = 1, 2,...), move to the right along the frequency axis 
to higher frequencies (2) so that for d=0, the whole spectrum approaches a 
straight line (3). Note that the phase spectrum of the impulse function, applied 
at to =0, is zero. However, the phase spectrum of the impulse, applied at the 
time to, will be in accordance with equation 4.64, F( jw) =e /°'°, which gives 


Y(@) = —too. (4.71) 


Graphically it is a straight line having an angle of declination «o tan~ '(—to) 
as shown in Fig. 4.12(c). 


4.5.2 Unit-step function 


Our next consideration will be the unit-step function u(t). In the previous 
chapter we introduced this function, which usually indicates a switching or 
failure action. It is defined (Fig. 4.13) as 


0 t<0O 
t)= 4.72 
u(t) ‘ t>0, ( 2 
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u(t) 


7 >t >t 
(a) (b) 
Figure 4.13 A unit-step function: at t= 0 (a) and at t = tp (b). 
or 
0 t<to 
u(t —t)) = (4.72b) 
1 t>bt 


Thus, the unit-step function is zero for all values of its argument (time) which 
are less than zero (t<0) or less than to(t >to) (note that in both cases the 
argument (time) is just negative), and is unity for all positive values of its 
argument (t > 0) or (t > fo). In order to find the Fourier transform of the unit- 
step function, we must indicate that this function is the kind of function whose 
transform cannot be obtained straightforwardly. This happens because the 
integral in equation 4.13 is unbound, which means that the unit-step function 
does not approach zero as t approaches infinity. One common way of achieving 
the Fourier transform of the unit-step function is by representing it as a sum of 
a constant and a signum function (Fig. 4.14): 
1 1 1 
u(t) => [1 + sen({)] =; + 5 sent). (4.73) 


In accordance with equation 4.66 the transform of the first member in equation 
4.73 will be 26(w). As is known the second member in equation 4.73, a signum 


sen(t) a u(t) 


u(t) 


“1/2 sing(t) 


a 


Il 
SiS Sues Sheet 4/2 


-u(-t) 


(a) (b) 


Figure 4.14 A signum function (a) and a representation of a unit function by the sum of a constant 
and a signum function (b). 
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function, is defined as 


sent} = (4.74a) 
1 ¢t>0. 
or 
sgn(t) = u(t) — u(—t). (4.74b) 


The signum function can also be written as 
sgn(t) = lim [e” “u(t) — e“u(—t)]. 
c>0 


Factor e*“ is used here (as a convergence factor) to insure the approaching of 
unit step zero, as t gets very large (1.e., when t> oo). On the other hand, by 
approaching c—0, we are getting back to the originally given signum function. 


Using the definition of the Fourier transform, we obtain 


oO 10) 
F {sgn(t)} = tim] | e te Jot dt — | ere | 


e>0 (0) 0 


; —e tl! — et (0) ; — ja 2 
= lim - - =lim-—, ee 
co0 \C+j@|o c—jol_, co0C +0° jo 
Thus, 
2 
sgn(t)>—_, (4.75) 
jo 
and 
1 1 
F {u(t)} =F \> + +F4-sgn(t)¢ = nd(w) + —, 
2 2 jo 
or 
1 
u(t)720(@) + —. (4.76) 
jo 


The first term represents an impulse, in the frequency domain, of strength x 
occurring at w = 0. The second term is the same as the Laplace transform of a 
unit-step function in which s has been replaced by jo. 

The magnitude and phase spectra of the unit-step function are shown in 
Fig. 4.15. Note that the magnitude spectrum of a unit-step contains the harmon- 
ics of all the frequencies, however the energy density at the low frequency 
harmonics is much higher. When m—0 the magnitude spectrum and its energy 
approach infinity. In general, any unbound signal is characterized by an infinite 
amount of energy. 

Sudden spouts of d.c. or a.c. currents of industrial frequency (for instance by 
starting motors or short-circuiting) are similar to a unit-step function with a 
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a ‘P(@) 
Tt 0 @ 
0 > @ —n/2 
(a) (b) 


Figure 4.15 Magnitude (a) and phase (b) spectra of a unit-step function. 


high energy density at low frequencies. This is the reason that most interference 
occurs on low-frequency radio broadcasts (long waves) and are almost invisible 
on high frequencies (short waves). 


4.5.3 Decreasing sinusoid 
Such a sine function is defined as 
f(t)=e “ sin wot u(t), 


and its Fourier transform might be found as 


F(jo) = | e~“ sin wpte dt = Coartee (4.77) 
This results in magnitude spectrum 
|F(jo)| =2 (4.78) 
Ve + 0% —w’) + 4a?w? 
and phase spectrum 
iio bate= (4.79) 


e+o%—@ 
The curves of |F(ja)| and ‘,, are shown in Fig.4.16, where 
Cray = Jo? +a’. 


4.5.4 Saw-tooth unit pulse 


We can use the differentiation property to find the Fourier transform avoiding 
the straightforward integration of 4.13(b), which is in many cases extremely 
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Figure 4.16 A decreasing sinusoidal function (a) and its magnitude (b) and phase (c) spectra. 


difficult. Let us illustrate this method on the saw-tooth pulse, Fig. 4.17, where 
F( jo) represents the unknown spectrum of this pulse. After a single differentia- 
tion the saw-tooth pulse (a) takes the form (b). Now we add an equal and 
opposite impulse to the signal in (b) to cancel the appearing one. The result is 
the rectangular pulse remaining in (c). The second integration gives two impulses 
in (d), whose transform can be easily found, as (1/a)(1—e /®"). Hence, by 


a f(t) 
[ea es 
(a) F(jo) 
5 t 
i 
a + + 
(b) joF (jo) 


Figure 4.17 A unit saw-tooth pulse (a), its first differentiation (b), after adding a unit impulse (c) 
and after the second differentiation (d). 
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equaling: 


1 : : 
= (1 —@ 3%) = ( jo)?F(w) + joe 3%, 
a 


we obtain 


—14+(14+ joe" 


aw 


F(@) = 


This method, actually, is generalized because of the fact that any signal may be 
approximated as a piecewise-linear, in which case the signal reduces to impulses 
after two (or three) differentiations. 


4.5.5 The Fourier transform of a periodic time function 


Here we face the same problem, which we had in section 4.5.2 looking for the 
Fourier transform of a unit-step function. Any periodic function is, obviously, 
unbound, since it does not approach zero, as t approaches infinity. In order to 
obtain the Fourier transform of a periodic function we should distinguish 
between two cases: two-sided and one-sided transforms. The two-sided Fourier 
transform of a sinusoidal function, as shown in Fig. 4.17(a), has already been 
found in section 4.5.1 (see equation 4.68)]. 

However, in circuit analysis, the most frequently used forcing periodic func- 
tions are sinusoidal functions applied at t=0, shown in Fig. 4.18(b). In this 
case, we can define such a function as 


f(t) =sin wot u(t). (4.80) 


Using the Fourier transform property of multiplication by sine/cosine in the 
time domain (see entry 11 in Table 4.2) we have 


f(t) 


(a) (b) 


Figure 4.18 Sinusoidal function: (a) for both sides of the t-axis and (b) for only the positive side of 
the t-axis (t > 0). 
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1 
F{u(t) sin Mot} = ij (F.Li(@ — ©o)] — Ful j(@ + @o))) 


1 1 1 
-{ 10(@ — Wo) + tO(w + - ) 
xi OT ert ae 
Wo 
= 7 [ole — 0%) — (0 + Oo) + Gs 
Thus 
‘ ju Wo 
Sin Wp tu(t)<> = [d(w + Wo) — 6(@ — @)] + =—.- (4.81) 
2 Mo — @ 


Note that the second member on the right side of equation 4.81 might be readily 
obtained from the Laplace transform of the sinusoid by replacing s by ja: 


Mo Mo 


F {sin wot} = L {sin Wot}, = jo = (4.82) 


2+ 03|,= jo O9—@ 
The first member on the right side of equation 4.81 represents the switching 
property of the unit-step function. 

Table 4.3 gives the Fourier transform pairs for most of the familiar time 
functions encountered in circuit analysis. They may be used for finding the 
inverse transform of frequency domain functions, as was done for the Laplace 
transform method. 


4.6 CONVOLUTION INTEGRAL IN THE TIME DOMAIN AND ITS 
FOURIER TRANSFORM 


In the circuit analysis technique, applying Fourier transforms, the multiplication 
of two transforms (namely, the transform of the forcing function and the system 
function) is frequently used to obtain the transform of the response function. 
The inverse-transform operation must be performed to obtain the response 
function. In a similar way, as was shown in the previous chapter (with respect 
to the Laplace transform), we may state that the inverse transform of the 
product of two Fourier transforms is the convolution integral, i.e., 


hres(t) = FF (jo) F,(jo)} = fi(O* 0), (4.85a) 


where 


norrio~ | fceyatt—ode= | Si(t—Dfr(t)dt. — (4.85b) 


Two integrals given by equation 4.85b are the two forms of the convolution 
integral in a very general form. By using equation 4.85 we shall take into 
consideration the physically realizable properties of electrical systems. Thus, the 
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Table 4.3 Fourier transform pairs 


f(t) F (jo) 
1 (t) 1 
2 O(t — to) e io 
3 1 2n0(a) 
1 
4 u(t) m0(@) + — 
jo 
2 
5 sgn(t) = 
jo 
6 lot 2n6(cwo— co) 
= 1 
7 e “u(t) - 
a+jo 
8 t — at, (t) 1 
e “u 
(a+ joy 
9 sin Wot jao(@ + @o) — 0(w — ao) 
10 COS Wot tLO(w + Wo) + d(w — Wo) ] 
; jm. . Wo 
11 sin Wot u(t) = [6(@ + Wo) — 6(@ — Mp) + SG 7 
2 Mo — @ 
A : J@o 
12 COS Wot u(t) TLO(M + Mo) + 0(M — Mo) ] + GZ 2 
M5 — wr 
13. e- sin wot u(t) ees 
ete (a+ joy +o 
- a+ Wo 
14 e “cos @ot u(t) G@jer+ oe 
sin wt/2 
15 u(t + t/2) — u(t — 1/2) 
cot/2 


response of the system cannot begin before the forcing function is applied. Let 
us say that f(t) = h(t) is the response of the system, usually resulting from the 
application of a unit impulse at t= 0; (see section 3.6). Therefore, h(t) cannot 
exist for t<0 which means that in the second integral of equation 4.85b the 
integrand is zero when t <0 and the low limit of integration may be changed 
and the response function is 


ce 


Snes = Fi (t)* fo(t) = | Si(t = t)h()dc. (4.86a) 
0 

For the same reason, in the first integral of equation 4.85b, f,(t — t) = h(t — 1) 
cannot exist for t<t, which means that the integrand is zero when t—tT is 
negative. The upper limit in this integral, therefore, may be changed and the 
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response function is 


t 


Snes = fi(t)* fo(t) = | 


fi(a)h(t — t)dt. (4.86b) 


Before continuing our discussion of applying the Fourier transformation method 
in circuit analysis, let us consider an example of using the convolution integral. 


Example 4.5 


Using the convolution integral, find the output voltage v,(t) in the series RL 
circuit, if the input v;(t) is a rectangular voltage pulse of 6 V in amplitude that 
starts at t=0 and has a duration of 1 s (Fig. 4.19(a)). Assume that L= 5H and 
R=4Q. 

Mathematically the input voltage may be written as u,(t)=u(t)—u(t—1). 
The impulse response h(t) for the given circuit (Fig. 4.19(a)) might be evaluated 
as follows. Using the phasor method for analyzing circuits in the frequency 
domain or the so-called symbolic method (see further on), we obtain 


= 1 : 0.8 : 
“R+jolL  44+jo5 — 08+ ja’ 


H( ja) = Vis jo) = V; 


or, with entry 7 in Table 4.3, 
h(t) =0.8e° °*u(t). 


Now, applying the convolution integral yields 


v,(t) = o,(t)* h(t) = | 6[u(t —t)—u(t—t—1)][0.8e °8u(z)] de 
(4.87) 
or separating equation 4.87 into two integrals, we have 
Uo(t) = 4.8 | u(t —t)e °8u(t)dt — 4.8 | u(t —1—t)e °8u(t) dt. 


The first integral should be taken in the limits from 0 to t and the second in 


ail vit) y v,(t) 


¥ (t) R Vo(t) 


(a) 


Figure 4.19 The given circuit (a) and the input v;(t) and output v,(t) voltages (b). 
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the limits from t to t— 1. Thus, 


t 
4.8 | e 9dr = 6(1—e 8) 0<t<l 
0 

Vo(t) = 


1-1 
—48 | e °8tdr = 6(e°8 — 1)e 8% =7.35e 8 1>t>0. 
t 


This function is shown in Fig. 4.19(b). 


4.7 CIRCUIT ANALYSIS WITH THE FOURIER TRANSFORM 


As we already know, the Fourier transform extends the Fourier series to a non- 
periodic function transforming the discrete spectra into continuous ones. 
Therefore, we can state that the Fourier transform represents the non-periodic 
function as an infinite sum of the harmonics, i.e. periodic functions possessing 
vanishingly small amplitudes. Therefore, we may apply the phasor concept and 
symbolic (complex) method used for steady-state analysis of the circuits driven 
by sinusoidal forcing functions. 

Thus, considering the general circuit of Fig. 4.20 in the time domain we will 
obtain a differential equation, which describes the relation between the input 
(forcing) voltage v,(t) and the output (response) voltage v,(t): 

dv,(t) d?v,(t) dv;(t) d?v;(t) 


Ag Vo(t) + ay a + ag Ie +: = bop;(t) + by rT, +b, 72 


(4.88) 


Taking the Fourier transform of both sides of equation 4.88 and using the 
differentiation and linearity properties, yields: 


[ag + 4( jo) + a,( jo) + -]V,( jo) = [bo + 5 (ja) + bo( jo)’ ++] V;( jo), 
(4.89) 


where V;(jm) and V,(j@) are the Fourier transforms of the input and output 
functions v,(t) and v,(t). From this result we may write 


Vo(J@) _ bo + bi (jo) + bajo)” + 
Vi(jo) dy + a, (jo) + ay( joy +-- 


: 


Figure 4.20 General passive circuit. 


H(jo) = 


(4.90) 
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where H( jo) is identified as a network or system function (usually as an impulse 
response). 

This is exactly the same result as would be obtained by the application of 
the phasor method and analyzing the circuit of Fig. 4.20 in the frequency 
domain. Note also that the same result could be achieved with the Laplace 
transform simply by replacing s by jw, in an expression like equation 3.58 in 
the previous chapter. Therefore, the above conclusion allows us to apply all the 
methods based on the phasor concept, using the impedances Z( jm) and admit- 
tances Y( ja) for finding the quantity H(jq@) and solving other problems which 
relate to the Fourier transform. The only difference is that here the forcing 
functions, inputs, and the response functions, outputs, are Fourier transforms 
rather than phasors. This means that in the time domain the forcing functions 
and the responses are arbitrary (any) non-periodic functions rather than sinu- 
soidal functions. In conclusion, just as the use of phasor (symbolic) transforms 
simplified the determination of the steady-state sinusoidal response, the use of 
Fourier transforms of various forcing functions can simplify the determination 
of the complete response of both the natural and forced components. The reason 
for this is quite simple: in both techniques, the differentiation in the time domain 
is represented in the frequency domain by multiplication by the factor ja; and 
similarly integration is related to division by the factor jw. By these means, 
relatively complicated differential and/or integral expressions are reduced to a 
relatively simple algebraic function of a. 

The next step in Fourier transform analysis is to find the time-domain 
description of the response transform for which we must evaluate an inverse 
Fourier transform technique. Some of the methods of this procedure will be 
developed in the following chapters. With the above remarks in mind, let us 
now consider some specific analysis problems. 


Example 4.6 


Let the decreasing exponential voltage v;,(t)=e “u(t) be applied to a given 
circuit and be related to the output voltage v,(t) by the equation 


dv, Si 4 
dt + U4 = WVin- 


Transforming the equation into the frequency domain using the Fourier tech- 
nique, we have 


(jo + 3)Vo( jo) = 3Vin( jo), 
and the transfer function is 
V,(jo) 3 
Vijo) 3+jo 


H(jo) = 
According to Table 4.3 the Fourier transform of the applied function will be 


Vin( Jo) = 


5+ jo 
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Therefore, the transform of the output voltage is 


3 


V(ja) = H(j@)Vin( jo) = (3 + jon(5-+ fon)’ 


By partial fraction expansion (see section 3.7) we obtain 


1 
34+ jo  5S+4+ja 


V,(jo) = 4.5 
By using the linearity property of the Fourier transform and the table of Fourier 


transform pairs, we have 


v,(t) = 4.5(e >* — ee u(t). 


4.7.1 Ohm’s and Kirchhoff’s laws with the Fourier transform 


Supposing that V;,(jm) is the Fourier transform of voltage v;,(t), applied to the 
one-port circuit having the impedance Z( ja), we may find the Fourier transform 
of the input current as 

Vin( jo) 

Z(jo) 


Tin(J@) = = Y(jo)V;,( jo). (4.91) 
This expression may be presented as Ohm’s law in Fourier transform form. 
For two-port circuits the input/output quantities might be found if the spectral 
characteristics of the transform coefficient K(jm) or the transfer admittance/ 
impedance Y,,(j@)/Z,(j@) are known. 
Then the transform of the output voltage will be 


V2(j@) = Ky, (jo)V, (jo), (4.92a) 
or the output current will be 
1,(j@) = Yo: (j@)V (Jo). (4.92b) 


Note that these two expressions are similar to Ohm’s law in Fourier trans- 
form form. 

In a similar way, using the phasor method, Kirchhoff’s laws’ equations can 
be written and analyzed. 


4.7.2 Inversion of the Fourier transform using the residues of complex functions 


The inverse Fourier transform for the above expressions can be found with the 
help of the residues of complex functions. Thus, if the Fourier transform of the 
given function is of the form (like in 4.91) we have 


F, (jo) | : : F, (ja,) ei? =3 3 F, (ja,)ei?" 
F,(jo) k=1 d J =4 d > 
Pe ——~ F (jo) 


dja do = 


(4.93a) 
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where «, are the roots of the equation F,(jm)=0. If the expression in the 
denominator is of the form F,(j@) = jaF3(jm), which means that F,(ja) has a 
Zero root Wy = 0, then the inverse Fourier transform will be 


F, (jo) ; _F(0) — F, (jo, )ei" 
joF;(jo) F,(0) 4 | d 
Mx 


as Fs( io) 


(4.93b) 


O=O, 


These formulas (equation 4.93) are useful for cases in which a voltage/current 
source is applied (at t = 0) to the circuit with zero initial conditions. Note that 
for such circuits all the voltages/currents for t<0 are zero, which means that 
a one-sided Fourier transform is used: 


F (jo) = [foe ie 
0 


Formulas such as those in equation 4.93 are sometimes called “switching formu- 
las” since they are used when the circuits are switched to different sources, i.e. 
for t>0. 
Example 4.7 
The T-circuit, shown in Fig. 4.21(a), is connected to the d.c. voltage source at 
t=O. Find the current i,(t) using a switching formula. 
Solution 
The transfer admittance of the circuit is 

1 1/jaCc 1 

1 1 2R+j@R?C’ 
R+R/— R+— : 
joc joc 


Yo1( jo) = 


Therefore, since the Fourier transform of the input voltage is V/jw, we have 


V 
I,(j@) = Y5,(j io) = : 
2( ja) 21 (j@)V( joo) jo(2R + joR2C) 
i,(t) R R Vv Aly 
r = OR ! 
v rnc) ! 
! >t 

0 5c 

(a) (b) 


Figure 4.21 T-circuit (a) and the waveform of the current (b). 
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(a) (b) 


Figure 4.22 Input voltage waveform (a), a given circuit (b), and an input current waveform (c). 


In this expression, in accordance to equation 4.93b, F;(jm@)=2R + jw@R?°C, 
F3(j@) = jR?C and the root w, = j2/RC. Thus, 
2 


eo we V 2 
i,(t) = = te Re” 
(= aR * FQ/ROUR?O) A : 


This waveform of the current i,(t) is shown in Fig. 4.21(b). 


Example 4.8 


A rectangular pulse of voltage, Fig. 4.22(a), is applied to the series RL circuit 
shown in Fig. 4.22(b). Find the circuit current. 


Solution 


The transform of the given waveform of the applied voltage may be found by 
using equation 4.20a for the rectangular pulse in the interval 0—d, ie. 


7 : 
V(joo) = (1 —e7H4), 

jo 
The transform of the circuit impedance is simply Z(jw) = R + joL = jL(@ — jé), 
where €=R/L then, with Ohm’s law, for the Fourier transforms in equation 
4.91 we have 

Vo(1 — e744) Vo 1 —e iad 

— Pol(o—jf)— L ow—jé) 


I(jo) 


or 


Vo 1 7 Vy e ied 
L o(@—jé) L o(@—jé) 


I(jo) =I'(jo) + I"(jo). 


The first part of the time-domain function i(t) is found by using the partial 
fraction expansion (first multiplying the given fraction by (jé)*): 
—@ 1 1 11 1 1 
Ears aa © tee : a ae _: 
(@)LIC(M—jo)] sm jel — je) jo Cot+jo 
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In accordance with Table 4.3 (the 5th and 7th entries) and taking into consider- 
ation that u(t) = ; sgn(t) + ;, we have: 


1 1 1) (t) 1 1 =e 
ed P 
jo 7 Sen ee E+ ja @ uN) 
Therefore, 
Yo 1 _ Yo _ay 1M 
i(t t u(t 1 st : 
i= — Z| -(uy—3) teen |= Ba-e 34 


The second part of the current i(t) differs from the first one by the sign and the 
shifting factor e 4°", therefore, 


Yo 1V% 
on, 1 — &(t—d) t d oat ee 
1 (t) R ( e )u( ) IR > 


and finally 
; Yo . ee 
i(t)=i(t)+i(t)= R [1 —e7 *)u(t) —(1 — ee * u(t — d)]. 
The same results might be obtained by using the switching formula of equation 
4.93b. We may write the first part of (jm) as 
Nh i 
L jo(w— je)’ 


I'(ja) = 
where F,( jo) = j, F3(j@) =o — jé and w, = jé. Then, 


: Yo Jj i) Vo _ 
i(t = = 1—e-“*), 
" les ig R| ) 


and for the second part we have 
Y : 
i"(t)=— - (1—e7 5-9), 


Therefore, 


Yo 
R 


i(t) [(1—e-*)-(1—e--)], for t>0. 


A plot of this waveform is shown in Fig. 4.22(c). 
In general, the time domain current according to equation 4.91 may be found 
as an inverse Fourier formula 


i) = 5 | ° Y( jo)Viq( joe! dav. (4.94) 


— co 
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Let us consider, for instance, applying a constant voltage source V, to any one- 
port circuit having the admittance 
COs @ sin y 


jo) = j —j F 4.95 
Y(jo) = G(@) — jB(a) |Z(ja)| / |ZGo)| (4.95) 


Using for the input voltage the integral notation of a unit function™? 


1 1/” sinat 
u(t) == + da (4.96) 
2 nj_, @ 
we have 

(1) = sin(wt — 9 

saint _, @lZ(jo)| 
“cosgsinat Vy [~ singcos at 

= srt olZ(ja)| = Jo wlZ(ja)| “” 


or with equation 4.95 


: G(0)Y wl sin wt Vo [ 7? COs cot 
i(t) = a ae G(o) da — — B(o) daw. (4.97) 
2 Tk Jo o 0 7) 


This expression is valid for any instant of time; however, the current in the 
given circuit should be zero for t < 0. Then for t > 0 i(—t) should be zero, which 
results in 


G(0)M%y Mw [* in oot Vo (* 
G(0)Mo Yo | Si ie! | (4.98) 
2 Tt Jo 7) Tt Jo 
By subtracting equation 4.98 from equation 4.97, we finally have 
: 2Vo | * sin wt 
itor = i(t) — i(—t) = — G(w) ——daw (for t>0). (4.99) 
it Jo a) 


This formula can be used for finding the one-port current when only the resistive 
(active) spectrum of the one-port impedance is known. Thus, if the resistive 
spectrum of the circuit is given, the most efficient method of calculating the 
input current is the Fourier transform technique. 


Example 4.9 


As an example of using this method, let us examine a simple circuit shown in 
Fig. 4.23(a). (This circuit may be considered as a first moment simplified equiva- 
lent circuit of a power transformer, which is a capacitor, C, connected to a 


“This presentation of a unit function is based on the known integral 


” sin ax 1/2 fora>0 
—dx= 
0 x —n/2 fora<0 
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v,(d v= —Vo (d.) 


(a) (b) 


(c) 


Figure 4.23 A given circuit (a), an applied voltage (b) and the waveform of the voltage across the 
resistance (c). 


cable transmission line, represented by its characteristic resistance, R (see further 
on in Chapter 7).) Assume that a pulse voltage of rectangular form, 4.23(b), is 
applied to this circuit and find the voltage across the cable. 


Solution 
We first should find the real part of the transmission coefficient for v,(t) 


R F joaCR (@CRY (wt)? 
R+1fjoc| | 1+joCR| 1+(@CRP 140” 


K,(w) =Re | 


where t= RC (time constant). By treating the voltage pulse as two constant 
voltages shifted by time interval t, we will have for the first voltage applied at 
t=0 


V) (* sin wot 2v) (@ (wt? sinat 
Kr() = da 
) 0 


2Vp 
, t = 
v(t) 1 1+(@tr ao 


By assigning x = wt we have w = x/t, dw = (1/t)dx and 


ee 2Vy | x sin(x/t)t Pe Wn _ 


nm Jo  14+x? a) 
The second part of the voltage differs from the first one by the sign and the 


shifting factor e /°4. Therefore, 
t—d 


v3(t)= —Voe = u(t—d). 


: : : oe : ° x sin ax 
“)The integral in this expression is tabulated integral: Bag 
0 x 
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Finally, we have 
2 aise 
v(t) = v5(t)+05(t) = Yo le tu(t)—e + ura}, 


A plot of this waveform is shown in Fig.4.23(c). 


4.7.3, Approximate transient analysis with the Fourier transform 


In previous paragraphs, we have introduced how to use the Fourier transform 
for solving problems in circuit transient analysis; but as we have seen, only 
simple problems can be analyzed using the Fourier method straightforwardly. 
The main difficulty is in the evolution of the inverse transform integral. 

However, the main significance of using the Fourier transform is in the fact 
that any impulse (such as signals in communication or lightning strokes in 
power systems) may be presented by its spectra and with the frequency character- 
istic of the circuit or system function (which usually is known) we can find the 
spectra of the system input or output response. Since there is a direct connection 
between Fourier transform techniques and sinusoidal steady-state analysis, the 
ratio of the phasor response to the phasor forcing function presents the transfer 
function or the system function 


F,(jo) 
F;,(jo) 


B., 
= K,;( jo) = A ee”, 


where A and B are the magnitudes and « and f the phase angles of the input 
and output phasor for each value of wm. Moreover, we may conclude that the 
phasor analysis of linear circuits, which is presented in introductory courses, is 
but a special case of the more general techniques of Fourier transform analysis 
being studied here. As it was previously shown, the use of Fourier transforms 
and system functions enables us to handle non-sinusoidal, non-periodic forcing 
functions and responses. In many cases, when the analytical expression of a 
system function is not known, there is the possibility of achieving it experimen- 
tally. In both cases, the system function is given either analytically or experimen- 
tally. To find the time-domain response, we must apply the inverse Fourier 
transform 


f= = | F(jo)e'do, (4.100) 


— 0 


where F( ja) may be presented, for instance, as a product of a forcing function 
V( jm) and a system function K(ja): 


F(jo) = Vin(JO)K,:( jo), 


However, in most practical cases, when the function is fairly complicated, the 
evaluation of an inverse Fourier transform can be extremely difficult. To find 
the time-domain description of the response function in such cases, we may 
apply approximate methods. 
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(a) Method of trapezoids 


One of these methods is known as the method of trapezoids. To use this method 
only the real part of the integrand function in equation 4.100 is necessary. To 
show this, we must first simplify the inverse Fourier transform expression of 
equation 4.100. Let us assume 


F (ja) = G(@) — jB(@) and e/®'=cos wt +j sin at. 
Then the integral in equation 4.100 will be 


f(t) 4 [G(@) cos wt 


<= . 


+ B(o) sin(wt)|do + j [- 


— ce 


[G(q) sin wt — B(@) cos(at)] io| ; 


The second integral in the above expression should be equal to zero, since the 
real-time function f(t) cannot include an imaginary part. This decision also 
follows from the fact that the integrand is an odd function of w (G(q@) is even 
and B(q@) is odd, therefore G(q) sin(wt) is odd and so is B(@) cos(mt)). With the 
same consideration, we may conclude that the integrand of the first integral is 
an even function of w. Therefore the first integral may be replaced by a double 
quantity of the same integral, but in limits of 0 and oo: 


f(o= z {" [G(@) cos wt + B(@) sin(wt)|do. (4.101a) 
0 


TT 


Furthermore, for the functions, which are zero, i.e. f(t) = 0, for t < 0 by changing 
the sign of t, we have 


1 co 
f(-th=- | [G(@) cos wt + B(a) sin wt]da. (4.101b) 
T Jo 
By adding equation 4.101b to equation 4.101a we obtain a simple expression 


for the inverse Fourier transform 


fio== | G(w) cos wt dw for f(t)=Ol,<o. (4.102) 
(0) 


T 


Usually function G(q) is finite for t=0 and G(w)—>0 for t> oo, then we can 
provide the integration of equation 4.102 by parts: 


@=00 oO dG 
— | sin wt 2) iol, 
oa=0 10) da 


2/°1 ; 2 ; 
fiy== | 7 Glo)dsin ot = =} Glo)sin ot 


T Jo € 


which finally gives 


F(t) 


2 (° dG 
| eer (4.103) 
(60) 


TH Jo 
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With this expression, we may find the approximate time-domain response, if 
the frequency response G(q) is known. 

Suppose the analytical or experimental curve of G(@) is known, as it is shown, 
for example, in Fig. 4.24(a). We then approximate the given curve G(w) by the 
piecewise-linear curve G(w) so that a series of trapezoids can be built, whose 
bases are parallel to the w axis, one side is perpendicular and the other is at an 
angle to the w axis. In such a way, we have obtained in the above example 
three trapezoids g,, g, and g3 as shown in Fig. 4.24(b), which by their summation 
give the approximate curve G(«): 


G(o) = Glo) = ¥. g,(o. 
is1 


Consider now a single trapezoid gj..), which is shown in Fig. 4.25. For such a 


a2(@ ) 


(b) 


Figure 4.24 Given curve G(q) (a) and its approximating trapezoids (b). 


+ G(o) 


Soi 


Figure 4.25 A single trapezoid of approximation curve G(). 
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trapezoid its derivative will be: 


dG(@) ° for 0<@<@;-—0; 
do | —go,/25, for o,-6,< a <a, +6;. 
Then the formula in equation 4.103 yields 
2 . (ord ; 
f(t)= = a I. sin wt da = — =a [cos(w; + 6;)t — cos(@; — 6;)t] 
Zoi; Sin ~w,t sin d;t 
=? , 
T at d;t 
and 
. 2 
f(t\)=¥ filt) = = ¥ goiw;Sa(w;t) Sa(0;t). (4.104) 

7 


The time response (equation 4.104) may be calculated using the tables of sinc 
function or with an appropriate computer program. It should be noted that the 
approximation of G(q) by several trapezoids gives in many practical cases good 
results. The method of trapezoids, actually, is a generalized method because of 
the fact that any signal may by approximated as a piecewise-linear, in which 
case the signal reduces to impulses after two (or three) differentiations. 


Example 4.10 


As an example of using this method let us assume that, at the time t=0, an 
exponential pulse Ye“, shown in Fig. 4.26(a), is applied to RL equivalent 
circuit, Fig. 4.26(b). Our goal is to find the voltage across the inductance, i.e., 
an output voltage. The Fourier transform of the output voltage may be found 
as 


V,( jo) = Vin( j@)K,;( joo). 


Here: 


(see 7th entry in Table 4.3) and 
joL jot 


K.(ja)= = 
oil J@) Rijel taser 


where t = L/R. The real part of V,( jm) then will be 


—@?t(1 + at) 


JOT : 
~ ° (a= wth + (w(1 + at)?’ 


CO) = Vola jany(1 + joot) 


The positive plot of this function, for a=1ms and t=5ms, is shown in 
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(a) (b) 


4 2(@) 


83 


(d) 


t, ms 


Figure 4.26 An exponential pulse (a), RL circuit (b), a positive plot of |V,(ja)| (c), the obtained 
trapezoids (d) and the resulting curves of the output voltage v,(t). 
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Fig. 4.26(c). This plot might be divided into 4 trapezoids, as shown in 
Fig. 4.26(d). Then in accordance with equation 4.104 and the data obtained 
from Fig. 4.26(d) the time-domain response of the output voltage can be calcu- 
lated, and the result is shown in Fig. 4.26(c), curve 1. Note that at the first 
moment the whole voltage applied to the circuit is transferred to the output: 
v,(0) = v;,(0), since the current, i(0), is equal to zero. 

This example is, of course, simple enough to use approximate methods and 
can be easily solved analytically, for instance with switching formula in equation 
4.93. (The result is 0.25-(5e ‘—e °**), which is also shown in Fig. 4.26(d), 
curve 2. However, we brought this example to illustrate the above method, 
which can be used for solving complicated problems using appropriate computer 
programs. 


Chapter #5 


TRANSIENT ANALYSIS USING STATE 
VARIABLES 


5.1 INTRODUCTION 


When the dynamic behavior of a circuit is under consideration, the equations 
representing the circuit, say in node or mesh analysis, are generally integro- 
differential. They can then be transformed into one scalar differential equation 
of the second or higher order. However, the differential equations of a circuit 
may also be written as a set of first-order differential equations, or when 
expressed in matrix form it results in a first-order vector differential equation 
of the form 


x = f(x, w, ¢), 


where x is a vector of unknown variables called state variables, w represents 
the set of inputs and ¢ is the time. 

The set of first-order differential equations written in such a form is called a 
state equation and the vector x represents the state of the network. State 
equations play an important role in the study of the dynamic behavior of a 
circuit. There are three basic advantages in using the state equations in this 
form. (1) There is an enormous amount of mathematical knowledge for solving 
such equations while the equations by themselves can be derived from formal 
topological properties of the circuit, using the matrix approach. (2) It can be 
easily and naturally extended to nonlinear and time-varying or switched net- 
works and is, in fact, the approach most often used in characterizing such 
networks and (3) it is easily programmed for and solved by computers. 

In this chapter, we shall formulate, derive and solve first-order vector 
differential equations, i.e. state equations. As before, we shall be limited here to 
linear, time-invariant circuits that may be reciprocal or nonreciprocal. On the 
other hand, this approach is applicable to circuits of any complicity, especially 
with computer-aided analysis. In this study, when using a computer is suggested, 
we are referring to the MATHCAD or MATHLAB programs which are also 
suitable for symbolic computation. 
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5.2 THE CONCEPT OF STATE VARIABLES 


Two general methods of circuit analysis are usually studied in-depth in introduc- 
tory courses in circuit analysis*), namely nodal analysis and mesh analysis. 
Both of these methods are very useful for resistive d.c. and RLC a.c. circuits in 
their steady-state behavior. The basic variables in these two kinds of circuits, 
node voltages and mesh currents, were constant quantities, 1.e. with no variation 
in time. Thus, the nodal and mesh equations in such circuits happen to be 
algebraic equations, without derivatives and integrals. However, node voltages 
or mesh currents when used as basic variables in transient analysis are expressed 
as a function of time. Therefore, the node and loop equations here are in general 
integro-differential equations of the second order. 

Consider, as an example, the circuit in Fig. 5.1, in which the inductor current 
and two capacitor currents may be expressed as 


1 t 
a= te ( (Vn — Un2)dt + Ip, (5.1a) 
2 J0 
dv dv, 
ne Taale, 7 an 
: C dvcs C dv y3 , 
a ge ae 


Figure 5.1 Circuit of the example for writing node and mesh equations. 


“See for example W. H. Hayt and J. E. Kemmerly (1998) Engineering Circuit Analysis, 
McGraw-Hill. 
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Then the node equations may be written by inspection of the circuit as: 


1 ft 1 [{t 
(G, + Gy)v,, + iz | v,4at — Te. | Up2ATt — Gy 0,3 = — ig, — Ip 
2 Jo 2 Jo 


if: dv, 1 ft 
~~ T. Uy, dt + Go Pn + Ca at — U,2dT — Ge 0_3 = Io 
2. 


(0) Ly Jo 


dv y3 - 
— Gy V_1 — Ge 0y3 + Cs a ise (5.2) 


Once these equations are solved for the node voltages v,,, v,. and v,3, the 
remaining variables are easily obtained. 

However, the presence of the integrals of unknowns in node equations 5.2 
causes some difficulties in the solution. The integrals can be eliminated by 
differentiating the equations in which they appear, but this will increase the 
order of the derivatives. An easier way of analyzing would be if we avoid the 
appearance of the integrals altogether. We note that an integral appears in the 
present example of node equations when the current of an inductor is eliminated 
by using equation 5.la. In a similar way, the integrals appear in mesh equations 
when the voltages of the capacitors are eliminated by substituting their v—i 
relationship. Therefore these integrals will not appear if we leave both the 
capacitor voltages and inductor currents as variables using a mixed set of 
equations, i.e. based on Kirchhoff’s laws. 

Let us illustrate this idea of using capacitor voltages and inductor currents 
as unknown variables in the same example of the circuit in Fig. 5.1. We may 
write three independent KCL equations for the nodes In, 2n and 3n, and three 
KVL equations for loops (meshes) indicated by the dashed arrows: 


iy + ipa +5 = —ig, 
—ipgtigtig =0, (5.3a) 
—iy tis —ig =i, 
Uzp2+ cq — V3 = 0, 
—Uc4 + U6 + Ves = 0, (5.5b) 
v3 —Ucs — 0, = 0. 

Substituting equation 5.1b for i, and i;, taking into consideration that 


L,(di,,/dt) = v,, and eliminating all branch voltages except for the capacitor 
voltages by using the v—i relationships, and after rearranging the terms, yields 


dvcs an : 
Cs =11 + 1g + Is1, (5.4) 
dt 
di 
2 = —v¢4 + Rais 
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Reis = Ucs—Uca (5.5a) 


1y +13 =1p2—Is1 (5b) 

Ri; — R3i3 = U¢5. 
These are six equations in six unknowns. However, we can reduce the number 
of equations that must be solved simultaneously. We note that equations 5.5a 
and 5.5b are algebraic, i.e., they contain no derivatives or integrals. They can 
be used to eliminate the rest of the unknown variables in (5.4) except v¢4, Ucs 
and i,,, whose derivatives are involved in these equations. The algebraic equa- 
tions 5.5a and 5.5b can be easily solved (the first one trivially) to yield 


. 1 1 
16 = ae ae 

S 1 Ry, Ry, 

= R, +R, Ves + R, +R; Ih2 Ri+R, Tey (5.6) 
R, R, 

i; = 


Si hie i on 
Rik Ree Ry aes © 


Finally, these equations can be substituted into equation 5.4 to yield, after 
rearrangement, 


dvcg 1 . 
Cy di R. Vea R, Vest lh2 
dves 1 RP Ree R: R, 
c v Ve5 + ipa +1, 5.7a 
Se Re °4 R(R, + Rs) 1 RL +R, 21 (5.7a) 
diz, R; m R3R, R,R; 
—=— 1% Ve i ae 
2H 4 RR, Ot R +R, R, +R, 


or in matrix form, after dividing by the coefficients on the left, 


1 1 1 
7 GR Ge oe 7 
d j Roe RoR R; 
dt “e CsRe CsRo(Rit+R3) Cs(Ri + Rs) hg 
Ih 1 R, RR, ha 
L, L,(Ri+R3) £2 (Ry + Rs) 
0 
1 
+ @ oe (5.7b) 
R,R, 
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The resulting matrix equation 5.7b represents three first-order differential equa- 
tions in three unknowns. It is called the state equation and the variables uc4, 
Vcs and i, are called the state variables. 

As can be seen, the advantage of this method is that no integrals appear, and 
subsequently no second derivatives occur as a result of the differentiation. The 
initial conditions, or initial state of the circuit, are the initial values of the 
capacitor voltages and inductor currents, which usually can be independently 
specified in the circuit, ie. their values just after t) are determined by their 
values just before to. This is the second reason for choosing capacitor voltages 
and inductor currents as unknown variables. 

Further advantages in describing the network by first-order differential equa- 
tions are: 


1) A simple systematic method for writing such equations can be formulated 
by using the graph theory. 

2) A systematic matrix solution may be applied for solving these first-order 
differential equations. It may be easily programmed for a numerical and 
symbolic solution with appropriate computer software. 

3) It is quite easy to extend the state-variable representation to time-varying 
and nonlinear networks. 


The concept of state variables, or just state, satisfies two basic conditions of 
circuit analysis: 
a) If at any time, say t), the state is known (which is the initial condition or 
initial state), then the state equations uniquely determine the state at any 
time t> ft) for any given input. In other words, given the state of the circuit 
at time fy and all the inputs, the behavior of the circuit is completely deter- 
mined for all t > to. 
b) The state and the input uniquely determine the value of the remaining 
circuit variables. 


Proof a) From the theory of differential equations we know that the initial 
values of the variables uniquely define, by differential equations, such as 5.7, 
the value of the variables for all t>t). In other words, the state (v¢(t), iz(t)) 
can be expressed by the state equations in terms of the initial state. 


Proof b) We may use the substitution (or compensation) principle, which states 
that in any linear circuit any voltage drop across a passive element, say the 
capacitance, may be substituted by an independent voltage source equal to this 
drop. In addition, any current through a passive element, say the inductance, 
may be substituted by an independent current source equal to this current. 
Hence, we will replace all the inductors by independent current sources whose 
values i,(t) are given by the found state variables and all the capacitors by 
independent voltage sources whose values are equal to the found state variables 
vc(t). As a result, we will obtain a pure resistive network in which any variable 
can be determined by any well-known method of resistive circuit analysis. 
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For example, let the desired output quantities be v, and v, in the circuit being 
considered in Fig. 5.1. Since v3 = R3i,; and v, = Rgi,, by multiplying the third 
and the first equations of 5.6 correspondingly by R3 and R,, we have 


R; a R,R3_, R,R3_, 
v2=— v 1 ly 
3 RR, C5 Rock, L2 Re 1 
V6 = — Veg t Ves, 


where vc¢4, Ucs and i, represent the voltage and current sources, which substitute 
the elements C,, C; and L, subsequently. The above expressions in matrix form 
are 


‘ 0 R; R,R; Uc4 _ R,R, 

|= Ri+R, Ri +R3|fves}+] Rit Ra [lind (58) 
v 
e =) i 0 ies 0 


This matrix equation is called an output equation. 
Both the state equation 5.7b and the output equation 5.8 equations may be 
written in compact matrix notation as 


x = Ax + bw (5.9a) 
y=cx+ dw, (5.9b) 


where x is the state vector, w is the input and y is the output vector. The 
meanings of matrixes, A, b,c and d, which are dependent upon circuit elements, 
are obvious from equations 5.7b and 5.8. 

Next, we shall consider the number of independent state variables that repre- 
sent the transient behavior of a network. 


5.3 ORDER OF COMPLEXITY OF A NETWORK 


As is known, node-voltage, mesh-currents, and mixed variable equations (based 
on Kirchhoff’s two laws) completely represent any electrical circuit. Recall that 
the number of independent node-voltage equations, i.e., number of independent 
Kirchhoff’s current law (KCL) equations, is B — (N — 1), where B is the number 
of branches and N is the number of nodes. These numbers are determined only 
by the graph of the circuit and not by the types of the branches, i.e. they would 
not be influenced if the branches were all resistors, or if some were capacitors 
and/or inductors. However, in resistive circuits driven by d.c. sources the node 
or mesh equations are algebraic, with no variation in time. On the other hand, 
when capacitors or inductors are present, the equations will be integro- 
differential. Hence, the question is how many independent variables represent 
the circuit in its transient (dynamic) behavior. We know that each capacitor 
and each inductor introduces a variable in such behavior since the v-i character- 
istic of each contains a derivative or integral. We also know that, for a unique 
solution of differential equations, the arbitrary constants have to be determined. 
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The number of these constants is equal to the number of independent initial 
conditions that can be specified in a circuit. It is also known that the number 
of initial conditions is related to the energy-storing elements, capacitors and 
inductors, and in general is equal to the number of such elements in the circuit. 
The exceptions are the, so-called, all-capacitor loops and all-inductor cut-sets. 
Consider the circuit shown in Fig. 5.2. There are five energy-storing elements, 
but in this circuit there is an all-capacitor loop, consisting of two capacitors C, 
and C, and a voltage source, and an all-inductor cut-set (see dashed line in 
Fig. 5.2) consisting of three inductors L;, Ly and Ls. In this case, the capacitor 
voltages and inductor currents will be restricted by KVL and KCL, namely 


Ve1 + U¢2 = Usg (5.10a) 


ipa tips = ig, (5.10b) 


which means that one of the voltages and one of the currents can be determined 
if the other is known. This also means that the initial values of both vg, and 
Vc, cannot be prescribed independently, nor can the initial values of all three 
currents i,3, ir4 and i,;. Therefore, each of the constraint relationships, such as 
equations 5.10a and 5.10b, reduce the number of independent variables. 

In other words, the order of complexity of any network equals the total 
number of energy-storing elements minus the number of all-capacitor loops and 
the number of all-inductor cut-sets. Thus, the order of complexity of the circuit 
of Fig. 5.2 is 5—1—1=3. Note that (1) all-capacitor loops may also consist 
of ideal voltage sources and all-inductor cut-sets may also include ideal current 
sources, and (2) only independent all-capacitor loops and all-inductor cut-sets 
are taken into account™?. 


Figure 5.2 Circuit with an all-capacitor loop and an all-inductor cut-set. 


“)The opposite situation, when the circuit consists of all-inductor loops and all-capacitor cut-sets, 
does not influence the order of complexity, but it influences the values of the natural frequencies, 
namely s=0. For more about all-capacitor loops/cut-sets and all-inductor cut-sets/loops see in 
Balabanian, N. and Bickart T. A. (1969) Electrical Network Theory, John Wiley & Sons. 
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Figure 5.3 Second order circuit. 


5.4 STATE EQUATIONS AND TRAJECTORY 


Consider the circuit in Fig. 5.3. Let us use capacitor voltage ve and inductor 
current i, as state variables. Applying KCL to node In and KVL to the right 
loop and outer loop, we obtain 


dv¢ : . di, z 
a —i,+i,, L dt = 0c — Ryi, (5.11) 
Ryi, + 0c = Vz, (5.12) 


Eliminating the non-desirable variable i, from equation 5.12 and substituting it 
into equation 5.11, after rearranging the terms, gives the state equations 


dv¢ 1 1. 1 
a On, O° ' CR 
(5.13) 
di, 1 R, 
Cae te 
or in matrix form 
dx(t) 
AO + bw), (5.14) 


where: 


vc(t) |, : 
x() =]. is a vector of state variables, 
i,(t) 


1 1 
CR, 
1 


is a constant 2 x 2 matrix, 
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1 
b= R, | is a constant vector, 
0 


w(t)=v,(t) 1s the scalar input, or input vector. 


For solving equation 5.14, the initial conditions of the inductor current and 
of the capacitor voltage have to be known. Thus, the pair i,(0) = I) and v¢(0) = 


Vo is called the initial state 
Io 
Xo = 5.15 
=|) | (5:15) 


—— = Ax(t) (5.16) 


is completely determined by the initial state equation 5.15. Thus, if we consider 
[i,(t), vc(t)] as the coordinates of a point on the i, — vc plane, then as t increases 
from 0 to co the point [i,(t), vc(t)] will trace a curve, which is called the state- 
space trajectory and the plane i, — vc is called the state-space of the circuit. It 
is obvious that the trajectory curve starts at the initial point (Ij, V)) and ends 
at the origin (0,0) when t = oo. Since v,(t) and i,(t) are the components of the 
state vector x(t), the trajectory defines it in the state space. The velocity of the 
trajectory (di, /dt, dv-/dt) can be obtained from the state equation 5.16. In other 
words, the trajectory of the state vector in a two-dimensional space characterizes 
the behavior of a second order circuit, 1.e., for every t, the corresponding point 
of the trajectory specifies i,(t) and v¢(t). 

As an example, three different kinds of trajectory, for: a) overdamped, b) 
underdamped and 3) loss-less, are shown in Fig. 5.4(d). Note, that in the first 
case, the trajectory starts at (0.7, 0.9), when t =0, and ends at the origin (0, 0), 
when t = oo. In the second case, the trajectory is a shrinking spiral starting at 
the same point and terminating at the origin. Finally, when the circuit is loss- 
less (which of course is an ideal circuit) the trajectory is an ellipse centered at 
the origin whose semi-axes depend on the circuit parameters L and C and the 
initial state [i,(0), vc(0)]. The ellipse shape trajectory indicates that the response 
is oscillatory. 

For suitably chosen different initial states (usually uniformly spaced points) 
in the i, — vc plane we obtain a family of trajectories, called a phase portrait, as 
shown in Fig. 5.5(a). 

As we have already mentioned, the state equations in matrix representation 
may be easily programmed to a numerical solution. Let us illustrate the approxi- 
mate method for the calculation of the trajectory. We start at the initial point, 
determined by the initial state x, [v-(0), i,(0)]’, and step forward a small interval 
of time to find an estimate of x at this new time. From this point we step 
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(c) (d) 


Figure 5.4 Waveforms for i, and vc in the second order circuits of an overdamped response (a), 
underdamped response (b), loss-less response (c) and state trajectories (d). 


(a) (b) 


Figure 5.5 State trajectories: phase portrait (a) and for Example 5.1 (b): 1) an approximation with 
At =0.2 s and 2) an exact trajectory. 


Transient Analysis using State Variables 275 


forward again and estimate x after another short interval of time and so on. 
The estimate of x at the new time is found by evaluating dx/dt at the old time 
using the differential equation 5.16 and estimating the new value of x by the 
formula 


dx 
Xnew = Xoid + At (5) , (5.17) 
old 


where At is the “step length”. This step-by-step method is known as Euler’s 
method. 

Essentially, we are using a straight-line approximation to the function in each 
interval. In other words, this method is based on the assumption that if a 
sufficiently small interval of time At is chosen, then during that interval the 
trajectory velocity dx/dt is approximately constant. Thus, the straight-line seg- 
ment, which approximates the trajectory on each step of calculation, is 


i) ae 
a dt const ; 


It is obvious that the approximation calculated in this manner reaches the exact 
trajectory when At approaches zero. In practice, the value of At that should be 
selected depends primarily on the accuracy required and on the length of the 
time interval over which the trajectory is calculated. Once the trajectory is 
computed, the response of the circuit is easily obtained by plotting each of the 
state variables uc, i, versus time. 

Example 5.1 

Let us employ Euler’s (first-order) method to calculate the state trajectory and 
capacitor voltage versus the time of the circuit shown in Fig. 5.3. 

Solution 

Let the values of the circuit elements be Ry =1Q, R,=1Q, L=1H, C=1F 
and the initial state be J, =1A and \y=1V. 


Then, substituting the above parameters in the matrix A, we have the state 
equation 5.16 as 

dx —-1 -l 

deta -1)” 


and the initial state is 
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Let us pick At=0.1s. Using equation 5.17 yields the state at 0.1 s: 


woof eof IEE) 


Next, we can obtain the state at t= 2At=0.2s: 


0.8 —1 —1]/ 08 0.62 
x(0.2) = +0.1 — : 
1 1 -1l 1 0.98 
From these two steps, we can write the state at (k + 1)At in terms of the state 
at kAt 


k+1)01 =(1 oi] 4! 1) kA he | kAt 
x[(k + 1)0.1]={ 140. i 4 x(kAt) = O1 09 x(kAt). 


In accordance with this formula the computer-aided calculation results are 
shown in Fig. 5.5(b). If we use At = 0.01, the resulting trajectory will coincide 
with the exact trajectory. 

In conclusion, the general recurrence formula for approximating the trajectory 
may be written as™? 


x[(k + 1)At] =(1 + At A)x(kAD). (5.18) 


5.5 BASIC CONSIDERATIONS IN WRITING STATE EQUATIONS 


In this section, we shall introduce a systematic method for writing state equa- 
tions. This method is based on the topological properties of the network and 
is called the “proper tree” method. However, we must first consider KCL and 
KVL equations based on a cut-set and loop analysis. 


5.5.1 Fundamental cut-set and loop matrixes 


As is known from matrix analysis, the matrix formulation of independent KCL 
equations is given by using the reduced incident matrix A. Recall that for any 
connected graph, having N nodes and B branches, A has N —1 rows and B 
columns. Thus, the set of N —1 linearly independent KCL equations, written 
on the node basis, has the matrix form 


Ai=0. (5.19) 


However, equation 5.19 is not the only way of writing KCL equations. It may 
also be done on the cut-set basis. A cut-set is defined as a set of k branches 
with the property that if all k branches are removed from the graph, it is 
separated into two parts. As an example, consider the graph shown in Fig. 5.6. 


“)For a more accurate approximation of the state-space trajectory, the Runge-Kutta fourth-order 
method can be used (see, for example in Bajpai, A. C., et al. (1974) Engineering Mathematics, John 
Wiley & Sons. 
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Cut-set C , 
- as - 
- oN 


(a) 


Figure 5.6 Two distinct cut-sets indicated by dashed lines. 


Two distinct cut-sets are shown by dashed lines, namely C, =(b3, bs, b,) and 
C, = (b,, b3, bs, b,). Recall now the generalized version of the KCL. By enclosing 
one of the cut parts of the circuit in the balloon-shaped surface, (see the dotted- 
dash line in Fig. 5.6(b)) we can write a KCL equation for this particular cut- 
set 


i, +i, -—ig tis =0. 
The number of such KCL equations is obviously equal to the number of distinct 
cut-sets. However, as we know, the number of independent KCL equations is 
N —1, where N is the number of nodes in the graph/circuit. Naturally, we are 
interested in writing linearly independent cut-set equations. For this purpose, 
we shall introduce the so-called fundamental cut-set. Choosing any tree in the 
graph, we define a fundamental cut-set as that associated with the tree branch, 
1.e. every tree branch together with some links constitutes a unique cut-set of 
the graph. Such a cut-set is shown, for example, in Fig. 5.7. As can be seen, 
removing the tree branch t; separates the tree into two parts 7, and 73. Then 
the links 7, and 7, together with twig t, constitute a unique cut-set. Indeed, 
removing any of the remaining links, even all of them (thin lines), cannot 


Figure 5.7 An example of a graph, tree and fundamental cut-set. 
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separate either 7, or 7; into two parts. Therefore, the above cut-set is unique. 
Obviously, each of the fundamental cut-sets is independent of any other, because 
each of them contains one and only one twig. Since the number of twigs in any 
tree is N — 1, we can write N — 1 linearly independent KCL equations following 
N —1 fundamental cut-sets. Note that the orientation of each fundamental cut- 
set is defined by the direction of the associated twig as shown in Fig. 5.7. 

We will next consider the oriented graph of Fig. 5.8(a). A chosen tree is shown 
by heavy lines, and four fundamental cut-sets associated with four twigs (since 
a given graph has five nodes) are marked by dashed lines. For the sake of 
convenience, we first number the twigs from 1 to 4 and the links from 5 to 7, 
and adopt a reference direction for the cut-set, which agrees with the tree branch 
defining the cut-set. Applying KCL to the four cut-sets, we obtain 


cut-set 1: i, +i,=0 
cut-set 2: i +ig +i, =0 
cut-set 3: i, —istis—i,=0 
cut-set 4: ig — 15 + ig = 0, 


or in matrix form 


cut sets twigs links i 
12 3 4 5 6 7 ly 0 
1 fl 000 0 0 Ife] |, 
2/0100 0 1 1 fif=], (5.20) 
3.0010 1 -1 -Ifis} |, 
4/10 00 1 -1 1 0 |i, 
ly 
6 Ot P 
Cut set 2 ‘ loop 2 
al i ae et < 


Cut set 1 re 


Airey 
(a) (b) 


Figure 5.8 Fundamental cut-sets for the chosen tree (dashed lines) (a) and fundamental loops (dashed 
lines) (b). 
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In general, the KCL equations based on the fundamental cut-sets may be 
written in the short form: 


Qi=0, (5.21) 


where Q is the fundamental cut-set matrix associated with the tree. The order 
of the Q matrix is (N — 1) x B, and its jk-th element is defined as follows: 


1 if branch k belongs to cut-set j and has the same direction 
dj‘ —1 if branch k belongs to cut-set j and has the opposite direction 
0 if branch k does not belong to cut-set j. 


Note that the fundamental cut-set matrix in equation 5.20 includes a unit sub- 
matrix of order (N — 1), which is the number of fundamental cut-sets and the 
number of twigs. Therefore, 


Q= [1 Qe], (5.22) 


where Q, is a sub-matrix of the order (N — 1) x @, 1.e. it consists of (N — 1) rows 
and of @ (number of links) columns. The fundamental cut-set matrix Q will 
always have the form of equation 5.22 because each fundamental cut-set contains 
one and only one twig and its orientation agrees with the reference direction of 
the cut-set, by definition. 

Next, we shall introduce the loop matrix. Mesh analysis, which is commonly 
studied in introductory courses in circuit analysis, is not the only method of 
writing a set of independent equations based on KVL. Another and actually 
more flexible method, which allows us to derive independent KVL equations, 
is based on the so-called fundamental loop. Every link of a co-tree (complement 
of the tree) together with some twigs, which are connected to the link, constitutes 
a unique loop associated with the link. Indeed, there cannot be any other path 
between two nodes of the tree, to which the link is connected. If there were two 
or more paths between two nodes of the tree, they will form a loop; this 
contradicts the main property of a tree. The set of fundamental loops is indepen- 
dent, since each of them contains one and only one link, i.e. every loop differs 
from another by at least one branch. Therefore, each link uniquely defines a 
fundamental loop. Hence, the number of fundamental loops is equal to the 
number of links, i.e. B—(N — 1). Each fundamental loop has a reference direc- 
tion, which is defined by the direction of its associated link, as shown in 
Fig. 5.8(b). 

So we use the fundamental loops to define B—(N — 1) linearly independent 
KVL equations. For the graph in Fig. 5.8(b), we may write the following three 
independent KVL equations: 


Loop 1: 03 + 04+ 05 =0 
Loop 2: —U,—03—04 + U6 — 


Loop 3: —v,—v,—03 +v,=0 
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or in matrix form 


vy 
loops twigs links 
1 2 3 4 5 6 7 
0 0 1 110 07° 7 
1 
v, |=] 0 (5.23) 
5/0 =1 «1 =106 2 0 
V5 0 
3/-1 -1 11001 
V6 
Va 


In general, the KVL equations based on fundamental loops may be written in 
the short form: 


By=0, (5.24) 


where B is the fundamental loop matrix associated with the tree. The order of 
the B matrix is “ x B, where 7 is the number of loops, and its jk-th element is 
defined as follows: 


1 if branch k belongs to loop j and has the same direction as the loop 
bjx§ —1 if branch k is in loop j and has the opposite direction 


0 if branch k is not in loop j. 


Note that the fundamental loop matrix in equation 5.23 includes a unit sub- 
matrix of order 7, which is the number of fundamental loops and also the 
number of links. Therefore, we can express B in the form 


B=[B:- 154, (5.25) 


where B, is a sub-matrix of 7 x (N — 1), Le. it consists of 7 (number of links) 
rows and of t= N —1 (number of twigs) columns. The unit matrix in B results 
from the fact that each fundamental loop contains one and only one link and 
by convention the reference directions of the fundamental loops are the same 
as that of the associated links. 

Let us think that twig voltages are a set of the basic independent variables. 
Since each fundamental loop is formed from twigs and only one link, the link 
voltage can always be expressed in terms of twig voltages. Therefore, the branch 
voltages in any circuit can be determined by twig voltages, when the latter ones 
are used as independent variables. Indeed, in accordance with equations 5.24 
and 5.25 


Vv, 
[B, 1) |-o (5.26) 


Wy 


where the branch voltage vector v is partitioned into two sub-vectors: v, and 
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v,, which are, respectively, the twig-voltage sub-vector and link-voltage sub- 
vector. Performing the multiplication yields 

B,v, + v, = 90, 
or 

v, = —B,y,. (5.27) 
This means that link voltages are determined by twig voltages. Obviously, we 
can write the twig branch-voltage sub-vector as 

Vv, = 1,¥,. (5.28) 


Combining equations 5.27 and 5.28, we have 


ells. . 
vy, = —B, Vi> (5. ) 


a{.% 5.30 
[5] ae 


which states that all the branch voltages in any circuit can be expressed in 
terms of twig voltages. 

Now, let us again examine the fundamental cut-sets. Since each fundamental 
cut-set is formed from links and only one twig, we can express the twig-currents 
in terms of link-currents. Therefore, using the link-currents as basic independent 
variables, we can always determine the all branch currents by the independent 
variables. After partitioning the branch currents into twig-currents and link- 
currents, with equations 5.21 and 5.22, we have 


or simply 


i, 
i 


L1, a3] |-o (5.31) 


t 


where i, and i, are, respectively, the twig-current and link-current sub-vectors. 
Then two matrixes in equation 5.31 can be multiplied to yield 


i, + Q,i, = 0, 
or 

i, = —Q,i;. (5.32) 
Combining equation 5.32 and the identity i, = 1,i,, yields 


| = | 7 al i (5.33) 
i, L, 


i= me i,, (5.34) 


or 
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which again states that all branch currents in any circuit can be expressed in 
terms of link currents. 

A useful relation between two matrixes Q and B can now be determined. 
Recall Tellegen’s theorem in the form 


vi=0. (5.35) 


By taking the transpose of v (equation 5.30), we obtain 


i, i at 
v=(| fe) al a =v'[1,—B?]. (5.36) 


After substituting equations 5.36 and 5.34 into equation 5.35 we have 


v7[1, -B?] | | i-=0, for all y, and all iy. (5.37) 
e 
Since v/ £0 and i, 40 then 
[1,—B?] | 7 | =0. (5.38) 
1, 
Performing the multiplication, we obtain the identities 
Q,= —B/ (5.39a) 
and 
B,= —Q!. (5.39b) 


This relationship between two sub-matrixes Q, and B, results from the fact that 
both fundamental cut-set matrix Q, and fundamental loop matrix B, give the 
topological relation between graph branches and fundamental cut-sets and 
fundamental loops respectively. Also, note that both matrixes Q, and B, come 
from the same tree. 

Replacing — B, by Q? in equation 5.30, we obtain 


1, ‘i 
v= Bi v,=Q'v,, (5.40) 


which can be interpreted as a matrix transformation of twig-voltages into branch 
voltages. Similarly, replacing — Q, by B? in equation 5.34, we obtain 


BP 
i=| *|i=pr, (5.41) 
1, 


which is a matrix transformation of link-currents into branch currents. 
Finally, substituting equations 5.40 and 5.41 into Tellengen’s theorem (equa- 
tion 5.35), we have 


v? QB'i,=0, for all v, and i,, (5.42) 
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which can be reduced to the following relation between the matrixes 
QB’ =0. (5.43) 


In conclusion, the following comments on loop and cut-set matrixes have to 
be made. The methods of circuit analysis based on loop and cut-set matrixes 
are more flexible, allowing more possible applications than the node and mesh 
analyses. So, as we remember, the mesh analysis based on mesh matrix M is 
restricted to the planar graph only, whereas the fundamental loop matrix B, 
based on tree, is applicable to any graph including non-planar, by means of 
allowing us to write a maximal number of linearly independent K VL equations. 

The concept of duality is usually applied (in introductory courses) to planar 
graphs and planar circuits by means of node and mesh terms. By now, we may 
extend this concept to fundamental matrixes B and Q, pertaining to non-planar 
graphs and circuits. So, the listing of dual terms can be extended as follows: 


Twig — Link, 

Fundamental cut-set — Fundamental loop, 

Twig voltage, v, — Link current, i,, 
Fundamental cut-set matrix, Q -— Fundamental loop matrix, B. 


Thus, two graphs, G, and G, having the same number of branches, are dual if 
the number of fundamental cut-sets of one of them is equal to the number of 
fundamental loops of the second and their Q and B matrixes are identical, 
namely 


Q,; =B,. 


5.5.2 ‘Proper tree” method for writing state equations 


Our aim now is to write the state and output equations in the form of equation 
5.9 


x(t) = Ax(t) + bw(t) (5.44a) 
y(t) = ex(t) + dw(t), (5.44b) 


where x is the state vector containing all the capacitor voltages and all the 
inductor currents, w is the input vector containing all the independent voltage 
and current sources, driving the circuit and y is the desired output vector. A, b, 
c and d are constant matrixes whose elements depend on circuit parameters. 
Equation 5.44a is a first order matrix differential equation with constant matrix 
coefficients. x is the first derivative of the state vector x, i.e. it consists of the 
derivatives of the state variables du, /dt and di, /dt. We note that these quantities 
are given by currents in the capacitors C(dv,/dt) and voltages across inductors 
L(di,/dt). To evaluate capacitor currents in terms of other currents, we must 
write cut-set equations and to evaluate inductor voltages in terms of other 
voltages we must write loop equations. Therefore, it turns out that we could 
do this if, using the concept of cut-set and loop analysis, we chose a tree which 
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Cut set 3 


2 BO 
ee, 
a py” Cutset 2 


(a) (b) 


Figure 5.9 A circuit of the example for writing state equations (a), the oriented graph and proper 
tree (b). 


includes all the capacitors but no inductors. Such a tree is called a proper tree) 
We can complete the proper tree if the number of twigs is larger than the 
number of capacitors by adding resistors and voltage sources. Thus, the induc- 
tors, the remaining resistors and possibly the current sources will constitute the 
co-tree links. 

Following this method, we may write a fundamental cut-set equation for each 
capacitor-twig, in which the capacitor current C(dv¢/dt) is expressed in terms 
of other currents. We may write a fundamental loop equation as well for each 
link inductor in which the inductor voltage L(di,/dt) is expressed in terms of 
other voltages. We shall also take into consideration that the basic variables in 
cut-set/loop analysis are twig voltages and link currents. Hence, we shall use 
the appropriate v—i relationships for resistive and active elements. Thus for twig 
resistors we use the form v, = Ri and for the link resistors i, = Gv. For the same 
reason we put the voltage sources into the twigs and the current sources into 
the links. (To fulfill these requirements, we can use a source transformation and 
shifting techniques.) At this point, let us illustrate the above description by the 
following example. For the sake of generality, we will divide the solution 
procedure into five steps. Consider the circuit shown in Fig. 5.9(a). 


Step 1 Choosing the state variables 


The circuit contains two capacitors and one inductor. Therefore, the state 
variables are vc, Vey and i,4, and the state vector is 


x= Uc2 . (5.45) 


Step 2 Choosing the proper tree 


“Tf a circuit contains an all-capacitor loop or an all-inductor cut-set, a proper tree does not exist. 
For such cases see in Balabanian, N. and Bickart, T. A. (1969) Electrical Network Theory, John 
Wiley & Sons. 
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The proper tree picked for the circuit, shown in Fig. 5.9(b), includes two capaci- 
tors and resistor R3. 


Step 3 Writing the fundamental cut-set equations 


These equations are written in such a way that the capacitor currents are 
defined by other link currents and/or current sources (if such are present), and 
the remaining currents are written in terms of inductor currents and/or cur- 
rent sources. 


tset 1: C dvc1 ; : 
-set 1: = —i5— 
. * dt = (5.46) 
dv 
cut-set 2: Cc,“ = ipa tis — 1, 
dt 
cut-set 3: G3v3 +i; =ip4. (5.47) 


Step 4 Writing the fundamental loop equations 


The loop equations are written in such a way that the inductor voltages are 
defined by other twig voltages and/or voltage sources (if such are present), and 
the remaining voltages are written in terms of capacitor voltages and/or voltage 
sources 


dip4 
Loop 1: Ly “dt. = Uc2 — v3 (5.48) 
Loop 2: — v3 + Rs is = Uc, —Uc2 (5.49) 
Loop 3: Reig = ve, — U5 
p 6 ° C1 : (5.50) 
Loop 4: Rji, = 0e2— V5.2 
The last two steps lead to state equations 
dv 
Cy ae = —I5 — I6 
dv 
C= —intis— (5.51) 
dit, 


Step 5 Expressing the right-hand side of the state equations in terms of state 
variables and/or inputs. In this example, currents i;, i,, i; and voltage v3 have 
to be expressed in terms of the capacitor voltages v¢,, vc, and the inductor 
current i,4. By solving equations 5.50, we have 


. 1 1 : 1 1 
6 Rp Yci~ p Ust> 71> pR_ ¥c2~ RU s2s 
6 6 7 7 


(5.52) 


equations 5.47 and 5.49 form a set of two algebraic equations of two unknowns: 
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ie ‘a | _ ae (5.53) 
G, 1J)Lis is 


Solving equation 5.53 yields 

Rs, 
~ T4+R,G, °° + 14R,6, °° * 14+R,6, “4 
G3 G3 i 1 
o-1-heG.  teRG. " 19 


v3 >= 


(5.54) 


Finally, equations 5.52 and 5.54 can be substituted into equation 5.51 to yield, 
after rearrangement and dividing through the equations by appropriate 
C1, Cz, Lg, 


1+ aR,G; aG3 a 
RoC, C, C, 

Uv, v, 
a| ~ aG; i4eRsG.  t=a\|| 
di | "| ~ G rman G ||"? 

‘LA a l-a aR; "14 

La iy a 

! 0 

ReoCy 
Vs4 
+ 1 ; (5.55) 
0 Us 
R,C, 
0 0 


where a= 1/(1 + R5G;). 

Note that state equations here are written in the matrix form of equation 
5.44a where the input vector (in this example) is w=[v,, v,2]7 and the meanings 
of matrixes A and b are obvious. 

Suppose now that the remaining branch variables, i.e. v3, is, i, and i, are a 
desired output. Then, using equations 5.54 and 5.52, we can express the output 
in terms of the state variables and the input as 


v3 —a a aR; 0 0 
: Vc1 
is aG, —aG, a 0 0 | 
gf | Ven | + . 
ig Rs 0 Off. —1/Re 0 Veo 
i 
i, 0 Rk, o {t+ CC 


(5.56) 


This is an output equation in the form of equation 5.44b, where the output 
vector is y=[v3 is ig i;]’ and the meanings of the constant matrixes are 
obvious. 


Transient Analysis using State Variables 


287 


Remark. The capacitor charges and the inductor fluxes can also be used as 
state variables. Then in the above example the state vector will be 


x=[ 


q2 Agl’, 


where q; = Cy 0¢1, 2 = Cr¥cz and Ag = Lyizy. 
Substituting ve, =4q1/C1, 0c. =4q2/C,y and i,=/,/L,4 in equation 5.55, and 


after simplification, we obtain 


1+aR,G; aG3 a 
RoC, C, L4 
q q1 
d aG; 1+aR,G; l+a 
dt| ? | ~ CG, RC, jaa | icon 
es a l-a aR; es 
C; Cz L4 
1 
— 0 
Re 
Us1 
+ 0 2a | | (5.57) 
R, Vs2 
0 0 


which is the state equation using the charges and fluxes as state variables. 

It is worthwhile mentioning that some other variables in the circuit may be 
used as state variables. For example, a current through a resistor in parallel 
with a capacitor or voltage across a resistor in series with an inductor can be 
treated as state variables. Also any linear combination of capacitor voltages or 
inductor currents may be used as state variables. This can be helpful in writing 
state equations when the circuit consists of all-capacitor loops or all-inductor 
cut-sets. The next step would be to solve the state equations. However, before 
doing so, we shall consider the general approach for deriving state equations 
in matrix form. 


5.6 A SYSTEMATIC METHOD FOR WRITING A STATE EQUATION 
BASED ON CIRCUIT MATRIX REPRESENTATION 


Consider a network whose elements are inductors, capacitors, resistors and 
independent sources. As stated, we assume that capacitors do not form a loop 
and inductors do not form a cut-set. We also assume that the network graph 
is connected and as a first step we will pick a proper tree. We can obviously 
include all capacitors into the tree branches, since they do not form any loop. 
Usually, it might be necessary to add some resistors and/or voltage sources in 
order to complete the tree. Then all the inductors will be assigned to the links. 
In the next step we shall partition the circuit branches into four sub-sets: the 
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capacitive twigs, the resistive twigs, the inductive links and the resistive links. 
For the sake of specifics, we shall use an example to illustrate this procedure. 

Consider again the circuit shown in Fig. 5.9(a). The circuit graph and the 
proper tree are shown in Fig. 5.9(b). The KCL equations for the fundamental 
cut-sets, in accordance with equation 5.31, are 


[1, Q,]} -- |=9, (5.58) 


where subvectors of twig and link currents are 


P Ic . I 
l=]. > W-|, 
Ig IR 


and ic, ig, i, and ig are in turn subvectors representing currents in capacitive 
and resistive (conductive) twigs and inductive and resistive links, respectively. 
In our example, these four subvectors are 


i 
=|], ig =Lies], in=Lizs], in=} iro (5.59) 
1c¢2 . 
TR7 
and the equation 5.58 becomes 
Iey 
Qez Qer lo 
SS A 
1 0 0; % 1 #1 0 ley 
Of 0 f =1 0 1/5, <8 (5.60) 
0 0 li-]: ] 0 0 Irs 
n—~ eee 
Qaz Qor = 
2 try 


The KVL equations may be written in the form (see equation 5.26) 


Vo 


[B, 1,]|--|=9, (5.61) 
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Vc VL 
vt = 2 Vy — 
VG YR 


are subvectors of twig and link voltages and Vc, Vg, V,, Ve are in turn subvectors 
representing voltages across the capacitive and resistive (conductive) twigs and 
inductive and resistive links, respectively. For the circuit in Fig. 5.9(a) the voltage 
subvectors are 


where 


Ups v,5 
Ve1 

Yo= | i: Ve=[e3], Yr=[¥ra], Vr=| Ure—Usre | =| Yo 
Vc2 

URT— UsR7 v7 


(5.62) 


where v, rR, represents v,, and U,g7 represents v,,. The K VL equation 5.61 becomes 


‘ : Voy 
—~— < Veg 

0 -l 1:1 00 0 
A ds S14 ws OS 

: . Fee o 1 oll =o (5.63) 

Vrs 

0 -L 10 0 0 1 
eY-——_ —— Ve 

Brc Brg 


Note that B,= —Q?. 

Next we shall use the v-i, or i-v characteristics to introduce branch equations. 
We will employ the concept of a generalized branch, i.e. combining passive and 
active elements together. However, we must now take into consideration four 
different branches: two for twigs and two for links, as shown in Fig. 5.10. As 
was mentioned earlier, we shall assume that the voltage sources are located in 
the link branches and the current sources are located in the twig branches. 
Therefore, in matrix form we have: 


capacitor twigs ic = C —ve + ic 


dt 
(5.64) 
inductor links v,=L i in + Vor 
resistor twigs ig = Gvg + ig 
(5.65) 


resistor links Vp =Rigt Ver 


where the matrixes C, L, G and R are the branch parameter matrixes; namely, 


290 Chapter #5 


+ + 
Vic ig Ip 1 
+ a R L 
Vo aS inc Vg ic (Oe VL 
Cc 
= = Vs VsL 


(a) (b) () (d) 


Figure 5.10 Generalized branches with independent sources: twig capacitor (a), twig resistor (b), 
link resistor (c) and link inductor (d). 


the twig capacitance matrix, the link inductance matrix, the twig conductance 
matrix and the link resistance matrix, respectively. Note that C, L, G and R 
are square diagonal matrixes, but if the circuit consists of coupled elements 
(mutual inductances and/or dependent sources), L, G and R might not be 
diagonal any more. For the example in Fig. 5.9 


Cc I‘ "| L=[E4] (5.66) 
is rae 27 (a 
Rs 0 
G=[G,], R= Re (5.67) 
0 R, 


The vectors Vr, Vsz, and i,g, ic represent the independent voltage and current 
sources, which in the present example are 


Vsr =| Usi |>  Vsx 0 ’ ig 0, Ic 0. ( 5.68) 


Equation 5.64 can be rewritten to yield 


d —_— d. 
Cee Ee ee as (5.69) 
To bring these equations to the form of state equations, we must eliminate the 
variables. For this purpose, we shall solve the KCL equation 5.58 and KVL 
equation 5.61 equations together with the branch equations 5.64 and 5.65. 
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Equations 5.58 and 5.61 can be rewritten as 


ic i, Qc: cal 

=a -_ 5.70. 
i oe i pe Galt i eee 
Je-afe-(e SI] om 
Vr VG Bro Bret} Lve 


where in the following solution matrixes Q, and B, are partitioned into submat- 
rixes. The order of each of the submatrixes in equations 5.70 is determined by 
the number of twigs (which is the number of rows) and by the number of 
corresponding links (which is the number of columns) in equation 5.70a and 
vice versa in equation 5.70b. For example, the number of rows in Q;,, (equation 
5.70a) is equal to the number of capacitor currents in ic (capacitor twigs) and 
the number of its columns is equal to the number of inductor currents in i, 
(inductor links). It can also be shown that there are simple relations between 
Q, and B, submatrixes, namely 


Bic= —Qér, Brg= —Qer, Bro= —Qér, Bro=—Qér- (5-71) 


The undesirable variables i, and v,; in equation 5.69 can now be expressed from 
equation 5.70 to yield 


and 


ic = — Qcri, — Qcriz (5.72a) 
Vi = — BrcVc — BreVe; (5.72b) 


and after substituting these two expressions into equation 5.69, we obtain 


oe Qerit — Qcrir = isc 
(5.73) 
d, 
ee a BrcV¥c — Bre VG — Ysi- 


However, we still need to eliminate ig and v,. Substituting ig and vp from 
equation 5.70 into equation 5.65, and after rearrangement, results in two simulta- 
neous matrix equations in two unknowns ig and vg, 


Rip + Begv¥g =M (5.73a) 
Qerig + Gro =N, (5.73b) 

where 
M = —Bac¥co—Vyr and N= —Qorir — ig (5.74) 


Solving these two equations by the substitution method yields 
ig = R.,'(— BrgG 'N + M) (5.75a) 
Vg = Ge'(— QgrR'M +N), (5.75b) 
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where 
R,,=R— BrcG ‘Qcr (5.76a) 
G,,= G— QerR 'Bag.- (5.76b) 


Finally, we substitute equation 5.75 with equation 5.74 in equation 5.73 to 
obtain, after rearrangement, the state representation is follows 


7a ese beara 
elie) LO TB) LAL Ala 


v u J 


A A! 
ic 
C 0]-'[bi, bit, bi; bi i, 
+| | | 11 12 13 “| G (5.77) 
0 L b3, b3, b33 b34 Vs 
b b! VsR 


where the matrix terms are 


Ait = Qer Rz,' Brc Alp = Qc - QcrR.,' BrgG 'Qer 


1 -1 1 -1 -1 (5.78) 
Ado = Big G., Qe Aor —— Brc— Bre G., QerR Brc 
bi, =-—1 bis Sa QerRz,' BrgG : bi; =0 bi, = QcrR.,' 
b3, =0 b}, = Bi¢G.,' b33 =—1 bh, = —B,¢ Gey! QerR. 
(5.79) 


Let us now use the above expressions to calculate the A and b matrixes in our 
example. 
First we determine the submatrixes of the Q, matrix 


6. o ob 1.6 
o,| oe le {i \=t © a, 
ae ae i: t © 6 


Then with equation 5.76 and equation 5.71 we have 


1+ R;G 
Rs 0 1 EBs 0 O 
1 G3 
a Me lel oo . we 
: 0 0 R, 
aG, 0O 0 i 


R,,'=| 0 1/Rs 0 |, where again a= 


LER-G, 
0 0 1T/R, 
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1/R,; 0 0 
Te ReG. 1 
G.,=[G3]+[1 0 OJ} 0 1/R, 0 0 |= = 
Rs aR; 
0 0 1/R,|} 0 
G,,' = [aRs] 
aG; 0 —1 +1 
i -|! 1 A i i: 4 
oll) ee es ae . 


1/R,|| 0 —1 
_ nee —aG; | 
Sa «GR: 

Aj, =[1][aRs ][—1] = —[aRs] 


ace, © Oh 24 
Al,= | | 1 OF Gg 1/Re 0 6 vere 4 
12. 1 | 0 1 6 3 


0 oO. 41/R,|} 0 


Re CO ® |i 
Aj, =—[0 -1]—[1][¢Rs][1 0 0]] 0 1/R, 


=[a (1-a)] 
Cc, 0 oO} |i/c, oO 0 
Cc 0 = 1 / 1 
7 =|0 Cc, 0 =| 0 I1/C, O 
0 0 L, 0 0 1/L, 
Therefore the A matrix is 
1+ R,aG; aG3 a 
a=[5 te a aG; 1+ R,aG, l-—a 
~ L064 AL, Al] C RC, CG. 
a l—-a aR; 
Ly Ty Ly 


which agrees with the results previously obtained (see equation 5.55). 
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To find the b matrix we will calculate equation 5.79. Since only the v,p vector 
is present we need only two elements of b: 


aG, 0 0 
1 10 aG, 1/R, 0 
bi, = 0 1/R, O |= 
=f 04 —aG, 0 1/R, 
0 O 4I/R, 
1/R; 0 O 
bit,=—[1][aR,][1 0 0]| 0 1/R, O |=—[a 0 0] 
0 O LR, 


Therefore, the reduced b matrix is 


aG3/C 1/RgC 0 
Cc 0 =f bi, 3/ 1 / 6™1 
b= = —aG3/C, 0 1/R,C, 
o Ll Lb, 
—a/Ly 0 0 


which also agrees with the results in equation 5.55. Note that a voltage source 
in link 5 is absent (v,p5=0), therefore the above matrix can be reduced even 
more, namely 


1/R.C; 0 
b=| 0 1/R,C, 
0 0 


which is exactly the same as in equation 5.55. 

Comparing the systematic method for writing state equations with the intu- 
itive approach, which we first presented in the previous sections, we may 
conclude that it is rather complicated. In many practical instances, the final 
results can be arrived at much easier and faster by following the intuitive 
approach. However, the systematic method has an appreciable advantage for 
computer-aided analysis, since it can be easily programmed. 


5.7 COMPLETE SOLUTION OF THE STATE MATRIX EQUATION 


We will now turn to the solution of the state equation of the form of equation 
5.44a, repeated here for convenience: 


X(t) = Ax(t) + bw(t). (5.80) 


5.7.1 The natural solution 


We will begin by considering the natural or zero-input (non-forced) solution; 
that is w(t) = 0. Equation 5.80 then simplifies to 


X(t)=Ax(t) or x(t)— Ax(t)=0. (5.81) 


Transient Analysis using State Variables 295 


It is customary to compare a vector problem with its scalar version. In this 
case, the scalar version of equation 5.81 is 
dx(t) 
dt 


= ax(t). (5.82) 


The solution of equation 5.82, that satisfies the initial condition x(0), is 
x(t) = e“x(0). 
Suppose we try the same form for the solution of equation 5.81, that is 
x(t) = e“'x(0). (5.83) 


where e“! is called the matrix exponential and is an example of a function of 
matrix A. 


5.7.2, Matrix exponential 


In mathematics the matrix exponential is defined similarly to a scalar exponen- 
tial (or complex exponential), i.e. in terms of the power series expansion: 


t 2 k k 


t t St 
A AP pi AP A‘. (5.84) 
ii * 3 k! Did 


et =14 


Since A is a square matrix of order n, the matrix exponential e“‘ is also a square 
matrix of order n. 


Example 5.2 


As an example, let us take the matrix of Example 5.1, namely 
ren 
A= 
1 -1l 
xv 1 All 1 leh. | Bel 5 | 
1 -1fL1 -1 —2 0} 2 2 
1 0 —1 -1] #/ 0 2] #2 -2 
es! a: i ata 
0 1 1 -1l 2-2 0 6[2 2 


then 


and 


iP a 
1—t a ies —t —— ae 
ty eH as 
= 2 2 . (5.85) 
t—t caer aiaie l—¢ a oes 
<oe i? 


As can be seen from equation 5.85, each of the elements of the matrix e“‘ is a 
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continuous function of t. Term-by-term differentiation of the matrix exponential 
(equation 5.84) results in 


d t? Bb 
A+ tA? A? At+ 
ae \Y=A+tA*+— 7 a er 31 
2 B 
=A(1HiAats AP watt see (5.86) 


i.e., the formula for the derivative of a matrix exponential is the same as it is 
for a scalar exponential. Substituting equation 5.83 into the matrix differential 
equation 5.81, results in identity: 


Ae*'x(0) = Ae*“x(0). 


Thus, we have established that equation 5.83 is indeed the solution to equa- 
tion 5.81. 

We must now show that the inverse of a matrix exponential exists and equals 
(e“‘)"1 =e“. For the latter we can write 

? e a 
2 aa kak sees 
=1-—At+A*— 7 — As 3+ 7 *+(—1)A at 

Now let this series be multiplied by the series for the positive exponential in 
equation 5.84. This term-by-term multiplication results in 1 since all other terms 
are cancelled. Thus, 


Ata —At _ 1 


eve 


This result tells us that the matrix e~“‘ is the inverse of e“‘, since by definition 
the product of the matrix by its inverse gives a unit matrix. This result can be 
used, first of all, to show that in general if the initial vector x(0) is known for 
some time, for instance ty, namely x,,;(to) then the solution will be 


x,(t) =eA"~ )x(to). (5.87) 
Indeed, substituting t = to, results in identity: 
Xn(to) =eXe “'0x(ty) = 1x(to), 


where we have used 


(This can be verified by using equation 5.84 for both sides of equality.) 


5.7.3 The particular solution 


To find the complete solution to equation 5.80, we must now find the particular 
solution to the differential equation, i.e. the forced response. For this purpose, 
assume a solution of the form 


x,(t) =e*"q(t), (5.88) 
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where q(t) is an unknown function to be determined. In order to be a solution, 
equation 5.88 has to satisfy the differential equation. Substituting equation 5.88 
in equation 5.80 gives 


d 
7 Le At)] = Acq 0) + bw(0), 


or 


Thus 
—— =e “‘bw(t). (5.89) 


Integrating, we obtain 


Thus, the particular solution is 
t 
x,(t) =e*'q(t) =e“ q(to) + | eA 9° bw(t) dc. 
to 
To evaluate q(to), we use the complete solution being evaluated at ty 


t 
X(t)le=t9 = Xn(t) + Xp(t) =e*" © x(to) +e“! q(to) + | eA" bw(t)dt 
to 


t=to 
or 
x(to) = x(to) te q(to) + 0, 


which implies that q(to) = 0. 
Hence, finally the complete solution of the state equation 5.80 is 


t 
x(t) =e*~ 0) x(t) + | e*- Obw(r)dr. (5.90) 
lo 


To evaluate this solution the basic calculation is a determination of the matrix 
exponential e“’. This will be discussed in the next subsection. 


5.8 BASIC CONSIDERATIONS IN DETERMINING FUNCTIONS OF A 
MATRIX 


In this section, we shall examine two methods of computing e“' in closed form. 
This matrix exponential is a particular function of a matrix. The simplest 
functions of a matrix are powers of a matrix and polynomials. As we have seen, 
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the matrix exponential can be represented by an infinite series of such functions. 
The matrix polynomial has the form 


f(A)=A"+a,-;A" 1 4-+a,A tal. (5.91) 


The generalization of polynomials is an infinite series: 
co 
f(A) = G91 + agA + a, A? +--+ 4,A*+-°= Y a, A* (5.92) 
k=0 
The function f(A) is itself a matrix, and in the last case each of the matrix 
elements is an infinite series. This matrix series is said to converge if each of 
the element series converges. 
We will begin with a brief description of some of the properties of matrixes 
that will be useful in our studies. 


5.8.1 Characteristic equation and eigenvalues 
An algebraic equation that often appears in network transient analysis is 
AX = Ax, (5.93) 


where A is a square matrix of order n. The problem is to find scalars 2 and 
vectors x that satisfy this equation. A value of 4 for which a nontrivial solution 
of x exists, is called an eigenvalue, or characteristic value of A. The corresponding 
vector x is called an eigenvector, or characteristic vector, of A. After collecting 
the terms on the left-hand side, we have 


[Al —A]x=0. (5.94) 

This equation will have a nontrivial solution for x only if the matrix [21 — A] 
is singular, ie., 

det[A1 — A] =0. (5.95) 

This equation is known as the characteristic equation associated with A. It is 

also closely related to the auxiliary (characteristic) equation of the corresponding 

differential equation of order n for the system. The determinant on the left-hand 

side of equation 5.95 is actually a polynomial of degree n in 4 and is called the 

characteristic polynomial of A. For each value of 4 that satisfies the characteristic 


equation, a nontrivial solution of equation 5.94 can be found. To illustrate this 
procedure, consider the following example. 


Example 5.3 


Let us find the eigenvalues and eigenvectors of a matrix of the second order 


-E4 
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The characteristic polynomial is also of order two: 


1 0 2 1 A-2 -1 
act 42] 5 o]-[5 4lt=ee] [eee 
0 1 3 4 —3 4-4 
=(A—5)4—1)= 8). 


Thus, 47 — 64+ 5=0 is the characteristic equation of the matrix. The roots of 
the characteristic equation, or the eigenvalues, are 


Aq = 5 and Ax = 1. 


To obtain the eigenvector corresponding to the eigenvalue 2, =5, we solve 
equation 5.94 by using the given matrix A. Thus 


tle s-(3 REEI-Le 


or 


Therefore 


X4 X4 1 
= = [x,] for any value of x,. 
X2 3x1 3 


The eigenvector corresponding to the eigenvalue 1, = 1 is obtained similarly. 


es IL 
-3 -3lLx,} Lo 
Priel 

= — [x,] for any value of x,. 
X —X, —1 


The first method to be discussed for finding functions of a matrix is based on 
the Caley-Hamilton theorem. 


from which 


5.8.2 The Caley-Hamilton theorem 


This theorem states that every square matrix satisfies its own characteristic 
equation. For example, if we substitute A for / in the characteristic equation of 
Example 5, we obtain the matrix equation 


g(A)= A?— 6A +5-1=0, 


where, again, 1 is an identity matrix and 0 is a matrix whose elements are all 
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zero. Thus, 
2 1)]f2 1 2 1 1 0 7 6 12 6 5 0 
ale sae eae esied ee 
3 4/13 4 3 4 0 1 18 19 18 24 0 5 
al, | 
Lo Oo} 


The equation is certainly satisfied in this example. 
The Caley-Hamilton theorem permits us to reduce the order of a matrix 
polynomial of any higher order to be of an order no greater than n— 1, where 


n is the order of the matrix. For example, if A is a square matrix of order 3, 
then its characteristic equation is 


g(A)=R + ah? +a, + dy =0, (5.96) 
and by the Caley-Hamilton theorem we have 
A? +a,A?+a,A+a.1=0. 
Then 
A> = —a,A?—a,A—aol. (5.97) 


Thus, A? may be expressed in terms of the matrixes of an order not higher than 
2 and identity matrix. Hence, the given polynomial of order 3 is reduced to a 
polynomial of order 2. To extend these results to polynomials of an even higher 
order, we multiply equation 5.97 throughout by A to obtain 


At = —a,A?—a,A?—ayA. (5.98) 


Substituting equation 5.97 for A*, we obtain 
A‘ = (a5 — a,)A? + (a,.4, — dp)A + Qn do1. (5.99a) 


To generalize these results, let us develop an iterative formula for expressing 
higher powers of A. We assign the obtained coefficients in equation 5.99 by 
upper script, as follows 


At =a A2 4 aM A +01. (5.99b) 
Multiplying this expression throughout by A, and collecting like terms, yields 
A® = (—ayal + ay? )A* + (—a, ah? + af )A + (— agai?) 1 = a A? + a A +a 1, 
where again a¥), a2), a? are the new coefficients and a, d,, dg are as before 


the coefficients of the characteristic equation 5.96. Now the iterative formula 
for this case, n = 3, can be written as 


AS*E = (—a,al9 + aff Y)A? + (aya) + ag? )A + (— aga )1 
=aP A? + aP A+ a1. (5.100) 


Note that this formula also works fine for the first calculation of A* (equation 
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5.99) if the coefficients in equation 5.97 are assigned as a?) = —a,, a\? = —a, 
and a?’ = — ag. Generalizing this result (equation 5.100) for any mates of order 
n, we can write 


A'tka( Ay — pas; 1) 4 gk DyAT 1 
te (—@. 4th 4 aA 4 eo (ae. «6 .10) 


This gives us an expression for A"**, k =0, 1, 2,..., in terms of A”-*, A"”-?,...,A 
and 1. 

Continuing this process, we see that any power of A can be represented as a 
weighted polynomial in A of an order, at most n—1. Hence, functions of 
matrixes, including e“‘, that can be expressed as a polynomial™? 


f(A) = ol +a Ato + Abt = Yo, A%, (5.102) 


k=0 


may be reduced to the expression 


f(A) = Bol + B,A +++ B,-:A" = Y BA“ (5.103) 

k=0 
Here, the coefficients fo, f,,...,8,-, are functions of do, d,,...,d,-, and 
&p, %1,-... Their approximate calculation can be carried out by the iterative 


method used in the calculation of higher powers of A in equation 5.101 and by 
using equation 5.102. However this straightforward method can be lengthy. 


Example 5.4 


(a) Let us first calculate a simple matrix function f(A) = A‘, where A is the 
matrix of the previous example. Since the characteristic equation of A is 
J? —64+5=0, we have 


=6A—5-1, 
where a, = —6 and ay=5. Using an iterative formula, and noting that in the 
first calculation a? = —a, and af?) = — ap, yields 


AP =[—a,a0) +a? ]A + (—apa®)1 
=[6:6—5]A+(—5:6)1 = 31A — 301, 
where a‘? = 31 and a) = — 30. Hence, 


A* =[(6)(31) — 30]A — 5-31 1 = 156A — 155.1, 


2 1 155 (0 157 156 
A* = 156 — = 
3 4 O 155 468 469 
“Tn general, any analytic function of matrix A can be expressed as a polynomial in A of an order 


no greater than one less than the order of A. For proof see N. Balabanian and T. A. Bickart (1969) 
Electrical Network Theory, John Wiley & Sons. 


and finally 
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(b) As a second example, let us calculate a matrix potential f(A) =e“ for t= 
1s, using the approximation up to fifth term: 


1 1 
eAt14+A+ A’ + Art 


| pa 
2 ! 


4 
1 1 1 
=1+A+ gis Lt GAy+ pla 5a oo 156A) 


= —12.96:1+ 15.67A 


-13 0 2 1 18.4 15.7 
eat + 15.7 = . 
Oo —13 3 4 A471 49.8 
We shall next develop an easier, one-step method for finding f-coefficients in 


the function of matrix expression (equation 5.103). Let us return to the character- 
istic equation of matrix A 


and finally 


g(A)=|AL— A| =A" +.4,_ 4°24 +a,A+a,=0. (5.104) 


The eigenvalues 2,, A, ..., 4,, which are the roots of the characteristic equation 
5.104, obviously satisfy the equation 5.104 as well as matrix A (in accordance 
with the Caleg-Hamilton theorem). Therefore, using the same procedure as 
before, we can derive an expression similar to equation 5.103 for the eigenvalues 
instead of the matrix by itself, namely: 


n-1 
f(A) = Bo + Bid + Bod? +2 + By" 1 = Y BAK. (5.105) 
k=0 


It is understandable that this expression holds for any / that is a solution of 
the characteristic equation 5.104, that is for any eigenvalue of the matrix A. 


(a) Distinct eigenvalues 


Assume first that the eigenvalues are distinct; that is, that none is repeated. 
Substituting 1,, 25, ..., 2, in equation 5.105 gives n equations in n unknown f’s: 


Bot Birdy - BiAt+ re Braaat ” = f(A) 
Bo + Bids + Boz + °° + By-143 = f(a) 
Bo + By A, + Bo Ar Aas | = f(4,). 


The coefficients fo, f,,...-,6,-, can then be obtained as the solution to this 
linear system of scalar equations, i.e. the inversion of the set of equations 5.106 
gives the solution. With the known f-coefficients, the function of the matrix 


(5.106) 
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representation problem is solved: 


fAy="F Bak (5.107) 
(0) 


k= 


Example 5.5 


Let us illustrate this process with the same simple example (as in Example 5.4): 


(a) Find f(A)=A4,_ if a=| | 
, 3 4 


The characteristic equation is (see Example 5.3) 
g(A)=27-614+5=0. 
Thus, the eigenvalues are 
A,=5, A,=1. 
In accordance with equation 5.106, we have 
Bo + Bi 5= 5", 
Bot Bl =1%. 
Solving these simple equations for unknowns fi and fi, gives 
6, =156, By = —155. 
The solution for A‘ is found by using equation 5.107 
f(A) = A*= —155-1+156-A 


which is the same as the results obtained in the previous example. 


(b) Find f(A) =e“ for the same matrix A 


The equations for unknowns f and f, in this case will be 


Bo + 5B, =e, 
Bot Br=e. 
Solving this equation gives 
By =4e" —Fet, Bo = fet 4 3et, 


Thus, the matrix exponential is 


et = (—ie™ +5e)1+ Ge = cea 


1 0 2 1 
os (—4e™ +e) F | + (Ge — ie’) E ak 
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By an obvious rearrangement, this becomes 
af Si] 1 1 
zen + Ge qe —5e" 
At __ 1 
et = 5 ; 
35t 3 ¢ 3,5t , 1 ot 
ev — qe 4e +74e 


It is interesting to compare these results with those obtained in the previous 
example. The approximate, up to fifth term, evaluation of the exponents e° and 
e' (t=15) gives 


1 1 1 
Sim 2 3 4 
esl+st+s 5 +379 +7? = 65.4 


Ir1i4+1 : : 271 
e=l+ a aa ae : 


Substituting these results in equation 5.108 yields 
me 18.4 15.6 
47.0 49.7 
which agrees with the previous results. 

Therefore, the series form of the exponential may permit some approximate 
numerical results; it does not lead to a closed form. However, with the help of 
the Caley-Hamilton theorem, we obtained the closed-form equivalent for the 
exponential e“! (equation 5.107). We shall now return our consideration to the 


complete solution of the state equation in the form of equation 5.90, repeated 
here for convenience: 


t 
x(t) =e“ '0) x(ty) + | eA@~ ) bw(z) dr. (5.109) 
lo 
The following example illustrates this computation. 


Example 5.6 


Find the complete solution of the state equation describing the circuit in Fig. 5.9, 
considered before. For the sake of convenience, it is redrawn here again in 
Fig. 5.11(a). Let the circuit element values be C, =1F, C,; =2F, Lj =1H, G;= 
1S, R5;=1Q, Ro =2/7Q, R, = 1/3 Q. 


Solution 


Substituting these parameters into equation 5.55, we obtain the following A 
matrix 


| 
BR 
| 

| 


(5.110) 


NIP BIR 
& 
NIP Ble NIE 
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(a) (b) 


Figure 5.11 A circuit of Example 5.6 (a) and its steady-state equivalent (b). 


The characteristic equation is 


Thus, 
g=A+ 4 [A+ )A+3)+4]=0. 
Simplifying yields 
A+4(24+24+5)=0. (5.111) 
Thus, the eigenvalues of A are 


: 9 9? 9 
‘1,2 gt g2 8 1.125 + 0.375 


or 
a0 Joes St 


Using the results of equation 5.106, we can evaluate fo, 6,, and f, from the 
equations 


Bo — 0.75p, + (— 0.75)? Bp = e O-75t 
Bo hac 1.5p, a (- 1.5) B, =e id 
Bo — 4B, + (—4)° B2 =e", 


which in the matrix form are 


1 —0.75 0.5625|[ By] [e-%7 


1 -15 225 || B, |=] et |. (5.113) 
;. 4 16 |I B, et 
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The solution for f’s is found by inversion, as 


1 


Bo 1 —0.75 0.5625] | e °7 


Ae \=12 Sis: 225 e7 1st 
Bo 1 -4 16 et 
2462 -16 0.1385 ][ e7%75 


2.256 —2.533 0.2769 || e ** 
0.4103 —0.5333 0.1231 e* 


2.462 ¢~°-75# —16e'* 01385e°* 
=|2.256e° °°" —2 5396" 0.27692 "|, (5.114) 
0.4103e °7 —0.5333e ** 0.1231e “ 


With f£’s now known, matrix e“' will be 


100 =4; 0S 265 
e=10 1 0] fo+/| 0.25 -1.75 —0.25 | B, 
001 OF 05 =05 


15.87) —3125 2.125 
+] —1.563 3.063 0.438 | Bo. 
—2.125 —0.875 —0.125 


Substituting equation 5.114 for f’s and collecting like terms yields the final 
results 


—0.048 —0.154 —0.256 0.066 0.4 0.133 
e“'=| —0.077 —0.229 —0.384 | e~° 74+ 0.2 1:2 0.4 a 
0.256 0.769 1.283 —0.133 —0.8 —0.267 


0.985 —0.246 0.123 
+] —0.123 0.031 —0.015|e~*. (5.115) 
—0.123 0.031 —0.015 


Now suppose that the initial state vector at tj) =0 is x(0)=[0.5 1.5 1]7, then 
the natural solution (for w(t) = 0) in equation 5.109 is 


~0.5lle 7 +40.767e 1 40.2460 + 
Xna(t) =e™x(0) =| —0.766e7°75  +2.30e71* = 0.031e7 
2.564e~°75  —1.534e715' _0.031e7 
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(5.116) 


The next step is to find the particular or forced solution of the state equation. 
Let the input vector w(t)=[1 1]*. Substituting the circuit parameters into 
matrix b in equation 5.55, we obtain 


3.5 0 
b=/ 0 15). (5.117) 
0 


Since the input is a constant (d.c.), evaluating the integral in equation 5.55 
results, for to = 0, in 


t 
[exe ebdr= —A-teM hip =A Le — 1], (5.118) 


10) 
where the inverse of the A matrix is found as follows 


aA, es 


2 


5 —0.222 0 0,222 
At=| 5 -7 i] =] 0 —0.5 0.25 |. (5.119) 
oe 0220 05 = 1.528 


2 


—1 


Performing now, all the calculations in equation 5.118, with equations 5.119, 
5.115, 5.117 and w=[1 1], we obtain the particular solution 


0.547e7 9-75! — 0.556e~ 1 — 0.769e~ * + 0.778 
X par(t) = 0.821e°°7 — 1.667e" 1 + 0.096e" * +.0.750 |. (5.120) 
— 2.735e %7 4+ 1.111e7* + 0.096e" 1 + 1.528 
The final result of the complete solution is simply obtained by combining the 


above two solutions: the natural (equation 5.116) and the particular (equation 
5.120), which leads to 


0.034e~°-75' + 0.211e7 15 — 0,523e~* +. 0.778 | | v,4 


X(t) =Xpar+Xpar=| 0.05227 %7' 4 0.633215" + 0.065e-* +.0.750 }| v2 |. 
—0.171e7°75 — 0.423 e715 + 0.065e7* + 1.528 || iz, 
(5.121) 


Figure 5.12 shows the state variables v,,, v.2, i,4 behavior versus time. 

The computer calculation of the state variables in the above example, using 
the MATHCAD program is shown in Appendix I. (Note that the computing 
results are slightly different from those obtained above.) 

To complete this example, suppose that voltage v3 is of interest. Then the 
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Figure 5.12 Two capacitor voltages and inductor current curves versus time of Example 5.6. 


output equation 5.56 simplifies to 


Ve4 

1 1 1 
v3(t)=[—a a aRs5]x(t)=[— 3 3 3]] 02 
ipa 


Thus, the output voltage is 
Vour(t) = 03> (— Ve4 a0 v~2 - ira) 
= —0.077e °-7** — 0,0005e~ 1° + 0.327e- * +0.750V. (5.122) 


Note that by inspection of the given circuit in its d.c. steady-state behavior, i.e. 
the capacitors are open-circuited and the inductor is short-circuited as shown 
in Fig. 5.11(b), we may find 


Usa 
= R;= 1=0.778 V 
V4 (©) Ret Re 5) 1 ONT 
Uso 1 
Veo(00) -1=0.75V 


= R= 
Reek, * 1417 
i,(00) = v,,/Rs + 0.9/R3 = 0.778 + 0.75 = 1.528 A, 


which is in agreement with the final results in equation 5.121. 


(b) Multiple eigenvalues 


If some of the eigenvalues of A (roots of the characteristic equation g(A) #0) 
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are not distinct and there are repeated values (for example 1, = 1,), then in this 
case, the number of independent equations in 5.106 would be fewer than n 
unknown coefficients 6. The following theorem allows us to extend the solution 
for finding all f’s to the case of repeated eigenvalues. 


Theorem: Let A be the n x n matrix with no distinct eigenvalues 2,, 43, ...5 Ano 
and m multiple eigenvalues (ny <n, if no eigenvalue is repeated, then no =n). 
Let the eigenvalue A; occur with multiplicity r;, and define the polynomials 


P(A) = a BA, (5.123) 
k=0 
and 
P(Aj= s BA. (5.124) 
k=0 


Then the matrix function f(A) is identical to the matrix polynomial P(A) (see 
5.107) if the following conditions are obeyed: 


for each distinct eigenvalue 


fO)=PA;) i=1,2,..., 19 (5.125a) 
for each multiple eigenvalue 

d4 d4 

qat Mla=a — dA PA), =1, 


1=No+1, No+25+++>No+m q=0, 1,2,..,%— 1 (5.125b) 


that the first condition (equation 5.125a) gives us only no (my) <n) independent 
equations for finding n unknown f-coefficients. However, the second condition 
(equation 5.125b) yields the remaining equations needed to solve for 
Bo, Pi, -.-s by-1- For this purpose equation 5.125b shall be rewritten in terms of 
the unknown f’s 


Tat (4) > BA aaa,= a k(k—1)--(kK-q+ WB AI, 


d! di n-1 k 
age la=a, 
q i q 

di di! = k=a 


i=MNo+1.Mo+2.--->Mo+m G=90,1,2,...,r—1 (5.126) 


The total number of independent equations, therefore, will be 
m 
No + Yr, =n. 
1 


Example 5.7 


As an example of the determination of a matrix function when A has multiple 


“)The proof can be found in the book by Balabanian N. and Bickart T. A. (1969) Electrical Network 
Theory, John Wiley & Sons. 
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eigenvalues, let us consider the same circuit in Fig. 5.11 of the previous example 
with slightly different parameters, namely: R, = 1/3 Q, R, = 2/5 Q (the rest of 
the parameters are the same). Suppose we wish to find e“’. 


Solution 


The A matrix in this case will be 


7 1 1 

—2 ~~ 2 

1 3 1 

de ae 
i 1 1 

2 ~~ 2 


which yields the characteristic equation 


1 1 

At+z -2F 3 

s=| -— At 3 
1 1 1 
—2 2 Ata 


=(AtDUFPAFPF+PtZHUtVV +24 V=0. 


Thus, the eigenvalues are A, = i and double 4, = —1,1.. the multiplicity r= 
2. Therefore, for the first distinct eigenvalue, in accordance with equation 5.125a, 
we have 


Bo+ Bi(—3) + Ba(—3? =e, 
and for the double eigenvalue, in accordance with equation 5.125b we have 
Bot Bi(—1) + B.(-1P =e", q=0 
fb, +2f8,(-l)=te', q=1. 
Since 
d 


Ast 
a 


af (42) 
di 


Ag= 7-1 

the above equations in the matrix form are 
1 —7/2 49/4]] Bo aes 
1 -1l 1 fb, |=] e* 
0 1 —2 |! py te ' 


The solution for f’s gives 


Bo 0.16e° 3°" + 0.84e°'+ 1.4te! 
B, | =| 0.32e°3°*-0.32e '+ 1.8te! 
pb, 0.16e° 3" —0.16e°'+0.4te! 
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With f’s known, the desired matrix is 


1 0 =$5 05 <0 
ets Lo Viet O35 ae 68517, 
0 1 (5 05 =05 


13s <295 -4:695 
=| 1375 225. 0375/6, 
=1875 =<675 =0,125 


Substituting the f’s from the previous solution, and after simplifying, we obtain 


0.98e 3 + 0.02e '—0.05te ' —0.28e° 3 4+0.28e '—0.2te' 0.14e°3°'—0.14e"'—0.15te™' 
e“=| —0.14e°3°+0.14e'—O.1te' 0.04e" 3 + 0.96e'—0.4te' —0.02e 7°" +. 0.02e'—0.3te' |. 
—0.14e°34+0.14e'+0.15te' 0.04e~ 3" —0.04e'+ 0.6te 1.02e° 3" —0.02e7'+0.45te~' 


(c) Complex eigenvalues 

We shall illustrate the computation of a matrix exponential when some of the 
roots of the characteristic equation are complex quantities, considering the 
following example. 

Example 5.8 

Let the circuit in Fig. 5.11 (of the previous example) have the same parameters, 
excluding R, = 2/5 Q and R,= 1/2 Q. Our purpose is again to compute e“’. 
Solution 


We substitute the above parameters into the A matrix of equation 5.55 to yield 


oF 1 

-3 3 07-3 

1 5 1 

A= | @ =— = 
i 4 of 

2 2 2 


Thus, the characteristic equation of A is 
g(A=A4+3)A+DA+)+ A +5=0, 
or after a rearrangement of terms 
(+3) ++ )=0, 


Therefore, the eigenvalues are 


pS gl ea 00 Ed. 


Note that two complex eigenvalues are a conjugate pair. Thus, in accordance 
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with equation 5.106, we have 
Bot Bi(—3) + B2(-3P =e ™ 
Bo + B,(—0.875 + j0.331) + B(—0.875 + j0.331)? = e7 087% e0 331 
Bo + By (—0.875 — j0.331) + B(—0.875 — j0.331)? = e7 987% e~ 10-3341, 
Next, we solve these equations to yield for f’s: 
Bo = 0.819e * + e °87"(3.86 sin 0.331t + 0.811 cos 0.3314) 
B, =0.378e * +e °875(5.46 sin 0.331t — 0.378 cos 0.3311) 
By = 0.216e" * + e- °875( 1.39 sin 0.331t — 0.216 cos 0.3311). 


: ix e“! wi 
Hence, matrix e“‘ will be 


1 0 29. @ =05 
eta i |B. 00s 12s 2025) 7; 
0 1 5 Os =05 


8.875 —2.375 1.625 
+] —1187 = 1.563 0.313 | Bp. 
—1.625 —0.625 —1.125 


Finally, substituting the above results for f’s, after simplifying, we obtain 


0.9733 — 0.174¢, + 0.027¢, 0324e-* — 0.5720, + 0.3240, 0.162" 0.4702, — 0.1620, 
et 0.162e-3*— 0.2806, +0.1620, 0.054e-** 0.7870, + 0.946£, —0.027e 3 — 0.930¢, + 0.027¢, 
0.162e- 3+ 0.470, +0.1620, —0.054e*+ 1.860, —0.0540, —0.027¢e 3 + 0.960¢, + 1.027¢, 


where {,= 2°" sin 03317, £, =e?" * cos 0.3314. 

Suppose we now wish to know the zero input response of the circuit to the 
initial vector, x(0)=[1 1 0]’, ie. the capacitors are initially charged to 1 V 
each. Then, 


Xnat(t) = e“T1 1 OT =] V2 
ing 
0.649 e * + e~ °875"(_ 0,746 sin 0.331t + 0.351 cos 0.3311) 


=| —0.108e° * + e~ °87(_ 1.073 sin 0.331t + 1.108 cos 0.331t) 
—0.108e 3 + e~ °875(2.329 sin 0.331t + 0.108 cos 0.3311) 


These two voltage curves and one current curve versus time are shown in 
Fig. 5.13. 
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v, Vai A 


Figure 5.13 Two capacitor voltages and inductor current curves versus time of Example 5.8 in the 
case of complex-conjugate eigenvalues. 


5.8.3 Lagrange interpolation formula 


One other method of computing functions of a matrix is based on the Lagrange 
interpolation formula (this formula is also known as the Silvestre formula). 
Thus, knowing the eigenvalues 7’s of matrix A, any function of A may be 
determined as: 


; n n A A,A : 
S(A) = Il 5 |FAD; (5.127) 
aot. Eat A; — Ay 


n 
where |] means the product of terms 
k=1 i” “kK 


where k takes the values 


k#A1 
1,2,...,n but excluding k=i. For example, using the data of Example 5.6, 
equation 5.127 implies that 
(A + 1.5-1)(A4+ 4-1) pn 0-75 (A + 0.75:1)(A + 4:1) ; 
(0.75 + 1:5\(—0:75 +4) (—1.5+0.75)(—1.5+ 4) 
(A OTSA 151) _ a 
(—440.75)(—4 415) © 


At =1:35t 


e 


Substituting matrix A (equation 5.110) and performing all the arithmetic, leads 
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to 
—0.050 —0.154 —0.256 0.067 0.4 0.133 

e“'=| —0.077 —0.230 —0.385 |e °7+ 0.2 1.2 0.4 er 
0.256 0.769 1.282 —0.133 —0.8 —0.267 


0.985 —0.246 0.123 
+] —0.123 0.031  —0.015 |e“ 
—0.123 0.031 —0.015 


which agrees with the previous results obtained in equation 5.115. 
The Lagrange interpolation formula can be easily programmed, which is an 
advantage in computer-aided calculations. 


5.9 EVALUATING THE MATRIX EXPONENTIAL BY LAPLACE 
TRANSFORM 


In conclusion, let us introduce the Laplace transform application for solving 
the matrix differential equation. To simplify the procedure, we first apply the 
Laplace transform to the homogeneous equation (see equation 5.81): 


apt) — Ax) = 0. (5.128) 
Applying the Laplace transform to equation 5.128, we get 
sX(s) — X(0) — AX(s) = 0, (5.129) 


where X(s) is the Laplace transform of x(t). Supposing that X(0) = 1 (equation 
5.129) can be written as follows: 


(s-1— A)X(s) = 1, (5.130) 
or 

X(s) = (s-1— A)7?. (5.131) 
Now, we take the inverse transform to get x(t) 

x(t)=L t{(s-1—A) '} =e" (5.132) 

As can be seen, since we have taken X(0)=1, this expression is also equal to 
the matrix exponential e“’. 
Example 5.9 


Let us apply this result to the simple circuit shown in Fig. 5.14, where the 
proper tree branches are emphasized. 
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Figure 5.14 A circuit of Example 5.9. 


Solution 


The capacitor voltage vc and the inductor current i, are the state variables in 
this case. The fundamental cut-set equation and two fundamental loop equations 
yield 


ree +4 
a Ip ly 
di, 

L—=tuc—R 
A UC at 

R,i + : + : 
= or —_-— 
iy Uc + Us BT R, Uc R Us 


To eliminate a non-desirable variable, i,, in the first equation, in this simple 
case, the third equation shall be inserted into the first one for i,. Thus, the state 
equations are 


dic 1 a 1 
dt Reo 8 Ry 
di, 1 R, 


or in the matrix form 


el = I] pal sae 
ie) & Wh SRL TY} 9 [es]. vel 


Let the element values be C= 1.0 F, L=4/3H, R, = 2/5 Q, R, = 2/3 Q and v, = 
1 V. This yields the coefficient matrixes A and b 


Ba = *?) 
A= , b= (5.134) 
34 =i 0 
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and the input matrix w= [v,]=[1]. Next, we find the matrix [s1 — A] and its 


determinant 
s+3 1 
sl-A= 3 Fi 
= SES 


det(s1 — A) = (s+ 5\(s+ +5 Hs? 4+35+2=(st 1)(st2). 


The inverse matrix [s-1 — A]~‘ is now easily obtained as 


s+4 1 
ila (s+ mr) (s+ ne 2) 
4 S+5 


(st 1)(st+2) (s+ 1)(s+2) 


1 3 
5 r 5 1 1 
st1 s+2 s+1 5842 
= 3 3 3 1 
4 4 2 2 
stil s+2 s+1 s+4+2 


A partial-fraction expansion was performed in the last step. The inverse Laplace 
transform of this expression is 


1 + 3 2t —t =2t 
—7e (+5e e'—e 
Lfst—ayt=| ‘ | =e (5.135) 


3,-t,3,-2t 3,-1_1 
qe ge 72 79 


(It is left as an exercise for the reader to verify this result using one of the above 
given methods for determining a matrix exponential.) 

Suppose that the initial conditions are v. = 1V and i,(0)=0, and then the 
natural response will be 


t ag alae ee 5.136 
COS eel 2. 5 él (5.136) 
itn 0 qe. +qe 


Note that the verification of equation 5.136 at t=0 yields the initial values of 
vc (0) and i,(0). The particular solution of equation 5.133 may also be obtained 
with equation 5.135 using, for example, equation 5.118. Thus, 


1 1 5 et 3 -2t -t —2t 5 
=4 “5 = $5e e'—e S 

(= Ate —1Jbw= |  . ilies iA 
se 3 = 3 et43e-% 3o-t_ set 0 


or after performing all the calculations 


3. 15) 5 
v,. 20 t_e 2t 42 
08 Cp] 4 8 
part E ~ 15 =; 15.97 , 15 |" 
IL p ge age A ae 


By inspection (see the circuit in Fig. 5.13) it can be easily verified that the 
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steady-state values of the capacitor voltage and the inductor current agree with 
those found below: 


5) z 15 
Ve.p(o) = BV aNd ip, y(0) = 376A. 


The Laplace transform is one of the ways of evaluating the matrix exponential. 
However, if we are going to use the Laplace transform for circuit analysis, we 
may do it straightforwardly using the methods described in Chapter 3. The 
methods of matrix function evaluation, considered in this chapter, are the most 
general and suitable for computer-aided computation. 


Chapter #6 
TRANSIENTS IN THREE-PHASE SYSTEMS 


6.1 INTRODUCTION 


In the previous chapters we have discussed transients in single-phase circuits. 
However, practically all-electric power is generated, transmitted, distributed and 
utilized in three-phase systems. Three-phase networks are generally more com- 
plicated than single-phase circuits. The complication arises from the interconnec- 
tion and displacement angle between phases, the triplicate number of 
components and the branches introduced by the three phases and, also, because 
of the need to sometimes consider mutual coupling between phases. Naturally, 
we started our study of transient analysis with single-phase circuits, while 
establishing the principles and different methods, and gaining experience in 
techniques of solving problems. Our continued analysis of transients in three- 
phase networks, therefore, will be based on our previous study. 

There are two basic methods for the analysis and calculation of transients in 
three-phase circuits: 1) to extend the single-phase approach and 2) to use 
symmetrical components. The first approach is based on the use of the general- 
ized current/voltage phasor of the three-phase system and the two axes represen- 
tation of a synchronous machine. The single-phase approach, hence, considers 
the three-phase system as one entity and that a disturbance occurring at one 
point affects the whole system, and that the transient components excited are 
not symmetrical and do not obey the three-phase relationships like in steady- 
state behavior. The method of symmetrical components has been used for many 
years to calculate the steady-state behavior of three-phase networks when some 
part of the network happens to run under unbalanced conditions (primarily 
with an unbalanced load). The method may also be used to analyze unsymmetri- 
cal faults, such as: the single-phase to earth fault, the phase-to-phase short 
circuit, etc. The method of symmetrical components, actually, removes the 
unsymmetrical conditions and allows the computation to proceed much the 
same as for symmetrical three-phase short-circuit conditions, with, of course, 
some extra complications of the whole procedure. 

In this chapter we will discuss the short-circuit faults (symmetrical as well as 
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unsymmetrical) at different points of a three-phase system and the transient 
overvoltages. The emphasis will be placed on the analysis of the terminal short 
circuits of power transformers and generators. 


6.2 SHORT-CIRCUIT TRANSIENTS IN POWER SYSTEMS 


The dominant causes of disturbance of the normal operation of power systems 
are short-circuits. Short-circuit currents are generally of a magnitude many 
times that of their rated values. In consequence, high dynamic and thermal 
stresses are generated, which affect the electrical equipment. In the case of short 
circuit to earth, unacceptable contact potentials arise, which can lead to damage 
to the equipment and personal danger. Hence, in planning and designing electric 
power networks the highest consideration must be given to short-circuit analysis 
and short-circuit current estimations. Knowing the value of short-circuit cur- 
rents and their flow is also necessary for the specification of protective devices. 
The following sections are dedicated to short-circuit transient analysis and 
different methods of calculating short-circuit currents. 

In three-phase systems a distinction is made between the following kinds of 
short-circuits: 


a) Three-pole short-circuit, in which the three voltages at the short-circuit point 
are all zero, and the three conductors are symmetrically loaded by the short- 
circuit currents, as shown in Fig. 6.1(a). Hence this kind of short-circuit fault is 
called symmetrical and the analysis of this kind of short circuit is performed 
on a single-phase representation. It should be noted that this kind of short 
circuit is relatively rare, but it is usually the most dangerous since the short- 
circuit currents developed in this fault are of the highest magnitude. They are 


a a a 
b b b 
Cc (ey Cc 
Tso. i. in 
(a) (b) (c) 
RN enna nenreenanicenien 
b b 
Cc Cc 
Ge 
() (e) 


Figure 6.1 Designation of short-circuit faults: three-pole short circuit (a), a single-pole-ground short 
circuit (b), two-pole-ground fault (d) and double-earth fault (e). 
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important for specifying the equipment under the short-circuit fault. Since the 
three-phase voltage at this kind of fault drops to zero, stability problems arise 
and non-static loads, such as induction motors, run down to stand still (see 
further on in Chapter 8). 

The other four kinds of short-circuits are entirely unsymmetrical conditions. 
In particular, the voltages at the short-circuit point are not all zero. As a result 
of the unsymmetrical conditions, mutual couplings are introduced between the 
phase conductor and the neutral conductor, if present. 


b) The single-pole short-circuit between one of the phases and earth, Fig. 6.1(b). 
This kind of fault is the most frequently encountered. Sometimes when the 
network possesses a low neutral earth impedance, the fault current can even 
exceed the largest currents produced by a three-pole short-circuit. 


c) The two-pole short-circuit without an earth fault, Fig. 6.1(c), in which only 
two phase voltages at the short-circuit point are zero. In this kind of short- 
circuiting the short-circuit currents are usually less than those produced by a 
three-pole short circuit. However, if the short-circuit location is close to the 
generator, the subsequent short-circuit current can become greater than in the 
three-pole case. 


d) The two-pole short-circuit with an earth fault, Fig. 6.1(d). This kind of fault 
may occur in a system with a grounded neutral and has similar characteristics 
to the previous one. 


e) The double earth fault, which occurs in a system with an isolated neutral, 
Fig. 6.1(e). The short-circuit currents in this case may not exceed the rated 
values, but are significant with regard to the determination of the contact 
potential and dimension of the earthing systems. 


6.2.1 Base quantities and per-unit conversion in three-phase circuits 


In the analysis of power networks it is common to use a so-called “per unit” 
system (denoted p.u.) for expressing network quantities rather than a system of 
actual units (Q,A,V, etc.). According to this system all the quantities are 
expressed as fractions of reference quantities, or base values, such as base 
apparent power S, (VA), base voltage, V,, and/or base current, I. It is obvious 
that it is enough to choose only two of these quantities since they are related 
by the expression 


Sp=V3VIp- (6.1) 


Usually the base voltage is chosen, in addition to the base power, and the base 
current is calculated as 


I= (6.1a) 


3%,’ 


where V, and J, are the line quantities. 
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Hence, the p.u. quantities will be: 


Vou = v, (p.u. voltage) (6.2a) 
I 
Inu = i. (p.u. current) (6.2b) 
S P Q 
Sa4= 5,” = 5. Qou = 5, (p.u. power) (6.2c) 


and the most important p.u. quantity, the p.u. impedance and its components: 


Ze Ru = eas (6.3) 


Here the base impedance, Z,, is established with Ohm’s Law as 


Z,= ae, - Ve. (6.4) 
31 b Sp 
With equation 6.4 we can write 
Zou = Zo ay Rou = Ra on Xou= Xo at (6.5) 
Vs VE VE 


Note that in expressions (equations 6.3—6.5) the impedances and their compo- 
nents are per-phase quantities. It should also be denoted that all the expressions 
(equations 6.1—6.5) are proper for a one-phase network. In such a case the V3 
must be omitted, and all the quantities are phase or just circuit values. With 
the known p.u. value, the actual value can be obtained as 


Vey Von 
Sp et af 3, 
The p.u. system is widely used in “Electric machine and transformer” courses, 
where the parameters of electric machines and transformers and their character- 
istics are usually expressed in per-unit quantities. It stands to reason, therefore, 
that the p.u. system is used in “Power system” courses, since power systems 
consist, primarily, of synchronous generators, transformers and motors. All such 
equipment varies widely in size, power, voltages etc. However, for equipment 
of the same type the p.u. impedances, voltage drops and losses are in the same 
order, regardless of size. 


For example, if the primary winding reactance of a 50 kVA, 6.6 kV single- 
phase transformer is X, = 38.5 Q, then this reactance measured in p.u. will be 


Ln (6.6) 


pee 


X,. = = = 
ae = ea 
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where the base impedance is 


V2 6.67-108 


ZZ. = 
ae 50 


= 871 Q. 


EY 


Per-unit quantities are often expressed as a percentage. Percent quantities differ 
from per-unit by a factor of 100. Hence, the above p.u. reactance, in percent, 
will be X,.,=4.4%. All the transformers of the same series as the above 
transformer will have about the same percent reactance regardless of their power. 

The p.u. values of different items of apparatus by themselves, such as transfor- 
mers, synchronous generators, motors etc. are given in terms of their own 
kVA/MVA power and voltage ratings. Hence, for any power system in which 
several pieces of equipment are involved, it is necessary to refer all the given 
p.u. values to the system base values: base MVA power and base voltage. Thus, 
if Z is the per-unit impedance (reactance) for rated values, the same impedance 
(reactance) referred to the base values, will be 


S,V? 
Z) — 7) ee 6.7 
pu pu S, V2 ( ) 
which shows that the “new” p.u. value is directly proportional to the ratio of 


powers and inversely proportional to the ratio of the squared voltages. If V, = 
V,, then 


Sp 


b 
A 
S, 


(6.7a) 
As already mentioned, in a three-phase system X,, is a per-phase reactance, 
S,(S,) is a three-phase power and ),(V,) is a line voltage. 

The single base power chosen is to be relatively large, at least equal to, or 
larger than, the highest power source in the network. All the system impedances 
will then be related to this base power. The base voltages, however, differ in 
the dependence on the level of transformation. As we know, these voltages are 
intended for supplying the transmission and distribution lines over a range from 
a few thousand volts to a million volts. Hence, the entire power network may 
have many different voltage levels. By analyzing such a network, all the imped- 
ances must be referred to one voltage level. Since all voltages and currents are 
related directly or inversely as the turn ratio of transformers in any part of 
power systems, all voltages, currents, volt-amperes and impedances will have 
the same per-unit values regardless of where they appear in the system. Applying 
the per-unit values allows the elimination of different voltage levels and repre- 
sents the entire network on a single voltage level. This is another reason for 
using a per-unit system of representing the power system quantities. 

Let us discuss this topic in more detail. If some particular device is located 
on the voltage level, which differs from the base voltage level, which is chosen 
as a main or system base voltage (sb), its base quantities should be calculated 
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as 
(b) | b b b 
y® =——_ yp»), 7) — (n,ny...n,)I®, (6.8) 
ny Ny...Ny 


where 71, M5, ..., 4, are the turn ratios of the transformers, which are connected 
in series between the location of the device and the main base level (the turn 
ratios must be taken in the direction of the main voltage level towards the level 
of the device location). 

The device’s actual impedance, which referred (reflected) to the main voltage 
level, will be 

Zn =n ng Ze =A Zh 
where 
Neq = Voo/ Vo (6.9) 

With n,, the p.u. value of the impedance is 
Sp 
Ve 


Sp 
Vin 


Sp 


2 
Vio 


Zi = Ze Stayt =2 5 oa (6.10) 
This important result shows that the p.u. impedance value referred to the system 
(main) base voltage can be calculated with the same expression (equation 6.5) 
as has been referred to the base voltage of the equipment location, regardless 
of which system (main) base voltage is chosen. 

It is important to note that for the same reason the p.u. impedance of a 
transformer is the same whether it is referred to the primary or secondary side. 
Indeed, let us assume that the p.u. impedance, which referred to the primary 
(step-down transformer), is Z,, and that which referred to the secondary is Z, = 


Z, /n*, where n is the turn ratio (n= N,/N, = V,,/Vo,). then 


Zipu Z\ 2, > 
Vie 
and 
Zrpu Z, = =Z, a =Z, = =Zipu 
V3, Va, Vit 


Hence, the result is the same as the p.u. impedance, which is referred to the 
primary. 

It shall be noted that, since the voltages at the sending V, and receiving V, 
ends of a transmission line are different (because of the voltage drop), the line 
rated voltage is usually taken as an average value 


V.+V, 


o 5 (6.11) 
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The average values of the voltages are taken as base voltages for each of the 
voltage levels in the network™). 

The turn ratio, ie., the ratio of rated voltages, of the power network transfor- 
mers may not be the same as the ratio of the average voltages of different levels, 
so that the impedance referring can be done in two ways: approximate or exact. 
The referring in accordance to the base-average voltages is approximate. In this 
case the turns ratio of the transformers (or the ratio of their rated voltages) is 
taken equal to the ratio of the level voltages. If the base voltages are related by 
the turn ratios of the transformers, the referring is accounted as an exact one. 
Let us illustrate these two approaches of expressing p.u. impedances in the 
following example. 


Example 6.1 


Consider the three-phase network whose one-line diagram is shown in Fig. 6.2. 
The rating values and p.u. reactances of the generator and the transformers as 
well as the parameters of the transmission line and current-limiting reactor are 
indicated in this diagram. For the calculation of a short-circuit current draw 
the equivalent circuit and find all the p.u. reactances, which are referred to the 
generator voltage level in two ways: 1) approximately and 2) exactly. 


Solution 


We first have to specify the base volt-ampere power, which for a given network 
it is reasonable to choose a value of 100 MVA. 


V,=15kV V, = 115kV V;= 10kV 


( T2 3 

S_=75MVA £ = 100km ' Seo = 50MVA! Vp = 10KV! 
2 = 13.8kV 38/121} = X= 040m =| TS/IL Sg = 0.2KA! 
Xq = 0.21pu Xp=10% | Ve =115kV t Xpy=12.5% iXp=5% | 

(a) 
0.28/0.28 0.20/0.20 0.30/0.27 0.25/0.23 1.45/1.08 
E=1 
(b) 


Figure 6.2 A one-line diagram of a given network (a) and its equivalent circuit in terms of p.u. (b). 


“)The average voltages are usually in accordance with those recommended by electric companies 
or general standards. 
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1) Approximate evaluation. The rated voltages on each level will be as base 
values, i.e., on the generator level: 4, = 13.8 kV, on the line level: V,, = 115 kV 
and on the distribution level: Yj = 10 kV. 

The base currents in accordance with equation 6.la are 


y= ae =418kKA, [n= a =0.5kA, Imu= ae = 5.77kA. 
J3-13.8 3-115 /3-10 
Then the p.u. reactances are obtained in accordance with equation 6.7a as: 
for the generator X, = 0.21 ss = 0.28 pu, 


for the sending end transformer 


xX 94263 
lamar, aa pu, 


for the receiving and transformer 


X = 0,125 1 _ 0.25 
12 =V. “a pu, 


for the transmission line in accordance with equation 6.5 


100 
las? 


X,=0.4-100 = 0.30 pu, 


for the current-limiting reactor 


Xx 52 = 945 
tcl = 3.46 : pu, 


where S,, = 3: 10-0.2 = 3.46 MVA is the reactor rating apparent power. 


2) Exact evaluation. The base voltage on the generator level, as in the previous 
calculation, will be V,, = 13.8V. The base voltages on the line level and on the 
distribution level, in accordance to the turn ratio of the transformers, will be 
(equation 6.8), 


1 
=121kV and Ky = Era 11.6 kV 


1 
You = 73 8/121 
The base currents are (equation 6.1a) 
Iy= =e =4.18kA, [y= a =048kA, Jy = me 
(3-138 5194 «(311.6 


The per-unit reactances are obtained as: 


= 4.98 kA. 


for the generator (equation 6.7a) 


100 
X, =0.21 5 = 0.28 pu, 
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ie., the same as in the previous calculation (since the base voltage on the 
generator level did not change), 


for the sending and transformer 


X ji =0.2p 
: .2 pu, 
= 50 


i.e., it did not change either for the same reason, 
for the receiving end transformer (equation 6.7) 
100 /115 
50 (z 


(since the base voltage and the rated voltage are not equal), 


Xp, = 0.125 


2 
) = 0.23 pu 


for the transmission line (equation 6.5) 
100 


X, = 0.4:100 Di 0.27 pu 
for the current-limiting reactor (equation 6.7) 
Xr¢ = 0.05 a ( )= 1.08 pu. 
- 3.46 \ 11.6 


Finally, it might be good to point out that using per-unit quantities in short- 
circuit fault analysis simplifies to a great extent the numerical calculations 
manually and/or by using computers. 


6.2.2 Equivalent circuits and their simplification 


As the equivalent circuit of the power system network in per-unit quantities is 
established, the next step in short-circuit calculation is to simplify the network. 
Using the known methods of circuit analysis we may, in most cases, simplify 
the network so that only a single equivalent generator will feed the short-circuit 
fault through an equivalent impedance. The following will remind the reader of 
the most useful of these methods. 


(a) Series and parallel connections 


We start with the series and parallel connections, simplifying them by well- 
known formulas. Thus, if we have a few generators operating in parallel (usually 
at the same power station), as shown in Fig. 6.3, we may integrate them into a 
single one by using this formula (sometimes called Millman’s formula). 


E,Y,+E,Y%+°°+8, n > £Y x = 
eq a ee 4 = on ? eq” on 


(6.12) 


where 
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Figure 6.3 Three generators in parallel (a) and the equivalent circuit (b). 


For only two generators the above formula will be 


E,X,+ E,X XX, 
ie oC OM Me Coe. ok 


E (6.13) 
These formulas are valid for any value of E’s (EMF’s) including zero. 
In particular, the load may be treated as a main generator having zero EMF 
(E = 0). Then such a generator can be combined with others, instead of connect- 
ing the zero potential point of the load with the point of the short-circuit fault, 
as shown in Fig. 6.4. This consideration of the load is approximate; however, it 
allows us to easily simplify the network. As can be seen in Fig. 6.4(b) the 
generators can be gradually integrated all together into one single generator, 
as shown in Fig. 6.4(c). With two more steps, as shown in Figs. 6.4(c) and (d) 
the given network is simplified to a single generator and a single reactance. In 
contrast to the above procedure, the connection of zero potential points, as 
shown in Fig. 6.4(a) (see the dashed line) gives rise to a more complicated circuit, 
which includes two loops. 


(b) Delta-star (and vice-versa) transformation 


The delta-star transformation can also be useful for the simplification of net- 
works having a short-circuit fault. For introducing this technique, let us consider 
the network shown in Fig. 6.5(a). In the first step the star X;—X,—X5 is 
replaced by delta (shown by dash lines) whose reactances are calculated by the 
following formulas 
X3X4 X4X-5 X3X5 
Xg=X34+X4+ aa Xo=X44+X54+ aL X= X3+Xs+——. 


5 3 4 


Replacing the parallel connecting reactances with their equivalents, we obtain 
the circuit in Fig. 6.5(b). In the next step we transform the delta X¥, — X,, — X12 
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load 


E, E, Es= E,//E, 
Xq7 = X6//xy+xs 
Es 
FE, = E,/ TE, 
X= X1//x3 X6 Xq 
X7 


(c) F (d) 


Figure 6.4 A network containing a load (a), the load has been replaced by a generator having zero 
EMF (b), two steps of simplifying the circuit (c) and (d). 


Xg 


(b) 


Figure 6.5 A given network (a), a network after a star-delta transformation (b) and a network after 
a delta-star transformation (c). 
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into a star by using the formulas 


X,X1 XgX1p Xi X12 
XB — xX > X14 _ > X15 = g 
gt Xy1,+ X12 Xgt+ X11 4+ X12 Xgt X11 4+ X12 


The obtained circuit, Fig. 6.5(c), can now be simplified, as was previously done, 
into one having a single generator and a single impedance. 


(c) Using symmetrical properties of a network 


We may use symmetrical properties to simplify a given network. Consider the 
network shown in Fig. 6.6(a). If the rating values of transformers, reactors and 
cables are identical, the entire network is symmetrical relative to the fault point 
and can be simplified as shown in Fig. 6.6(b). The rest of the elements may not 
be included in this circuit, since the fault current will not flow through them. 
The obtained scheme has two parallel branches and can be easily simplified to 
a single reactance. 


6.2.3 The superposition principle in transient analysis 


By neglecting the magnetic saturation in synchronous machines and transfor- 
mers (which is common practice in the transient analysis of power systems), the 
power network may be treated as a linear system. Hence, the principle of 
superposition can be applied to its analysis. As was shown in section 2.6, to 
find the short-circuit current at the fault point, we may superimpose two regimes: 


11kV l1kV 


(a) (b) 


Figure 6.6 A symmetrical network (a) and its simplification (b). 
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(©) 


Figure 6.7 A given network (a), the network of a previous regime (b) and the network due to the fault. 


1) a previous one, i.e. prior to fault and 2) the additional one, which arises due 
to the fault. To illustrate this technique, consider the network shown in Fig. 6.7. 
It is obvious that the fault conditions will not change, if we insert in the fault 
point two voltage sources equal in magnitude, but opposite in sign, as shown 
in this figure. The magnitude of these sources should be chosen equal to the 
voltage value at the fault prior to the fault (if this voltage is not known, the 
rated value can be used). Following the superposition principle the network in 
Fig. 6.7(a) can now be represented as two separate networks. 

The first one, shown in Fig. 6.7(b), is actually the network of a normal 
operation, prior to the fault occurring. The second one, shown in Fig. 6.7(c), is 
the network of the fault regime. Usually the operational conditions (the voltages 
at the nodes and the branch currents) are known, so that only the network in 
figure (c) must be analyzed. This network is simpler than the given one, since 
it has only one source, and therefore might be easier to simplify to a single 
reactance. The total currents will be found by the summation of the normal 
condition currents and the fault currents found in the circuit of Fig. 6.7(c). 


Example 6.2 


The equivalent circuit of part of a power system is shown in Fig. 6.8. The p.u. 
impedances of the generators, transformers and transmission lines, as well as 
the generators’ EMF’s, are indicated on the scheme. (The one-line diagram of 
the network and the calculations of the p.u. values are given in Appendix IL.) 
Simplify this network up to a single source and single impedance. 


Solution 


As a first step we replace two parallel EMF’s, E, and E;, by their equivalent 
one (since all the values are in per unit quantities, the indication p.u. is omitted) 
1.25/(0.64 + 0.19) 

eat 1/0.83 + 1/4.55 


= 1.06, 
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0.64 0.19 0,075 0.32 0.44 1.61 


0.789 


(c) 


Figure 6.8 A given network (a), after the first step of simplification (b) and the resulting circuit (c). 


and 


1 
oe = 
*a  1/0.83 + 1/4.55 


In the same way we replace three parallel EMF’s E,, E, and E, by E,,. 


1.33/2.05 + 1.33/2.15+1/0.55 1.818 
we APSA A1ASA1OSS. ~ 2ITI 


0.70. 


= 0.656, 


and 
X.q2 = 1/2.771 = 0.360. 


As a result we obtain the circuit shown in Fig. 6.8(b). 
The next step is the delta-star transformation and replacing two EMF’s by 
a total one 


0.32-0.82 0.262 aike 
* 032+082+084 168 ~~ ” 
0.32-0.54 S106 
ee ee 
0.54-0.82 
= —_——" = 0,260. 


“1.68 
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Now, the total EMF is obtained as 
1.06-0.46 + 0.656:0.94 1.104 


Bro. = 0.46 + 0.94 ~ 14 — nae 
0.46-0.94 
a Wa 0.26 + 0.83 = 1.40. 


The resulting circuit is shown in Fig. 6.8(c). 


6.3 SHORT-CIRCUITING IN A SIMPLE CIRCUIT 


As we have already mentioned, in the majority of the fault situations, such as 
short-circuiting a single conductor to ground or earth (a one-phase short-circuit) 
or short-circuiting between two conductors (a two-phase short-circuit), the 
power system network becomes unsymmetrical. However, we shall start our 
study of transients in three-phase systems with a symmetrical three-phase fault, 
where all three conductors touch each other or fall to ground. Although this 
kind of fault occurs in only a very small percentage of cases, it is very severe 
for the system and its devices. The very extreme magnitudes of the fault currents 
in such faults give engineers the ratings of the circuit breakers and other 
equipment of the power network to be used. 

In the case of a symmetrical three-phase fault in a symmetrical system, we 
can use a single-phase approach, which simplifies to a great degree the calcula- 
tion of the short-circuit currents and performance of the transient analysis. By 
simplifying the system network, as was discussed in the previous sections, we 
may reduce it to the simplest circuit including a single source and a single 
impedance. 

In the case of unsymmetrical faults, the most common method of analysis is 
to use symmetrical components (see further on), in which we attempt to find 
the symmetrical components of the voltages and the currents at the point of 
unbalance and connect the sequence networks, which are, in fact, symmetrical 
circuits. Hence, the following analysis can be made by again using a single- 
phase representation. 

For a better understanding of the short-circuit phenomena in a three-phase 
system let us first consider the simple circuit, shown in Fig. 6.9, in which a 


Rg. Le. 


Figure 6.9 A simple three-phase circuit under a symmetrical three-phase fault. 
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symmetrical three-phase fault occurs. Following the classical approach in tran- 
sient analysis (see Chaps. 1 and 2) we may represent the total fault current, say 


oe? 


in phase “a”, as the sum of a forced and a natural response 
ise = i + in = In, ¢ Sin(Wt + Wy — Peo) + Ae” BeelPso", (6.14) 


where I, ¢ = Vin/Zs- is an amplitude of the forced response, which is a steady- 
state short-circuit current, 


(60) 
Z sc — Ry. + (OL,.)’, Psc= tan™ : R 


‘SC 


are the magnitude and the angle of the total impedance up to the fault point F 
and y, is an applied voltage phase angle at the moment of the short-circuiting. 
Suppose that the current prior to short-circuiting was 


lig= Tinaa sin(wt a We — Pra) (6.15) 


where I,.1¢@=Vn/Zig is the amplitude of the current under normal load condi- 
tions, just prior to short-circuiting, 


oLia 


Zig = JR, +(@Ly) and gjqg= tan"! 
ld 


are the total impedance and the angle of a total impedance of the load and the 
system under normal operation. Then the integrating constant is 


A= ing = ina(0) i(O) = Tinta sin(W, ~~ Pia) > Dns sin(W, _ Psc)s (6.16) 
and the time constant of the exponential term is 


L 
R 


T= 


os (6.17) 


sc 


Finally, we have the expressions of the natural and total responses: 
i, = Ae = [In1a Sin (Wy — Pra) — Im, ¢ Si (Wy — Pslle-*", (6.18) 
and 
isc= Im, ¢ Sin(Wt + Wy — Pro) — inne. (6.19) 


Since the current in phase “a” is determined, the rest of the currents in phases 
“b” and “c” may be found by replacing the current of phase “a” by — 120° for 
the current of phase “b” and by 120° for the current of phase “c”. In Fig. 6.10 
the three-phase phasor diagram of all three currents is given. 

In accordance with the phasor concept, the phasors on the phasor diagram 
are vectors rotated in a counterclockwise direction at an angular velocity of «, 
rad/s, and their projections on axis “t” (or on an axis of imaginary numbers) 
give the instantaneous values of the currents/voltages. Hence, the differences of 
two phasors (Iin1a—Im,r) in each of three phases (dashed phasors) represent the 
vectorized values of the integration constants, and their projection on axis t 
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\ 
() 
\, Canta -L.2) 


aia Inve 


Figure 6.10 The phasor diagram of three-phase currents in a simple circuit at the three-phase short- 
circuit fault. 


gives the initial values of the natural responses in the corresponding phase a, b 
and c. Such a representation clearly shows that the initial value of a natural 
response may vary from its maximal value, when the vector (Iy1a—In,p), L€., 
the dashed line, is parallel to axis t, to zero, when this vector is perpendicular 
to axis t. The position of this vector on the diagram is dependent on the applied 
voltage phase angle w, at the moment of fault. In the latter case the exponential 
term is absent, which means that the forced current at the instant of switching 
is equal to the current prior to switching and no transient response takes place 
at all. It is obvious that such conditions may occur only in one of the phases. 
For the conditions of the phasor diagram, shown in Fig. 6.10, the short-circuit 
currents versus time in all three phases are shown in Fig. 6.11. 

As can be seen from the current plots in Fig. 6.11, the transient currents in 
three phases, due to the aperiodic term, are different. Hence, we shall say that 
even the three-phase short circuit is not symmetrical. In one of the phases the 
instantaneous current might be much larger than in the others. However, after 
the aperiodical term decays, the short-circuit current becomes symmetrical. 

The exponential term can be separated from the short-circuit current oscillo- 
gram, as shown in Fig. 6.11(c). As can be seen, the exponential term is a medium 
line in between two envelopes: an envelope of positive amplitudes and an 
envelope of negative amplitudes. We may also say that the exponential term 
represents the curve axis of a short-circuit current causing the current to be 
unsymmetrical. 

The initial value of the exponential term also depends on the previous regime. 
It is easy to see that the largest value of the integration constant may be 
achieved, if in the previous regime the current was leading (Fig. 6.12(b)). Since 
the capacitance load in power systems is uncommon, the most severe case may 
occur if, prior to the fault, the network was under no load operation, Fig. 6.12(c). 
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phase c (c) 


Figure 6.11 The short-circuit currents in a simple three-phase circuit. 


The maximal value of the short-circuit current in the latter case will appear 
if the forced response current, at the instant of the fault, passes its maximum 
(positive or negative), so that i,o.=J,,, For the short-circuited network, which 
is primarily of inductive impedance, this takes place when the applied voltage 
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Figure 6.12 The most unfavorable conditions for the largest value of an aperiodic term to appear: 
1) the lagging load (a), 2) the leading load (b) and 3) no-load operation (c). 


passes its zero point. The plot of the short-circuit current under such conditions 
is shown in Fig. 6.13. 

Note that the time constant T, may be found experimentally from the short- 
circuit oscillogram, as shown in Fig. 6.13 (also refer to section 1.3.1). The time 
constant here is measured as an under-tangent, T,, along axis t. To achieve 
good precision, using this method, point g must be taken at the beginning (the 
highest) part of the exponential curve. 

We may estimate the highest peak (or just “peak”) of a short-circuit current 
by using the “peak-coefficient”. Since the highest peak is found to occur at about 


Figure 6.13 A plot of a short-circuit current having a maximal exponential component. 
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t=T/2 (i.e. at 50 Hz in 10 ms and at 60 Hz in 8 ms) after the incidence of the 
short-circuit, we have 


ink = Inf + ioe (129 = el + ea | ee = Kalin. f 
where k,,, is the peak coefficient. Thus, 
k= 1+ e779, (6.20a) 


The time constant, t, changes between zero (L = 0) to infinity (R = 0), therefore 
the peak coefficient lies in the range 


ie ie (6.20b) 


(except for the much less common case of the leading current, shown in 
Fig. 6.12(b)). 

Due to the resistivity of the short-circuit network, the exponential term finally 
vanishes. Usually the time constant of power system networks is relatively large 
(t =0.01-0.2 s), so that it takes a few periods for the exponential term to decay. 

To check the thermal stability of electrical equipment under short-circuit fault 
conditions, the r.m.s value of the short-circuit current in its initial stage has to 
be estimated. Since this current is unsymmetrical, i.e., consisting of two compo- 
nents: sinusoidal, or a.c., and exponential, or d.c., we may calculate its r.m.s. 
value as 


I= VP + Pep (6.21) 


where I, = Lewy? is an rms. value of a.c. and J,,, is an r.m.s. value of the 
exponential term. The r.m.s. value of the exponential term may be estimated as 
its average value in the interval of one period T or approximately, as the value 
in the middle point of the period, as shown in Fig. 6.14. 

The highest r.m.s. value of a short-circuit current will appear at the first period 


Figure 6.14 Calculation of an average value of the exponential term. 
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after the instant of fault. Thus, with equation 6.20a and in accordance with 
equation 6.21 we obtain 


Tse, pk = VP at LK px _ 1)V21,/ = Lal -- 2k 9 a (6.22a) 


and with equation 6.20b, the range limits of J... are 


I a 
(222 oa. (6.22b) 
Ty 
The value of i,, is used by project engineers for checking the electrodynamic 
stability of electrical equipment under short-circuit fault conditions. 


6.4 SWITCHING TRANSFORMERS 


6.4.1 Short-circuiting of power transformers 


The short-circuit phenomenon in any transformer must be analyzed as a tran- 
sient response in mutual (magnetically interlinked) elements. Considering a 
three-phase transformer as a symmetrical element (which is an approximation 
of a three-phase core type transformer) we may reduce it to a single-phase 
circuit, as shown in Fig. 6.15. In this equivalent circuit a transformer is repre- 
sented as two identical circuits. The resistance and inductance of the secondary 
winding are referred to the primary winding. Note that, as previously shown, 
p.u. impedances, resistances and inductances of a transformer are the same 
regardless of which winding they are referred to. This means that both the 


M 
‘a = 
~ 3 é [Ju 
(a) 
M 
> x“ o™N BE > 
~ L 
F 
(b) 


Figure 6.15 An equivalent single-phase transformer under the load (a) and under the short-circuit 
fault (b). 
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primary and secondary circuits have identical p.u. parameters. It should also 
be noted that the ratio of the winding inductance to its resistance is equal in 
both windings as is usual in power transformers (since the amounts of copper 
in the primary and secondary windings are nearly equal). Hence we may assume 
that the parameters of the secondary winding, which are referred to the primary, 
are about of the same values as the primary, and represent the transformer by 
two similar circuits, Fig. 6.15. Also note that this equivalent transformer has a 
unit turns ratio. We may also say that when the analysis is done in p.u. 
quantities, the actual values of the primary and secondary circuits may be 
obtained by simply multiplying the p.u. value of each current by an appropriate 
rated value. 

By using the superposition properties discussed previously, we may separate 
the previous, i.e., the prior to short-circuiting, operation of the transformer and 
its transient behavior having zero initial conditions. To find its natural response 
we shall solve two homogeneous equations 


L di, Ri M di, _ 0 
i ae a 
(6.23) 
L diy, Ri M diy, _ 0 
oe ae 


The characteristic equation has been developed in Example 1.2 (Chapter 1) and 
it roots are given by equation 1.34, which under the given conditions (that L, = 
L,=Land R, = R,= R) yields 


1 | R(L¥M) 
S12 [gap REL V(RL) — R2(L? — M?)] sagt? (6.24a) 
or 
- 5 : (6.24b) 
me oo cake he ee eee eS, 
and the time constants are 
L+M L—M 
C= , 7 ‘ (6.24c) 
R R 
Hence, the natural currents are 
ip,=Aye “™+A,e "%, i,,=Bye “m+ Be", (6.25) 


The transformer’s equivalent circuit (Fig. 6.15) is of the second order and 
therefore both currents consist of two exponential terms, having two different 
time constants. The larger one t,, is determined by the sum of the winding 
inductance L and the mutual inductance M and is related to the main magnetic 
flux linked to both windings. The smaller one 1, is determined by the difference 
between the inductances L and M and is related to the leakage flux. As is 
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known from the power transformer theory, the difference between L and M 
represents the leakage inductance of the transformer windings and usually has 
a relatively small value. Thus, 


Lr=L—M. 


In the next step (step 2 of the classical approach) we shall find the forced 
response, i.e. the steady-state short-circuit current of a transformer. By neglecting 
the resistances and using the phasor approach: i= Je’ and v = Ve!, for the 
transformer in Fig. 6.15(b) we may write 


joLI, + joMI,= \, 


(6.26) 
joMI, + joLI, =0. 
From the second equation we have 
I te I (6.27a) 
2 L 1: 21a 


Substituting this in the first equation (equation 6.26) yields (for the magnitudes) 


I de Vb 6.27b 
1 @o(L?—M?) o(L+M)(L—M)’ soe Te} 


Because of the small leakage we may neglect in the sum (L+ M) the difference 
between inductance L and mutual inductance M (L2M). Then the above 
expression simplifies to 

V, V, V, 


os ° =~ ==, 6.27 
bf 8 GM) lel, X ee 


where L, is the leakage inductance of one winding and X, is the leakage 
reactance of a transformer. The p.u. value of the steady-state short-circuit 
current, therefore, is 

Vi 


I, 7 XI, 7 Vi. 


1.€., aS a ratio of the system voltage, which is usually the same as a rated voltage, 
and the voltage drop of the transformer caused by the short-circuit current (the 
voltage at the short-circuit test). Thus if, for instance, a relatively low power 
distribution transformer has a 4% short-circuit voltage, it will develop a steady- 
state short-circuit current 


I 


I 


3M... 


2 
Ae 


r 
i.e., 25 times the normal current in either of the transformer windings. 

The next step is finding the independent initial conditions, i.e. the value of 
both currents at the instant of switching. For this reason we have to take into 
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consideration that prior to switching the transformer carried a magnetizing, or 
exciting, current (the current at no-load), which is obtained from the first 
equation (equation 6.26). At zero secondary, it yields 


— (6.28) 


The p.u. value of the magnetizing current for power transformers lies in the 
0.5-3% range; the first number is appropriate for very large transmission 
transformers (200-300 MVA) and the second one is appropriate for relatively 
small distribution transformers. The magnetizing current, which is an open- 
circuit current, relates to the short-circuit current, with equation 6.27c and 
equation 6.28, as 


ee Ve  2L, | 2L, 
I, ol/ 2oL, L~ M~ 


sc 


(6.29) 


It is worthwhile to mention that the same results can be obtained by inspection 
of the equivalent circuit of a transformer with a cancelled mutual inductance, 
Fig. 6.16(a), and its common approximation with the magnetized branch moved 
to the transformer input, Fig. 6.16(b). As can be seen from Fig. 6.16(b), after 
neglecting the resistances and assuming L& M, the magnetized current I and 
short-circuit current I,, become the expressions as in equations 6.27c and 6.28. 

Let us consider the most unfavorable instant of the short-circuiting, when 
the steady-state primary current i, , passes through its maximum J, , (equation 
6.27). Since both currents, the magnetizing and the short-circuit current, are 


(b) 


Figure 6.16 An equivalent circuit of a transformer with a cancelled mutual inductance (a) and an 
approximate circuit with the magnetized branch moved to the input (b). 


Transients in Three Phase Systems 343 


almost purely inductive, and thus having nearly the same phase angle, we may 
write 


i1,n(0) = i, (0) iy, (O) = In Th ops (6.29a) 


and 


M |. M 
ta.n(0) = 0 — in, (0) =F in, ¢(0) = 7 hr (6.30) 
Next we shall find the dependent initial conditions, i.e., the derivatives of both 


natural currents at t= 0. The equations (equation 6.23) may be rewritten as 


p tin ofan) 8 Rj (0)=I,,—I 
dt re dt ee - Lin —~Am~ f1if 
M di, , Poa Ri,,,(0 M I 
dt len” dt an lon )= N tf * 


Solving these two equations for each of the derivatives yields 


diyn| é L Z L? + M? , 
dt |e oN? Tir 

(6.31) 
diy, 


R| —M ‘a 2M I | 
= m 1.f | 
pe L? — M? L? — M? 


We can now obtain the integration constant by solving two simultaneous 
equations (see equation 1.55 and Example 2.3). 
For the primary current i,,,: 


dt 


A, ai A, =In—lyy 


eee oe - Es +M | 
Louw Lem = Pease” eae). Ff 


which yields 


L-M, _1, 1k, 
m OL Lf 9 m 2 L 1,f> 


(6.32) 


For the secondary current, i,,,: 


M 
B,+ B,= 7 ds 
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which yields 


, 1 I L—M F 1 . 1 L, I 
1 2 m aL 1.f 2 m > L 1f% 
(6.33) 
1 L+M 1 
A, 5 Im + aL Ie aim t Lis 
These results actually show that B, = A, and B,= —A,. The expressions for 
A,(B,) and A,(B,) may be simplified: with equation 6.29 we have 
Geek rv 1L, L r \ 
sl 1. 2 m 2 L a, mA m* 
And, since I,, is negligibly small relative to J,,., 
A,= BL,= Thrp= Tees 
Finally, 
1 7 7 1 - 7 
Ly = 4 Tine tm _ T,0€ wt, lyn = 4 Tne ‘em a5 I,.€ ve (6.34) 


These expressions show that the short-circuiting of the transformer results in 
the appearance in both windings of two exponential (aperiodic) currents, which 
superimpose with the steady-state short-circuit currents. The first one decays 
relatively slowly with the large time constant t,,, however it is insignificantly 
small and can be neglected. The second one decays much faster with the smaller 
time constant t,, but its initial value is as large as the amplitude of the steady- 
state short-circuit current. Half a cycle after short-circuiting, the exponential 
term is added to the steady-state short-circuit current, which results in an almost 
double amplitude value. This means that a transformer having a leakage induc- 
tance in the order of 4-10% will develop a maximal short-circuit current of 
50-20 times the rated value. A typical curve of such a short-circuit current 
versus time is shown in Fig. 6.17, 

It should be noted that by neglecting the very small effect of the transient 


Figure 6.17 A typical waveform of a transformer’s short-circuit current. 
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magnetizing currents in equation 6.34, the transient response to short-circuiting 
a transformer is similar that in the simple RL circuit having an inductance as 
a total leakage inductance of the transformer and the total resistance of both 
its windings. Hence, for the analysis of the short-circuit phenomena in any 
power network, we may replace every transformer by a single inductance in 
series with a resistance, both referred either to the high- or low-voltage side. 


6.4.2 Current inrush by switching on transformers 


Upon switching on a power transformer, an inrush of a magnetizing (exciting) 
current may initially reach a very high level of eight times the rated current, 
even under no-load conditions. From our previous study, we know that in linear 
RL circuits, even under the most unfavorable conditions, the transient current 
may not exceed the double value of its forced response. However, the magnetiz- 
ing circuit of the transformer is non-linear due to its iron core. Hence, to analyze 
the transient phenomenon in the transformer we have to take into consideration 
the saturation of its magnetizing characteristic, i.e. B= f(H). 

The inrush is most severe when the transformer is switched on at the instant 
the voltage goes through zero with such polarity that the flux increases in the 
direction of the residual flux. For these conditions, we may write 
di x dp 


= /2V, sin ot =" =N—. 
U, , Sin OE = rr 


The value of the flux is then found by integration: 


aig 
? =—— | sinat dt+ (0), (6.35a) 
N 0 
where #0) = Do is the residual flux. Thus 
V2v, 
p= oN (1 —cos wt) + ®) = —Q,, cos wt + O,, + Do. (6.35b) 


Since we neglected all the resistances (representing the winding and core 
losses), the aperiodic (d.c.) component, ®,,-+ 5, is obtained as a constant 
quantity. However, due to these losses, the aperiodic term decays very slowly 
according to the large time constant of the magnetizing circuit. Then, at 
ot = (half a period after switching) the instantaneous flux will be 


Osi = 20,, + Dp. 


The magnetic flux density under steady-state conditions is B,, 1.3 T. If Do is 
assumed to equal 0.6®,,, then the maximal flux density, which in a transformer 
is directly proportional to the flux, will be 


Bmax = (2 + 0.6):1.323.4T. 


This value is far beyond the rated range and according to the magnetizing 
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(b) 


Figure 6.18 A magnetizing curve (a) and an inrush current of transformer (b). 


curve, shown in Fig. 6.18(a), the magnetizing force, H (which is directly propor- 
tional to the magnetizing current) may reach as large a value as 8-10 times its 
rated value. The typical curve of an inrush current for a transformer switched 
at zero instantaneous voltage is shown in Fig. 6.18(b). Note that the waveform 
of this current is not sinusoidal due to the presence of high harmonics (as a 
result of the non-linearity of a transformer magnetize characteristic). 


6.5 SHORT-CIRCUITING OF SYNCHRONOUS MACHINES 


High-magnitude transient currents, or short-circuit currents, in the stator wind- 
ings of a synchronous generator occur, particularly if the voltage at its terminals 
is suddenly changed by a considerable amount. This may happen as a result of 
a faulty switching operation, or by any other fault, which brings about short- 
circuiting, such as a result of bad synchronizing in the faulty position of the 
poles, by energizing a rotating machine by sudden connection to full voltage, 
etc. In such cases the transient currents may be much greater than the normal 
operating currents of the machine. Depending on the design of the machine 
and the process of switching excess currents, up to ten times the normal current 
may develop in the windings. In view of the large size of most modern generators, 
this would release an enormous amount of energy in the network, which might 
be dangerous for the normal operation of the network equipment. 
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The stator and rotor windings of a synchronous machine are mutually cou- 
pled, but in distinction to a transformer, due to the rotation of the rotor, they 
continuously change their relative position in the space. As a result of that, 
their mutual inductances are not constant, but vary in time. This leads to 
differential equations with variable coefficients, whose analysis and solution are 
very cumbersome. 

To simplify the practical approach to the calculation of short-circuit currents 
we shall make a few common assumptions. It should be noted that by any 
sudden change of the operation conditions of a synchronous machine, its 
revolution is disturbed and its angular velocity changes, which gives rise to 
mechanical oscillations. Obviously, the detailed analysis of the transient beha- 
vior of the synchronous generator becomes even more complicated. Thus, the 
first assumption is that the revolution of the generator does not change and 
remains constant during the transients. 

As previously, we shall neglect the resistance of the generator windings and 
the short-circuit impedances of the generator will be considered approximately 
as an inductive reactance. The resistances will then be taken into consideration 
by determining the damping coefficients of decaying the transient currents. 

To simplify the entire calculation of transients in a three-phase system and 
reduce it to a one-phase presentation, the generalized phasor of three-phase 
system currents will be introduced as well as the two-phase model of the 
synchronous machine. 


6.5.1 Two-axis representation of a synchronous generator 


Three-phase synchronous generators fall into two general classifications: 1) 
cylindrical (or round) rotor (high-speed turbogenerators) or 2) salient-pole rotor 
(low-speed hydrogenerators). While the air gap in the cylindrical rotor construc- 
tion is practically of uniform length that of the salient-pole rotor is much longer 
in between the poles, Fig. 6.19. 

We shall review here the two-axis representation of synchronous generators 
using the salient-rotor generator as an example rather than the cylindrical one, 
since the latter constitutes a particular case of the former. In Fig. 6.20 the 
schematic cross-section of a salient-rotor generator is given. Here the rotor has 
two axes: the direct axis d, which is in the direction of the magnetizing, or field 
flux, D, and the quadrature axis q, which is perpendicular to axis d midway 
between the poles. Accordingly, the generator is represented by two reactances 
X, and X, and two EMF’s, E, and E, in the direct axis and the quadrature 
axis respectively. The above two components of the EMF can always be com- 
bined in one phasor of a total generated EMF (or terminated voltage), E,,. 

The stator three-phase winding carries three currents, which are displaced by 
120° relative to each other. Following the idea of a one-phase representation of 


“) For a detailed discussion of this problem see, for example, C. Concordia, Synchronous Machines, 
John Wiley & Sons, New York, 1957. 
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Figure 6.19 Two kinds of rotors: cylindrical rotor (a) and salient-pole rotor (b). 
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Figure 6.20 Salient rotor and phasor diagram in a two-axis representation. 


a synchronous machine we shall transform the stator three-phase current system 
into one generalized current phasor J. 

Consider the usual representation of a three-phase current by three phasors, 
as shown in Fig. 6.21a. The three instantaneous currents i,, i, and i, can then 
be obtained as the projections of the three phasors on the time axis t, while the 
star of phasors is rotating with an angular velocity o. 
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Figure 6.21 Determining instantaneous currents in a three-phase system: with three-phase phasors 
(a) and with one generalized phasor (b). 


The same results may be derived using only one rotating phasor, or a so 
called generalized phasor, but with its projection on three time axes, which 
coincide with the axes of a three-phase stator winding, as shown in Fig. 6.21(b). 
If the generalized current phasor is rotated in the same direction as the phase- 
phasors, the sequence of the time axes should be taken as opposite to those of 
the phase-phasors, 1.e., a>c—b. 

Now, this single phasor can be expanded into two quadrature components, 
according to two rotor axes, J, and I,, as shown in Fig. 6.20. Here, 2, is the 
flux linkage, produced by the field current, 2,,4 and /,), are the armature reaction 
and stator winding leakage fluxes, produced by the currents I, and I, respectively 
and 4 is the resultant flux linkage, which induces the terminal voltage V. In 
accordance with the phasor diagram for EMF’s we may write 

Vi=E,—jXqla, Vi= —jXq1y, (6.36a) 


q 


and 
V=V,+V, or |VI=VV2+V?2, (6.36b) 


where X, and X, are the generator direct-axis and quadrature-axis reactances. 
Finally, if the phasors I, and J, are known, and taking into consideration 
that [,+1,+1,=0, the phase-phasors can be expressed as 


I,=1,cos a+, sin « 
I, =I, cos(a + 22/3) + I, sin(« + 27/3) (6.38a) 
I, = 14 cos(% — 21/3) + I, sin(a — 27/3), 


“Tf the sum of the phase current phasors is not equal to zero, then each phase current consists of 
a zero sequence term. 
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where « is the angle between the rotor direct axis and the axis of the phase a 
winding. 

In turn, the two components of a generalized current can be expressed by 
the phase currents: 


2 
I,= : [T, cos «+ I, cos(a + 27/3) + I, cos(% — 22/3)] 

(6.38b) 
I,= : UI, sina + I, sin(a + 27/3) + I, sin(« — 27/3)]. 


Thus, the generalized current completely represents the three-phase stator cur- 
rents and allows for the reduction of a three-phase generator to a one-phase 
machine, having constant mutual inductances between the stator and rotor, 
which is 


3 


Mea= 5 


M, 

where M is the mutual inductance between the phase winding of the stator and 
rotor winding, when the axis of the stator winding coincides with the direct 
axis of the rotor. 

As was previously mentioned, the cylindrical-rotor generator is a particular 
case of a salient-pole rotor. Thus, since the air gap lengths of both the d and q 
axes of the cylindrical rotor are the same, we have X, =X, and all the expres- 
sions obtained for a salient-pole generator are valid for a cylindrical rotor 
generator. 


6.5.2 Steady-state short-circuit of synchronous machines 


As we know the steady-state regime, or the forced response, takes place after 
the natural responses decay, i.e., a few seconds after the moment of short- 
circuiting. However, for the sake of protecting all kinds of electrical equipment 
and providing the dynamic stability of synchronous generators operating in 
parallel, the short-circuit fault in present-day power systems is disconnected 
very fast (by means of modern relay protection and switch gears), Therefore, 
steady-state short-circuit conditions are very uncommon. We shall, however, 
start our analysis of the synchronous generators’ behavior under short-circuit 
conditions with the steady-state short-circuit. In order to get the total response 
and estimate the maximal magnitudes of short-circuit currents in the first 
moments of the fault, we must know the forced responses, i.e., the steady-state 
short-circuit currents. In addition, the study of steady-state short-circuit beha- 
vior of a synchronous generator contributes largely to a better understanding 
of the whole process. 

The steady-state short-circuit behavior of a synchronous generator depends 
to a greater degree on the automatic voltage regulator (AVR). Excitation of a 
synchronous generator is derived from a d.c. supply with a variable voltage. 
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Figure 6.22 An excitation arrangement for a synchronous generator with AVR. 


Originally, the main exciter consisted of an a.c. exciter with an integral diode 
or thyristor rectifiers rotating on the rotor (main) shaft, thus avoiding any brush 
gear, Fig. 6.22. In general, the AVR’s are set out to control the output voltage 
of the synchronous generator, by controlling the exciter. The other important 
function of such regulators is to force the field current usually up to its maximal 
value at the event of a short-circuit fault, which requires a very fast-acting 
regulator. As a result of the AVR action, the steady-state short-circuit current 
might be larger than during the transients and even at the first moment of 
switching. 


(a) Short-circuit ratio (SCR) of a synchronous generator 


When short-circuiting occurs across the terminals of the generators or nearby, 
the magnetic saturation of their characteristics must be taken into consideration 
since the values of the voltages and of the inductances substantially depend on 
the magnetic saturation. The open-circuit (no-load) characteristic (OCC), or the 
magnetic curve, is the graph of the generated voltage against the field current, 
I,,;, of the machine on open circuit and running at synchronous speed. The 
typical OCC of turbo- and hydro-generators in p.u. are shown in Fig. 6.23. The 
air-gap line represents the linear part of the open-circuit characteristic and 
ignores saturation (Fig. 6.24). 

For our further consideration, we will also need the short-circuit characteristic 
(SCC), which is the graph of a stator current against a field current with the 
terminals short-circuited. Both OCC and SCC are shown in Fig. 6.24. 

With these two characteristics we may calculate, first of all, both the unsatu- 
rated and saturated (its approximate value) synchronous reactances of the 
generator. The p.u. unsaturated reactance is obtained with the air-gap (unsatu- 
rated) line as the ratio of the open-circuit voltage (length ac) and the short- 
circuit current (length ad), both produced by the same field current (0a). Thus, 

ac 
Xa, = = pu. (6.39a) 
ad 
With the saturated air-gap line (of), also called the modified air gap line, and 
by the same procedure we may obtain the saturated reactance: 


Xq= = pu. (6.39b) 
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Figure 6.23 Typical open-circuit characteristics of turbogenerator (T) and hydrogenerator (H). 
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Figure 6.24 Open- and short-circuit characteristics of a synchronous generator. 
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As can be seen, the saturated reactance is less than the unsaturated reactance, 
and is usually taken as the active value of the synchronous reactance of a 
generator.” It is important to understand this feature of all magnetic circuits. 
The reactance is reciprocally proportional to the reluctance (or magnetic con- 
ductivity), which is a function of the permeability (4) of the magnetic material. 
Since the permeability by saturation is getting larger, the reluctance subsequently 
decreases, which results in a lower reactance. 

The second important parameter of a synchronous generator, which is 
obtained by the above two characteristics is the short-circuit ratio (SCR). It is 
defined as the ratio between the field current required for nominal open-circuit 
voltage and that required to circulate the full-load current in the armature 
winding when short-circuited. Thus with Fig. 6.24 


ob 
SCR=—. (6.40) 
og 
With SCR the p.u. steady-state short-circuit current at the generator terminals 
will be 


Iye.c0 = SCR Ip, (6.41a) 


where I, is a known magnetizing, or field, current in p.u. The steady-state short- 
circuit current in natural units (i.e., in amperes) will be 


ie = SCR Tpl,,A 


where J, is a generator rated (nominal) current. The value of SCR in accordance 
with the OCC, and SCC in Fig. 6.24 is 0.67 (this value is typical for turbogenera- 
tors; for hydrogenerators it can be taken as 1.1). 

Comparing triangles A ohg and A oeb and noting that gh = bc’ we have 


gh og be’ 1 
be ob - be ob/og’ 
Leé., 
Xa, pu = = (6.42) 
SCR 


The direct-axis synchronous reactance X, of a synchronous generator (it is 
often replaced by the so-called synchronous reactance X ,) includes the combined 
effect of the leakage reactance X, and the reactance X,q of the armature reaction. 
The value of the leakage reactances is usually in the range of 0.1—0.15 (for 
turbogenerators), 0.15—0.25 (for hydrogenerators). 

As a reminder of the basic conditions at the terminal short-circuit (s.c.), the 
phasor diagram and the Potier triangle are shown in Fig. 6.25. The rotor current 


“)For more about the effect of saturation and calculation of the saturation value of Xq, see, for 
example, in McPerson, G. and Laramore, R. D. (1990) Electrical Machines and Transformers, Wiley 
& Sons. 
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Faq Fy 


Figure 6.25 The phasor diagram (a) and OCC with a Potier triangle (b). 


I, produces a magnetomotive force (MMF) F,, which induces in the stator 
winding an electromotive force (EMF) E,. Since the terminal voltage at short- 
circuiting is zero, this voltage is required to overcome the armature reaction 
Eqa= jXaalse and the leakage reactance voltage drop E,= jX/I,., Fig. 6.25a. The 
corresponding fractions of Fz are also shown on the phasor diagram as leading 
the appropriate EMF by 90°. Note that the armature reaction F,,, is in phase 
with F,, since the short-circuit current is actually a zero-power-factor, or pure 
reactive, current. 

With the known E, point A, which is the upper vertex of the Potier triangle 
on the OCC, is determined. Point C, which is determined by the field current, 
required to produce a rated short-circuit current, gives the second vertex of the 
triangle. Point B, which is determined by the perpendicular drawn from vertex 
A to the abscissa, gives the third vertex. Length BC is the component of the 
field current required to overcome the MMF of the armature reaction and, 
therefore, is proportional to the stator current. The other component OB pro- 
duces F,, required for inducing E, to overcome the leakage reactance voltage 
drop. Note that since point A is located on the linear part of OCC, the quantities 
Ey, Eg and X,4 are appropriate for an unsaturated generator. 


Example 6.3 


Use the open-circuit and short-circuit characteristics, shown in Fig. 6.26, for a 
133.5 MVA three-phase 13.8 kV 60 Hz generator, to: a) find the unsaturated and 
saturated synchronous reactances in ohms and in p.u.; b) determine SCR; and 
c) draw the Potier triangle, if the leakage reactance is 0.145, and determine the 
scale of the stator current on the axis of the field current (abscissa). 
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V, pur V, (KV) 


Figure 6.26 The OCC, SCC and Potier triangle for Example 6.3. 


Solution 


a) The unsaturated synchronous reactance (equation 6.39a) is (see Fig. 6.26) 


ac 1 
au = = 9g 7 167 pu 
The rated impedance of the generator (equation 6.4) is 
= a = 1.430. 
= 123.5 


Thus, the unsaturated reactance in ohms is 
Xau= ZX ay = 1.43°1.67 22.93 Q. 
The saturated reactance (equation 6.39b) is (see Fig. 6.26) 


or in ohms 


X,=Z,X,=143-1.492=2.13 0. 


b) The short-circuit ratio (equation 6.40) with Fig. 6.21 is 


which is the reciprocal of X,. 
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c) The vertex A is determined by the ordinate E, ,,,= 0.145 and the vertex C 
by the abscissa OC = 1.45, which is the p.u. field current required to produce a 
rated short-circuit current (see Fig. 6.26). The rated current of the generator is 


S, 
T= > = 5580A. 

\/3-13.8- 10° 
Since the length BC determines the portion of the field current, which produces 
F 4 to overcome the armature current reaction (F,4= X,q1,-), and therefore it is 
proportional to this current, we may determine the scale of the stator current 
on the abscissa as 

iced 4130A 

ae 15 in 
The Potier triangle is shown in Fig. 6.26. 
With the known p.u. field (magnetizing) current, I,, the steady-state short- 

circuit (s.c.) current can easily be found as 


Ige.co = SCR I pI,- 


However, this value of an s.c. current is valid only for an unsaturated generator, 
or for a linear OCC, Le., in accordance with an air-gap line, which is, of course, 
only a rough approximation. For a more precise calculation of an s.c. current 
the graphical solution shall be introduced. 


(b) Graphical solution 


We shall start the graphical solution representation with a simple case of a 
short-circuit fault occurring on the main line fed by a single generator, as shown 
in Fig. 6.27. The generator is represented by the OCC and the leakage reactance 
X,; the terminal voltage is V and X, is the reactance of the external network 
(the resistances, as usual, are neglected). 

The EMF of the generator required to overcome the leakage voltage and the 
terminal voltage is 


Eg=E, + V=(Xit+ Xp Moc= Xegl sce (6.43) 


This expression (since X; and X,, are constants) can be represented graphically 


VOC 0 YOO 


ES) (~) 


F 


Figure 6.27 An equivalent circuit of a short-circuited synchronous generator through an external 
reactance. 
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as a straight line, as shown in Fig. 6.28. As has already been shown, the abscissa 
of the OCC can also be used as an axis of an armature current with an origin 
in point C and its positive direction opposes the positive direction of the axis 
of the field current. Hence, the straight line of E, = f(,.) should be plotted from 
this point C with the slope angle 


“= tan™1(X, pu + Xr, pu)s 


i.e., line CM in Fig. 6.28. 

The EMF of the generator is dependent on two quantities: 1) a magnetizing 
current I; (in accordance with its OCC) and 2) an s.c. current J,, (in accordance 
with equation 6.43. Hence, the actual EMF will be given by the intersection, 
point M, of the two characteristics: the OCC and the straight line CM, as 
shown in Fig. 6.28. 

The actual s.c. current will be determined by point N and can be expressed 
by the length ON’ according to the scale of the axis I,, (see Example 6.2). Note 
that this method of determining J/,, is actually a graphical solution of two 
equations (one of them is the OCC given as a curve and the second one is a 
straight line given by expression 6.43) on two unknowns: E, and I,., i.¢., 


E=f(UIp), E= Xeglsc- (6.44) 


(Also note that there is a relationship between I, and I,,, e.g., given by equation 
6.41a when the fault occurs at the generator terminals.) 

Next we may separate the total EMF, induced by the stator winding, into 
two parts (in accordance with the circuit in Fig. 6.27): the leakage voltage drop 
E, and the terminal voltage V. For this purpose we shall draw the Potier triangle 


Figure 6.28 The graphical representation of two functions: 1) E, =f(I,;), which is the OCC and 2) 
E, =f(I,.) in accordance with equation 6.43). 
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ABC: vertex C is determined by the field current required for a rated s.c. current, 
ie, OC = 1/SCR and vertex A (the triangle altitude) is determined by E,. 

We then plot the reactance axis as a continuation of the triangle leg AB 
(Fig. 6.28). The length AB, which represents the leakage voltage E), is propor- 
tional to X, (E,;= X/I,.) and therefore it determines the scale of reactance: 


x 


AB’ pu/cm. 


m, = 


Then, length AF on the reactance axis will give X,.in the same scale, while the 
lengths OA’ and A’M’ on the voltage axis will give the leakage voltage E, and 
the terminal voltage V respectively. 

So far, in the above solution, the generator, previously to short-circuiting, 
was running under no-load conditions. Usually, short-circuits do not occur 
under no-load, but under the full operation of the power plant. Thus, the 
generators will carry a considerable current prior to the occurrence of a short- 
circuit, and in order to compensate for the armature reaction of the load current, 
the generator should be excited by a substantially higher field current than by 
the no-load field current in Fig. 6.28, which is often by a multiple of this value. 
If the field current under full load is known, we start the solution by indicating 
point C, according to the value of this current. Then we move the Potier 
triangle with the reactance axis, toward point C, so that its vertex C coincides 
with point C,, as shown in Fig. 6.29. 

Now, as in the previous case, we shall determine point F,, in accordance 
with the value of X; and plot the line C,M, through F,. The projection of M, 
on the J,, axis, point N,, gives the value of the steady-state short-circuit current, 
Isc,c0- 10 find the remaining terminal voltage V we must extend the hypotenuse 


Figure 6.29 The graphical solution for finding the steady-state value of a short-circuit current. 
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A,C, of the Potier triangle up to the OCC, point D. Then length M, P, will 
give the p.u. value of the generator terminal voltage. It is obvious that the above 
procedure can be performed for any given field (magnetizing) current and for 
any external reactance. However, if the field current is not known, we may 
determine it as follows. The leakage voltage E, as length ab = AB should be 
added to the rated voltage V, level (dashed line b’b) so that point A reaches the 
OCC, as shown in Fig. 6.29. Then the length bc = 1/SCR should be plotted on 
the same line b’b and the obtained triangle A abc is the Potier triangle. Point 
c, projected on the abscissa, as point C,, will determine the required field 
current. On the OCC in Fig. 6.29: E,, is the air-gap EMF and E,, is the total 
EMF generated by the field current J,,. Let us now introduce the graphical 
solution in the following example. 


Example 6.4 


The synchronous generator, prior to short-circuiting, is operated under full 
load. Use the parameters and OCC of Example 6.3 to find the s.c. current and 
the terminal voltage of the generator if the fault is placed at the external 
reactances 1) 0.3 and 2) 0.9. 


Solution 


In Fig. 6.30 the OCC and the Potier triangle ABC from Example 6.3 are given. 
First we move the Potier triangle into the position of A abc, so that ab = AB. 


Vv, pu V, (kV) 


Figure 6.30 The graphical solution of Example 6.4. 
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Then, the field current of the generator under full load is given by point C,, 
which is the projection of c on the abscissa, and the new position of the Potier 
triangle is A A,B,C,. 


1) On the X-axis, which is an extension of A,B,, we determine point F, in 
accordance with the value of the external reactance 0.3. The intersection of the 
straight line, drawn from C, through F’, to OCC, gives point M,, which is the 
graphical solution of our problem. The length C,N,, measured as 1.68, is the 
p.u. value of the s.c. current. Thus, 


Tyoco = 1.681, = 1.65-5580 29.4 kA. 


The length M,P,, measured as 0.25, is the p.u. value of the terminal voltage: 
V = 0.25-13.8 = 3.45 kV. 
2) On the X-axis we determine point F, in accordance with the second value 


0.9. Then the intersection point M, gives the solution of the s.c. current (length 
CN): 


Tye,co = 1.15, = 1.15:55802 6.4 kA, 
and of the terminal voltage (length M, P,): 
V=0.91V, =0.91-13.82 12.6 kV. 


Note that, in the first case, the intersection point M, lies on the straight part 
of the OCC. Therefore, the s.c. current can be found with the unsaturated 
reactance. Indeed, the total reactance up to the fault is 


X tor = (Xan + Xp) X, = (1.67 + 0.3) 1.43 = 2.82 Q, 
and 
Tse,e0 = 13.8/2.82 = 4.89 kA. 


Since the generator prior to fault was under full load operation, its field current 
was about twice as large as under no-load (see the diagram in Fig. 6.30), the 
actual s.c. should be 


Tyeco = 4.89-2.00% 9.8 kA, 


which is pretty close to the s.c estimated graphically. 

It should also be noted that the actual PF of the generator load prior to the 
short-circuiting has not been taken into consideration, i.e. the armature reaction 
is considered as a pure reactive. However this approximation does not signifi- 
cantly change the final results. 

In the above solution the field current has been kept constant, regardless of 
the distance to the fault (i.e. the value of the external reactance) and the level 
of the terminal voltage. However, as has already been mentioned, nowadays 
synchronous generators are equipped with an automatic voltage regulation 
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system (AVR), which endeavors to hold the terminal voltage constant by chang- 
ing the field current. Thus, if the short-circuit occurs far away from the power 
station, i.e. the external reactance is large enough so that the decrease in the 
terminal voltage will be unsubstantial, then the response of the AVR in increas- 
ing the field current will be low. On the other hand, if the short-circuit fault 
occurs close to the generator terminals, the drop in its voltage will be significant 
and the AVR response in increasing the field current will be very strong. It is 
also possible that the field current will reach its maximal value, but despite that 
the terminal voltage will remain lower than its normal level. Hence, we shall 
distinguish between two possible regimes: 


a) the maximal field current regime, in which I ¢;= I pjmax and V,, << V,; and 


b) the rated (nominal) voltage regime V,,= V, and Ip)< I pimax- 


In order to determine in which of the two regimes the generator is operating, 
and to perform the graphical solution in these cases, let us consider the diagram 
shown in Fig. 6.31. 

In this diagram OC,, represents the maximal field current Ipjmax and as 
previously B,,a is a reactance axis. We shall now find the maximal value of X,,, 
in which the voltage drop, in the case of the maximal field current, will be equal 
to the rated voltage, V, = 1. For this purpose we must plot a line from point R, 
which is positioned on the voltage axis at V,=1, parallel to the hypotenuse of 
the Potier triangle up to the intersection point K on the OCC. By connecting 
K with the origin C,, we obtain point k, on the x-axis, so that the length A,,k 
gives the desired reactance X,,.., which is called the critical reactance. Indeed, 
from the plotted diagram, it can be seen that the air-gap EMF, E,,, at any 


ag? 


Eq aX 


Figure 6.31 The graphical solution when the field current is not constant. 
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point on the OCC, which is lower than point K, less the leakage voltage E, (at 
this point length QW), will be smaller than unity (lower than at point R). At 
point K we have 


Eag.k— E,o =0K= 1. 


For typical synchronous generators the critical fault reactance can be approxi- 
mated as X,.., 0.5 and therefore, I,,..2. As soon as X,.,, is found we may 
conclude that: 


a) if X;-< X,,, the regime of the maximal field current takes place, 
b) if X,> X,.,, the regime of the rated voltage takes place. 


It is obvious that if X,= X,..,, both regimes take place at the same time. 

In the first case the graphical solution is held in the same way, which has 
been previously explained for the constant field current taking the maximal 
field current as a constant. The second case requires some additional discussion. 
Since the terminal voltage in this regime is the straight line KR, which represents 
this voltage as a function of the field current, it can be treated as an extension 
of the OCC (instead of the curve KH). Then, the s.c. current will be determined 
by point S on the intersection of C,,g (g is given by X,,) and KR. The projection 
of RS on the abscissa, i.e., [,,-axis, length C,,T, gives the p.u. value of the steady- 
state s.c. current. The field current in this regime is smaller than I p;ax- To find 
its value we have to project point S on the OCC as point S' and to plot line 
CS! in parallel to C,,S. Then length OC will determine the actual field current. 


Example 6.5 


The generator of the previous example is equipped with the AVR, which ensures 
increasing the field current under the fault conditions up to Ip; max =4 Pu. Find 
I... and the generator terminal voltage V,, if the short-circuit fault occurred 
at 1) X,=0.3 and 2) X, =0.9. Determine the kind of regime: Ip) max OF Vz... for 


g.T? 
both cases. 


Solution 


In Fig. 6.32 the OCC of the generator and the Potier triangle are redrawn. 
Since the maximal field current at the full operation of AVR is Ipjmax =4 PU, 
the Potier triangle is moved to position A,,B,,C,,. Next we plot lines KR (point 
R is at the rated voltage V,) and C,,K. The intersection of line C,,K with the 
x-axis at point k gives the critical reactance X.,, which is 0.68 pu. Thus the fault 
critical reactance is 


Xp er = x 


or — X,= 0.78 — 0.145 = 0.64. 

1) Hence, at the fault of X,;=0.3, which is less than critical, the generator 
operates under the regime of the first kind, 1.e., the maximal field current. To 
find the s.c. in this case we determine the total reactance X,,, = 0.145 + 0.320.45 
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Figure 6.32 The graphical solution of Example 6.5. 


on the x-axis at the point d, and plot line C,,M, through this point. The 
projection of point M, on the abscissa, i.e., point N,, indicates the s.c. of the 
generator 


=C,,Ny 1, = 2.3°5.58 = 12.8 kA, 


Tee 
and length M, P, gives the terminal voltage 
Vio = M, Py V, = 0.72:13.8 = 9.9 kV. 


2) The total fault reactance in this case is X,,,= 0.145 + 0.9 = 1.05, Le., larger 
than the critical reactance and therefore the generator operates under the second 
kind of regime, in which the terminal voltage is of the rated value. The solution 
will be given by line C,,M, plotted through point d, on the x-axis at the value 
of 1.05. The s.c. current is determined by N,, which is the projection of M,. 
Thus, 


Tygsop = Co No" I, = 1.1°5.58 = 6.2 kA, 


or, since the terminal voltage is unity, 


1 
Too op = 5.58 = 6.2 kA, 
SC,CO 0.9 


and the terminal voltage 
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To find the field current at this regime we have to plot line M,M% in parallel 
to the abscissa and line M3C, in parallel to M,C,,. Point C, will indicate the 
field current, which, therefore, is I;= 2.7 pu and less than the maximal. 


(c) Influence of the load 


The load of power systems, especially induction motors that compose 50-70% 
of the entire load, largely influence the transient behavior of the synchronous 
generators under short-circuit faults. Generally speaking, any load connected 
to the same node as the short-circuit line, Fig. 6.33, changes the current values 
and their flow in the affected network. Thus, by simplifying the network to get 
an equivalent circuit, we simply connect the load branch in parallel to the short- 
circuited branch, as shown in Fig. 6.33(b). This results in lowering the total 
fault reactance and consequently in decreasing the generators’ voltages, which 
in turn results in decreasing the s.c. currents and changes their distribution in 
the whole network. Hence, the load connections must be taken into consider- 
ation by the short-circuit fault analysis. On the other hand the exact consider- 
ation of the load presents a lot of difficulties. The most typical kinds of loads: 
lightning, heating and mechanical operating (primarily induction motors), are 
not constant, but vary as a function of the voltage power (V'° in the case of a 
lightning load and V? in the case of heating and induction motors). Furthermore, 
induction motors stop operating (their rotor speed reduces to zero), when the 
voltage is decreased 70%; and the motor turns into a short-circuited branch 
(this situation is very dangerous for induction motors and they would be 
disconnected by means of the protection relays). 

Generally speaking, all kinds of loads also depend on frequency. However, 
information regarding the characteristics of composite loads with frequency is 
scarce. With the small frequency changes during most of the short-circuit faults, 
this effect is neglected in calculations. 

A detailed analysis of the different ways of load considerations (which is not 
given here as it is beyond the scope of this book) shows that for the purpose 


Es 
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| Xia 
Load 


(a) (b) F 


Figure 6.33 A simple network for illustrating the influence of the load on the short-circuit analysis. 
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of s.c. current calculations a good approximation can be achieved by considering 
the composite loads as a constant reactance of the 1.2 pu value. 


Example 6.6 


Suppose that the load of the generator of Example 6.5 is connected to its 
terminals as shown in Fig. 6.33. Find the generator’s s.c. current if the value of 
the load is 85% of the generator rated power and the fault occurs at the p.u. 
reactance of 0.3 (the generator is equipped with AVR). 


Solution 


In accordance with the above recommendation, we shall represent the load as 
a 1.2 reactance. Hence, the reactance referred to the generator power is 


1 
x 312-— S14, 
ee 0.85 


The equivalent fault reactance in this case, Fig. 6.33(b), will be 
X., = 0.3//1.41 = 0.25, 
and 
Xior = 9.25 + 0.145 = 0.4. 


Since this reactance is less than critical, the regime of the generator is of maximal 
field current. Determining the above value on the x-axis, in Fig. 6.32, point d;, 
and plotting line C,,M; through this point, we obtain the solution at point N3. 
Thus 


| — C,, N31, = 2.4:5.58 = 13.4 kA, 
and 
V,, = M3 P3:V, = 0.57-13.8 £7.87 kV. 


As expected, consideration of the load results in increasing the s.c. current of 
the generator and in decreasing its terminal voltage (compare with the results 
of Example 6.5 for X; = 0.3). Note that decreasing the terminal voltage results 
in decreasing the short-circuit current in the fault branch. 


(d) Approximate solution by linearization of the OCC 


A disadvantage of the graphical method is that its accuracy depends on the 
scale of the draft and experience of the performer of the graphical calculations. 
From this standpoint analytical methods are always preferable. However, to 
perform an analytical approximation of the short-circuit fault of a synchronous 
generator taking into consideration the saturation of its magnetic circuit, we 
need to know the analytical approximation of its OCC. The simplest one is a 
linearization of a given curve with a single straight line. It is obvious, however, 
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that replacing the whole curve of the OCC with one straight line will give a 
very bad approximation. So, usually, only a specific part of the curve, which is 
considered as a working part, is replaced by a straight line. For generators 
having AVR (nowadays most synchronous generators are equipped with a 
voltage regulation system) the working part of the OCC, in accordance with 
Fig. 6.34, is A,,K’ (note that the continuation of the generator characteristic in 
this case is also a straight line KR). This part of the OCC may be approximated 
by the straight line A,,N, which for a typical OCC is expressed as 


E, = 0.20 + 0.81 p. (6.45) 


(For different OCCs the numerical parameters in this expression may be 
different.) 

The synchronous reactance of the generator, which is represented by a linear 
OCC, can also be estimated as a constant quantity. We shall obtain this value 
by considering a short-circuit fault at generator terminals. We then have 
E 


X,= = £ 6.46 
Teg SCR ( ) 


where E, is in accordance with equation 6.45. 

Since the position of point K’ is different from those of point K on an actual 
OCC, we shall find a new value of the critical reactance X;,, for the linear 
characteristic. At point K’ the terminal voltage is unity, the field current is still 


Ega 


0 


Figure 6.34 The linear approximation of a typical OCC. 
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maximal and therefore the induced EMF is also maximal. Hence 
Vg — Eg.max — Kyl gsey = I 


which gives the critical short-circuit current 


E, max 1 

I, c——_ —-— 3 (6.47) 

, Xx, 
where 
E 0.20 + 0.87 d Xx Eg.max 
= 0. : an ee 
g,max fl.max Ss SCR ae 

With equation 6.44 the critical reactance is 
1 

Xpcp = T.. (6.48) 


oo ,cr 


If the generator is operating under maximal field current, 1e., X,< X,.,,, then 


Eg max 
a=, ele (6.49a) 
PaaS 
and 
V=X;,I,, <1. (6.49b) 
If X,> X;-.,, which means that the generator operates under rated voltage, then 
1 
T,,=—><Iy,,, and V,=1. (6.50) 
Xp : 
Example 6.7 


For the generator of Example 6.5 find the s.c. current using the linearization 
method. 
Solution 


First we shall estimate the critical reactance. With equation 6.45 through equa- 
tion 6.48 we have (in p.u.) 


3.4 
E =0.24+08:-4=34, X,=— =127 
g,max + 0 8 3 > Ss 0.67°4 > 
and 
7 34-1 _ 1 89 x, : = 58 
RE OG ee EE ROS 


1) Since the fault reactance in the first case, X;-; = 0.3 pu, is less than the critical 
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reactance, by using equation 6.49, we have 


3.4 


2 = Top ppg 7216 and V,,=0.3:2.16 = 0.648 


or in natural units 
T,, =2.16:5.58=12.1kA and V,, =0.648-13.8 = 8.94kV. 


The generator in this case is operated under maximal field current. 


2) Since the fault reactance in the second case X;.=0.9 pu, which is greater 
than critical, we use equation 6.50. Thus, 


or in natural units 
I,,=1.11:5.58=6.2kA and V,,=1-13.8=13.8kV. 


The generator in this case is operated under the nominal terminal voltage with 
less than maximal field current. The latter one may be estimated as 

F I, 1.11 1.66 

SCR GGT 
Comparing the obtained results, for both cases of operation, with those of 
Example 6.5, we may conclude that the difference between them is less than 
10% (note that the accuracy of all the engineering calculations is between 
5—10%). 


(e) Calculation of steady-state short-circuit currents in complicated power 
networks 


As has been previously mentioned, most of the synchronous generators in a 
modern power system are equipped with AVR and, therefore, may operate 
under a short-circuit fault in one of two regimes: 1) maximal field current or 2) 
rated, i.e. normal terminal voltage. Depending on the kind of regime, each of 
the generators has to be represented by a different equivalent circuit: 1) in the 
first regime — with the OCC and _X, (using the graphical method) or with Eg max 
and X, max (using the linearization method) and 2) in the second regime — as 
an ideal voltage source, i.e. with E,=1 and X,=0 (in both the graphical and 
linearization methods). 

The determination of the kind of regime is made by comparing the actual 
short-circuit current of each of the generators with its critical value, I,,.., or 
the external reactance up to the fault with its critical value, X;,.,. However, the 
s.c. currents of each of the generators are the goal of our solution and are not 
known at the first stage of the analysis, ic. determining the equivalent circuit. 
To overcome this difficulty the iteration method, or method of successive 
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approximations, may be applied. In accordance with this method, in the first 
calculation, as a starting point, the generators are represented by one of the 
two regimes, i.e. just by inspection of their location relative to the fault point. 
Those generators which are relatively “close” to the fault (by means of the 
estimated value of the reactance from the generators up to the fault) should be 
represented by an equivalent circuit as they operate under the regime of maximal 
field current, and those which are relatively “far” from the fault — as they operate 
under the regime of a normal voltage. Then, the results of this calculation, i.e., 
the first iterate, shall be compared with the critical ones, and the generator 
representation, which has been incorrectly chosen, should be changed. The 
calculation will be repeated and the results, ie. the second iterate, shall be 
checked again and so on. In the final iterate all the generators will be represented 
in accordance with their actual behavior. 

A straightforward method of s.c. fault analysis can also be applied to a 
complicated network, by means of a computer-aided calculation. With the 
superposition principle we may represent the s.c. current as a sum of the partial 
(or individual) currents caused by each generator acting alone: 


Lecco = ye > Bri Ei, (6.51) 


where B,; are the transfer susceptances (reciprocal of reactances) between a 
fault branch and each of the generator branches. These susceptances can be 
found by means of matrix analysis: 


Ari 
B,:= : 
Fyi A > 


where A is the determinant of the network reactances’ matrix, written in accor- 
dance with mesh analysis, and A; is its appropriate cofactor. With these results 
an equivalent circuit, in which every generator is individually connected to the 
fault point, as shown in Fig. 6.35, may be obtained. Here, each generator is 
connected to the fault with the reactance X,;= 1/B,,;. Now each of the reac- 
tances and/or currents (equation 6.51) can be compared with the critical reac- 
tance and/or critical currents and the correct representation of each generator 


F 


Figure 6.35 An equivalent circuit of a complicated network obtained by using the superposition 
principle. 
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will be chosen. An example of a short-circuit fault calculation in a complicated 
power network is given in Appendix III. 


6.5.3 Transient performance of a synchronous generator 


Mutually coupled stator and rotor windings of electrical machines, in distinction 
to the transformers, are in motion with respect to each other. The d.c. winding 
of the rotor of the synchronous generator moves with respect to the a.c. three- 
phase stator winding so that the mutual inductances between these two windings, 
and even between different phases of the stator winding, change with time. This 
leads to differential equations with variable coefficients, which results in a very 
cumbersome analysis and difficult understanding of the whole transient process. 
However, we may describe and analyze the transient behavior of the synchron- 
ous generator using an artifice. We shall use the generalized current phasor for 
the stator windings and the two-axis representation of a synchronous machine 
(see section 6.5.1), which reduce the three-phase system to a single one. 
Furthermore, we will make a couple of common assumptions, which allow us 
to not only simplify the analysis, but also to obtain results that are still close 
to the actual ones. 

Firstly, we assume that the rotor angular speed @ stays constant during the 
whole transient process. For the machine with a damper winding in the rotor 
poles, we assume that the influence of the damper currents on the transient 
process can be obtained by superimposing the appropriate calculations on the 
transient results obtained first for the generator without damper windings. In 
the first stages of the transients we shall also neglect the winding resistances, 
being very small compared to their reactances (less than 10% for the stator 
winding, even when including the external network, and about 1% for the rotor 
winding). The influence of the resistances on the entire process will be taken 
into consideration as the cause of decaying all the natural responses. Transient 
analysis of synchronous generators will be given for a salient pole generator, as 
a more general case. For the round rotor generator the results may then be 
obtained by equaling the reactances on both axes. 


(a) Transient EMF, transient reactance and time constant 


It should be noted that the transient equivalent circuit of a generator differs 
from those representing it in the steady-state regime. This is shown in Fig. 6.36(a) 
and its simplification in Fig. 6.36(b). Here E, is the EMF, induced by the 
magnetizing or field current, and 


X= No (6.52) 


is the synchronous reactance of a generator (sometimes designated as X,). The 
value of E, is obtained by OCC in accordance with I; (or I,,). 

However, since by the sudden interruption of a synchronous machine, the 
total magnetic flux has to be considered and kept constant, the rotor leakage 
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Figure 6.36 An equivalent circuit of a synchronous generator for steady-state operation (a) and its 
simplification in two axes (b). 


reactance must be taken into account and added to the equivalent circuit (just 
like the leakage reactance of a transformer primary). 

The equivalent circuit of the synchronous generator for the transient behavior 
is shown in Fig. 6.37(a). In this circuit the rotor and stator windings on the 
direct axes including the rotor winding leakage reactance are shown. Since the 
rotor and the stator magnetic fields are rotated with the same speed (as we 
have previously assumed), i.e., they remain fixed with respect to one another; 
we may treat this circuit as a transformer. Here, as in the previous circuit, X,4 
is an armature reaction reactance (sometimes it is called the magnetizing reac- 
tance), and X,, and X,, are the leakage reactances of the rotor and the stator 
respectively. Note that in p.u. notation the magnetizing reactance expresses the 
relation between the rotor and stator currents: 


Tp 


i=: 
: Xaa 


(6.53) 
This circuit can be transformed into those shown in Fig. 6.37(b), in which the 
mutual inductance is illuminated. (Note that the p.u. values of the inductances 
and their corresponding reactances are equal and, therefore, the reactances can 
be used in place of inductances and vice versa.) We may now apply the Thévenin 
theorem to get the circuit in (c) and finally a very simple circuit including a 
voltage source and a single reactance, as shown in (d): 


Eg= Em= Ep =f > (6.54a) 
Xat Xoa 
and 
X= Xr t+X _ Anka 4 (6.54b) 
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(e) 


Figure 6.37 The equivalent circuit of the synchronous generator for transient behavior: in the d- 
axis as for a two-winding transformer (a), its simplification (b), after applying the Thévenin theorem 
(c), its Laplace transform equivalent (d) and the interconnection between the equivalent circuits in 
the d- and q-axes (e). 


where Ej and Xj are the transient EMF (generated voltage) and the transient 
reactance. 
In some technical books the transient reactance Xj is given in the form 


7 ad 
Xy=Xzq = Xy— (1 — oyu) Xaaz 


X= Xa—Xaat FpaXaa= Xi + 


which is as was previously obtained. 

Recall that similar results were obtained for power transformers (see sec- 
tion 6.4.1), ic. the entire magnetic circuit of a transformer can be represented 
by only a single reactance, which incorporates all the magnetic fluxes of both 
windings in a total flux. In accordance with the principle of a constant flux 
linkage, this total flux must be kept constant at the instant of switching. Hence, 
the equivalent circuit in Fig. 6.37(d) represents the synchronous generator at 
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the moment of short-circuiting. The equivalent circuit in the q-axis remains the 
same, since no additional winding in this axis is present (in distinction to the 
rotor equipped with the damper winding — see further on). Electromagnetic 
force Ej, being induced by a total flux linkage, also stays constant at the moment 
of fault, which allows us to calculate the first moment short-circuit current of 
the generator. 

Knowing the above two transient parameters Ej, and Xj of a synchronous 
generator we may readily obtain the first moment a.c. (periodic) and d.c. (aperi- 
odic) components of the short-circuit current. Thus, after short-circuiting in 
Fig. 6.37(d), we have 


EQ 
l=; 6.55a 
asa (6.55a) 
or as an instantaneous value: 
. EX 
ig = —, COS ot, (6.55b) 
XG 


where the initial, or switching, angle w; is taken as zero. 

The d-axis component of the terminal voltage prior to switching will then be 

Vio = Ewo — Xalio- (6.56) 

The steady-state s.c. current can be found from the circuit for the steady-state 

analysis, Fig. 6.36. After short-circuiting V,=0 we have 
Eq 


lang=>- 
d,oo a 


(6.57) 


Next we shall find the quadrature-axis component of the voltage. Consider 
the phasor diagram shown in Fig. 6.38, which is drawn for a round-pole generator 
with X,= X,. From this diagram we obtain 


E,=V.+ jXala=V—V, 4+ jXaly. (6.58a) 
Since V, = — jX,I,= —jXal, we have 
beaVagct (6.58b) 


(Here and further on the tilde sign ~ stands for phasor quantities.) 
Considering triangle ABC, we may determine angle 6, between EH, and V, 
which is known as the load angle: 


Xl cos @ 
V+ X,1 sing 


=1 


5=tan (6.59) 


With this angle the V,) component is 


Vio = Vo COS bo. (6.60a) 
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Figure 6.38 Phasor diagram for a round-pole generator. 


and the q-axis component of the current is 


Io=—. (6.60b) 


The two components of the s.c. current (equations 6.55a and 6.60b) are 
actually the initial values of the two components of the s.c. current. To find the 
transient s.c. current we must solve the differential equations for each of the 
two components. To simplify the solution we will use the superposition principle 
and consider each of the currents as a sum of the current prior to switching, 
and a transient current due to switching. This current is found as a result of 
applying, to the passive circuit, the voltages equal and opposed to those which 
existed at the fault point prior to switching. In doing so we must remember 
that the two equivalent circuits in the d- and q-axes in transient behavior are 
not unconnected any more. Thus, any change of current in one will induce 
voltage in the second just like in transformer windings, Fig. 6.37(e). With the 
Laplace transform technique we may write 


UX =a X= Vig; 
EX = Ma Vy, 


(Note that here, as in some technical books, the voltage induced by current I, 
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is also assigned as V,, although it is directed on the d-axis, and subsequently 
the voltage induced by current I, is assigned as V,.) Solving the above equations 
yields 


ee ee 
oe ee Pat 


, 1 Ss 1 
=X Yo 244 Yip 1) 
‘i ‘ 


Taking the inverse transform (using the table of the Laplace transform pairs) 
we may obtain 


V, 

dO O.. 

- cos ot — — sin wt 
Xj Xj 


(6.61) 


0 Vio 
cos wt — — sin ot. 
q q 


Next we can find the s.c. current in each of the three phases of a stator 
winding. Thus, for instance, for phase a, by substituting equation 6.61 in the 
first equation of 6.38a (note that in order to obtain the instantaneous value of 
the short-circuit currents, the argument wt must be added to angle « under the 
cos and sin functions), and after algebraic simplifications we may obtain 


Eim 
i= 4 0 cos(@t + &%) + Igo COS(2a@t + %) + Tyg COS & 
d 
+ Iq. Sin(2at + a) + Iqq sin 4, (6.62) 
where 
Vim o(Xa—X,) Vam,o(Xa— X, ) 
Lo = d 1,..= 6.63 
d,2@ rene an q.20 2XX, ( ) 
are the double frequency component amplitudes, and 
Vamo(X q+ X. Vim.o(Xa— X, 
diy d ol rd a) and Loa q ol A a) (6.64) 
2X1 X, 2X X, 


are the d.c., or aperiodic components, and « is the angle between the a-phase 
axis and d-axis. (Here the subscript “m’” in EMF and voltages stands for the 
amplitude values.) 

The appearance of the double frequency term in the stator transient current 
may be explained by considering the transient current in the rotor field winding. 
The sudden change of the stator currents in turn results in the appearance of a 
transient current in the rotor winding to keep the total magnetic flux constant. 
This current is of two components. As the three-phase stator current of basic 
frequency abruptly increases, the armature reaction on the d-axis also increases 
respectively. The transient current will appear in the field winding to compensate 
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for the rise of this reaction. Since it is proportional to the change of the stator 
current, we may write its p.u. expression as 


Xaa ; X4— XG Vio 
Trin — (li Ti,0) — ze? 
Xa + Xp Xa Xa 


(6.65) 


The magnetic field produced by the d.c. component of the stator currents 
remains fixed in the air gap space and therefore is rotated with respect to the 
rotor with synchronous speed. This results in inducing an a.c. component in 
the field transient current. Since the field current, at the first moment, does not 
change, the initial value of an a.c. component is oppositely equal to the d.c. 
component. Subsequently, the resulting current in the field winding is 


i= . I X,—X4 Vim,o 6.66 
Tpr=L pip + lpn = lL p0 — X.1 X; cos wt, (6.66) 


where I p19 = Ego/Xaa- 

The a.c. term in the rotor produces a pulsating magnetic flux, which can be 
resolved into two components, having equal (half of the original) amplitudes, 
and revolving with synchronous speed in opposite directions. The component, 
which revolves in the direction opposite to that of the rotor, is actually fixed in 
the space and interferes, therefore, with the magnetic field of the d.c. component 
of the stator current, decreasing it slightly. 

The component, which revolves in the same direction as the rotor, produces 
a magnetic field rotating in space with double the speed of the rotor and 
inducing in the stator windings the double frequency component. This component, 
however, is relatively small and when using engineering calculations is usually 
neglected. 

The resistances of the generator windings, which have been neglected when 
determining the magnitudes of the transient currents, are responsible for decay- 
ing all these currents so that only the steady-state a.c. term in the stator and 
the d.c. term in the rotor remain invariable. The decay process is of an exponen- 
tial form and the damping factors are mainly determined by the ratio of the 
resistance to the leakage inductance of the circuits. Since large synchronous 
machines have very small resistances compared to their considerable leakage 
reactances, their transient currents decrease very slowly and may predominantly 
determine the transients in a few seconds. 

We may recognize two kinds of currents and the fields related to them, one 
of which adheres to the stator windings and the other to the rotor field winding. 
Each of them has a different damping factor or time constant, which primarily 
depends on the value of their resistances, related to the reactances. Thus, the 
stator resistances (including the external network) may be roughly estimated to 
be 10% of its leakage reactance, and the rotor circuit resistance may be about 
1% of its leakage reactance. 

The time constant of the rotor circuit is usually known and is given as a 
generator catalogue parameter. This time constant is related to the mutual flux 
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linkage between the rotor and stator windings and is determined by an open- 
circuit test. This time constant determines the rate of increasing the field current 
(and therefore the generator open-circuit terminal voltage), when the constant 
voltage V,, is suddenly applied to the field winding. Since the field winding is a 
simple LR circuit, the differential equation for the rotor circuit may be written 
as 


dd p 
“ae eA Vip 
or 
a (6.67) 
Rr dt fl— 4fl,co» . 


where Ip),.0 = Vj)/Ry, is a long-term (steady-state) field current. Since the open- 
circuit terminal voltage is approximately proportional to the field current: Ey = 
Xials,, Where X,q is the mutual reactance/inductance, we have 


Xaq da 
=—E,4 ad ““fl 


E ; 
t* Re at 


00 (6.68) 
Using the relation between the transient EMF Ej, and Ay; 
Ey = (XaalLX pi + Xaa)JAp1, equation 6.68 becomes 
dE} 


Ego = Eg t To’ (6.69) 


where 


_ Xp t+ Xa 


; 7 
oe (6.70) 


is the open-circuit time constant in p.u. (as the basic time is 4 =1/ms), or in 
seconds 


Xt Xaa 
do — : 


71 
OR yf; vert) 


Since Ey= X,l, and E,= Xj1,, then FE, =(Xj/X,)E,, and substituting Ej in 
equation 6.69 with (Xj)/X,4)E,, we have 


dE, 
Ta + Eq = Ege (6.72) 
dt 
where the transient time constant is 
! Xi 
Tam y loo. (6.73) 


For the short-circuit fault, remote from the generator, the transient time constant 
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is given by the equation 
Xt Xp 


Tih = > Tyo, 
d ix” 


(6.74) 


where X,, is the external reactance. If the system (external) impedance contains 

a relatively high resistance R,,, the transient time constant is given by the 

extended relationship 

Re +(Xat Xp)(Xat Xv) 
Re+(Xgt Xp 


T= (6.75) 
The transient time constant Tj lies in the range of 0.4 to 2s for high power, 
high voltage turbogenerators and 0.7 to 2.55 s for salient-pole hydrogenerators. 
In low power generators T; may be less than 0.2 s. 

The dic. or aperiodical terms of both the stator and rotor windings are 
actually exponential functions and each of them decays with an appropriate 
time constant, which is determined by the parameters of that winding to which 
they are linked. Thus, the d.c. term of the rotor current and, adherent to it, the 
a.c. transient term of the stator current, decay at the rate of the above transient 
time constant T), which is determined primarily by the time constant of the 
rotor winding, Tj. 

The d.c. (aperiodic) and double-frequency components in the stator currents 
die out with the armature time constant T,. Although the initial value of the d.c. 
components in different phases is determined by the switching moment, or by 
the initial phase angle of the prior to switching phase currents, the total MMF, 
produced by these currents, is stationary in space and of a magnitude which is 
independent of the initial phase angle. This stationary MMF reacts with the 
rotating rotor alternately on the d- and q-axes. Therefore, the inductance associ- 
ated with the d.c. component may be regarded as a sort of average of Xj and 
X,, More precisely, by observing equation 6.64 we may conclude that the 
reactance, which determines the d.c. (aperiodic) term, is X= XjX,/(Xj+ X,) 
(also known as the negative-sequence of a synchronous machine — see further 
on). Thus, by using this reactance, the stator winding transient time constant 
may be determined as: 


in p.u. r- 2XjX, _—X2 i (6.76) 
RAX~e+X,) Ry 
or in seconds T= 2X4Xq Xo (6.77) 


= s 
“ R,o(X,+X,) Ro 


For high-voltage generators, 7, is in the range of 0.07 to 0.5 s and for low- 
voltage generators its value lies in the range of 0.01 to 0.1 s. If the short-circuit 
occurs at a distance from the generator, then the time constant is given as 


X,+ X.. 
! 


: K (6.78) 


a 
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The rotor rotation relative to the fixed MMF of the d.c. component in the 
stator causes the a.c. component of the fundamental frequency in the field 
current to appear. This a.c. component in the field current, as has been previously 
mentioned, is responsible for the double-frequency component of the armature 
short-circuit current. The time constant T, therefore also applies to the a.c. 
component in the rotor current and to the double-frequency component of the 
stator current. 

The a.c. component of s.c. current, which appears at the first moment of 
switching (equation 6.62) differs from the steady-state s.c. current, which can be 
approximately determined by the saturated reactance X,4, or by using the 
linearization method (see section 6.5.2), as E,/X, (equation 6.57). This difference 
may then be expressed as 


=! = Tg — Hao: (6.79) 


The first component is a transient current, which decays at the rate of the 
transient time constant; therefore, the difference, AI), also decays at the same 
rate, so that the short-circuit a.c. current at fundamental frequency falls off from 
its initial value [4 to its final value of the steady-state short-circuit current with 
the time constant T). 

In conclusion, the total transient response current of a synchronous generator 
to the short-circuit fault at its terminal (phase a) and total rotor field current 


: Egon Ean =1/T’, Eam 
=> ae a — | cos(a@t 
iq ( X; XY, e + X, (wt + a) 


_ Viom(Xa+ Xq) e7tTa cos a+ Vaom(Xa— Xq) 


~uTe 2ot 
2X4X, 2X1X, e cos(2at + «) 


Vaom( Xa + X q) -t/T, of Vaom( Xa — Xq) -t/T, of 
— a «sin ee « sin(2ot , (6.80 
ic. ca) 7° i pane ee 
Vimo Xa— Xa —2t/T" Vimo Xa— Xa = 
ip=Ip9 + — Pa ~ eT cos ct. (6.81) 
. S XG Xaa XG Xad 


Both currents and their components are plotted in Fig. 6.39. 
The initial value of the aperiodic term may be obtained by combining two 
components: of axes d and q 


Viom COS & + Vig SIN & 
2X4 Xq/(Xit+ Xq) 


(6.82) 


(b) Transient effects of the damper windings: subtransient EMF, subtransient 
reactance and time constant 


Nowadays synchronous machines are usually equipped with damper windings, 
which consist of short-circuited turns, or bars of copper strip set in poles. The 
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Figure 6.39 The short-circuit currents of a synchronous generator at sudden fault at its terminals: 
stator current (a) and rotor current (b). 


reason for using the damper windings is to aid in starting and to reduce (to 
damp) mechanical oscillatory tendencies, which may arise under different faults, 
and thereby to increase the dynamic stability of the generator. The damper 
windings are placed in both axes, d and gq, as can be seen from Fig. 6.40. 

The damper winding does not change in principle the nature of the transients. 
Its influence results in increasing the short-circuit current magnitudes and in 
the appearance of an additional component on the q-axis, which is a subtransient 
EMF Ej. Presenting an additional winding on a rotor makes the straightfor- 
ward analysis of the generator transients even more complicated. However, 
analyzing the generator equivalent circuit in both axes, shown in Figure 6.41, 
will allow us to get the final results in a much easier way. 

As can be seen, the equivalent circuit in the d-axis differs from those in 
Fig. 6.37 by an additional mutual winding (damper winding). By illuminating 
the mutual inductance (in a similar way as for a three-winding power transfor- 
mer) we may obtain the circuit shown in (b), and by applying the Thévenin 
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aq 


Figure 6.40 The damper windings in axes d and gq. 


(@) * () 


Figure 6.41. An equivalent circuit of a synchronous machine having damper windings and its simpli- 
fication: in the d-axis (a, b and c) and in the q-axis (d, e and f). 
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theorem the one shown in (c). In the resulting circuit Ej is called a subtransient 
EMF and Xj is a subtransient reactance: 

Ws Eg/X pit EpalX pa 

"1X pt [Xa + 1/Xua 


(6.83) 


and 


1 
X= +X). 6.84 
sas ae es le ei 


The subtransient EMF Ej may also be determined by using the known terminal 
voltage and load current prior to short-circuiting: 


En = Vag + XaLa0- (6.85a) 


The phasor diagram for a synchronous generator having damper windings is 
shown in Fig. 6.42. 

For the generators having Xj = Xj, the initial subtransient EMF can be easily 
found from the simplified phasor diagram of a synchronous generator with a 
damper winding, shown in Fig. 6.42(b). Thus, 


Ej = V (Vo 60s Go)? + (Vo sin Yo + X" Io)”, (6.85b) 
or approximately as a projection on Vo, 


Eo SVU + Xp sin Qo. (6.85c) 


Figure 6.42 Phasor diagram for a synchronous generator with a damper winding (a) and a simplified 
phasor diagram for the generator having Xj = X7{ (b). 
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The subtransient parameters on the q-axis may be obtained by using the 
equivalent circuit in Fig. 6.41 (d, e and f). After simplification we have 


E yal X pg 


Tit a 
and 
Ss (6.87) 
1/X,4t 1/Xug 
Similar to equation 6.85a we have 
70 = Vqo — Xq1qo- (6.88) 
The subtransient time constants are found as 
Ti = Xa T 40 (6.89) 
Xi 
and usually 
T,= 7%, (6.90) 


where Tj is a subtransient open-circuit d-axis time constant of a generator 
having a damper winding. The subtransient time constant is relatively small, 
Tj <T4, and is in the range of 20 to 50 ms. 

For the generator with damper windings the magnitudes of the fundamental 
frequency subtransient currents at the first moment of the fault are given by 
expressions 


” ” 
E dO I qo 

mW? qo " 
x x 


” 
Tio= 


(6.91) 
and 


= J? +12. (6.92) 


Similar to equation 6.80, the total short-circuit current versus time for a generator 
with damper windings is 


Ej m EY m " Ej m E m TY E m 
jm | (Zi Bl) enor (Blan _ Ese) rag Fi] costar +0 
Xi Xi X4 X 4 Xq 


Viom( Xa + XQ) ; Viom(Xa— Xz) 
m —1/T, m q —t/T, 
— ————- e "*« cos a + ———_—— e "4 cos(2mt + 
2XUXq . 2XGXq ( = 

Er : Veom(Xa+ X72) 

gom -1/Th og qom\**d GQ? ,-tiTa 
= e 4 sin(@t + a) + «sin o 

xy ( ) 2XUXq 

Viom(X4 — X” ae 

Voom(Xa — Xa) a) 6-HTs sim(2eot + a). (6.93) 


OxGX, 
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When the s.c. fault occurs after some external reactance X, in all the previous 
expressions, this reactance must be added to the generator reactances on both 
axes. 

As previously mentioned, this short-circuit current differs from that of a 
generator without damper windings (equation 6.80) by the presence of the 
subtransient term Ej)/Xj and the term on the q-axis Ej,/Xj. Both of these 
terms, however, decay very fast, at the rate of the time constants Tj and Tj. 

After these two components die out, the instantaneous s.c. current is practi- 
cally similar to those of a generator without damper windings. (Precisely speak- 
ing the damper winding also influences the transient process after decaying the 
subtransient currents: as an additional short-circuited winding on the d-axis it 
results in an increase in the aperiodic component in the field current to a slightly 
higher value than in the first moment of the fault. However, in practice this 
phenomenon is usually neglected. It should also be noted that for turbogenera- 
tors having X;= Xj, the double frequency component in the s.c. currents is 
practically absent.) 

In conclusion, the change of the r.m.s. or amplitude values, the envelope curve 
of an a.c. short-circuit (fundamental frequency) versus time is plotted in Fig. 6.43. 
As can be seen, this curve consists of three stages of the transient process: 
subtransient, transient and steady-state. The subtransient stage is given by the 
difference 


u” u” , 
AT Go = 10 —Li0, 


and the transient stage is given by the difference 


AT 9 = 10 — Lco+ 


Figure 6.43 The r.m.s. (envelope) curve of the periodic term and exponential term of a short-circuit 
current for a generator having a damper winding. 
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The aperiodic (or exponential) component, which is decaying from its initial 
value A with the time constant T,, is also plotted in Fig. 6.43. The curves in 
Fig. 6.43 can be used for experimentally determining the generator time con- 
stants, as shown in the figure. 

The decaying process of the a.c. term of the short-circuit current can also be 
explained by increasing the generator reactances gradually from Xj to Xj and 
to X, (remember that X7 < Xj < X,) during the transient process. This phenom- 
enon is opposed to the one in the first moment of short-circuiting: the armature 
reaction flux ®,, being suddenly increased, is opposed to the damper windings 
flux and is forced out of the poles to some extent, thereby increasing the 
reluctance and yielding a reduced synchronous reactance Xj. As the time of 
the transients progresses, ®,, moves back on through the pole, which yields a 
relatively low reluctance path, and therefore the reactance will increase. 


(c) Transient behavior of a synchronous generator with AVR 


If the generator is equipped with AVR (automatic voltage regulator), the voltage 
supplied to the field winding does not keep constant, but is increased at the 
moment of short-circuiting. It can be approximately assumed that this rise of 
the supplied voltage is exponential. Hence, equation 6.72 may now be written 
in the form 


dE, Z 
Te 7 Ey = Egmax (Eumax Eqo_)e we (6.94) 
Here on the right side of the differential equation is an exponential function 
having its prior to switching value E4)_ and the final, steady-state value Eg max; 
T;, is the time constant of the supplied voltage circuit (exciter and/or power 
supply circuit). The range of this constant is 0.4 to 1s. 
The natural solution of this equation as we already know is a simple exponent 


Ey,= Ae "74, (6.95) 
The forced solution should be of the same form as the forced function 
Eqs = B+ Ce7 its, (6.96) 


The integration constants A, B and C might be found by applying the known 
quantities: prior to switching (t=0_) value Ey) _, the initial (t=0,) value 
Eq, LEa, = Eao(Xa/X4)] and the final or steady-state value Eq na (in accor- 
dance with the known I rr max). Omitting all the algebraic calculations we may 
obtain the integration constants as 


Te 
B= Egmax> C= AE, ee, (6.97a) 
Ta— Typ 
where AE, = Eq max — Ego. and 
T, 
A= —( Byes —S,)—AEe SS if (6.97b) 


Ta— Ths 
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Thus, we finally have 


(t) Pee calls 
Ey t)= Eayt+ Ean = FE jenni a E, ae 2 a 
Ty— Typ 
a | Bama — Eg, + AE, | e Ta, (6.98) 
: Ty Typ 


which results in Eg, at t=0 and in Eq max at t > 00, i.e. in accordance with the 
given initial and steady-state conditions. 

For the generator without AVR the time constant T,, should be infinite, ie., 
T;; = 00, and the differential equation 6.94 turns into 


pee sg E 
4 at d— *d0O_: 


The solution of this equation is 
E,(t) = (Ego, — Eao_ Je "Ta4 Bay. (6.99) 


By rearranging the terms in equation 6.98 and after performing the appropriate 
algebraic calculations, we may obtain 


E,(t) = [(Eao,, — Eao_ je!Ta4 Ey J+ (Egmax — Eao_)F(t) 
= Eqwithouravey + AE qwith AVR)> (6.100a) 
where 
figs Tse 8st 
T, — Ty 


F(t) (6.100b) 
The above expression clearly shows that due to AVR the EMF of the generator 
increases gradually during the transients by AE gwith avery Telatively to the EMF 
of the generator without AVR. This in turn results in increasing the transient 
a.c. term of the short-circuit current. Dividing equation 6.100a by X, and taking 
into consideration that E,=(X,/X{)E, and Eyo_ /Xq=1,,, we have 


I(t)=[(,—1,.)e-!"* + Io] + Ala F(t), (6.101) 


where AI ,, = Imax — [eo aNd I, max 18 the steady-state short-circuit current due 
to the maximal increased by AVR field current. The term in the brackets on 
the right hand side in equation 6.101 is the transient a.c. component of the 
short-circuit current without AVR, and AI,, is its increase due to AVR. The 
short-circuit current, given by equation 6.101, which is actually the r.m.s. enve- 
lope curve of an a.c. component, is plotted in Fig. 6.44 for two cases: with and 
without AVR. Note that, in the very beginning of the transients, the two curves 
are practically the same, which means that the subtransient current is not 
influenced by AVR. This current decays before the AVR has had time to affect 
the generator EMF. 

As was earlier shown, operating regime of the AVR depends on the fault 
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Figure 6.44 An envelope curve of the transient current for two cases: 1, without AVR; 2, with AVR 
and 3, the increase on the current due to AVR. 


point location. Namely, if the external reactance is lower than the critical one. 
Le., X;<X,,, then the AVR operates under the condition of maximal field 
current. If, however, X;>X,,, then the AVR operates under the condition of 
nominal/rated terminal voltage, V = V,,,,,. Hence, in the first case the short- 
circuit current varies in accordance with equation 6.101, but in the second case 
the current is limited by the value of V,,,,,/(X4+ X,). 


(d) Peak values of a short-circuit current 


For some conditions (such as to check the dynamic stability of electric equipment 
under short-circuit conditions or for the proper design of relay protection), it 
is necessary to know the maximum instantaneous or peak value of the short- 
circuit current. In highly inductive circuits the peak current appears nearly half 
a period after the occurrence of the short-circuit. 

Neglecting the double-frequency term, we shall take into consideration the 
subtransient a.c. term [7 and the exponential term A (equation 6.82), so that 
the peak value will be 


ig = V2 + Ae OUT, (6.102) 
or by approximating Az 2", and with 7, = 0.05 (or X/R = 1.5) we have 
ig = V2UW(L + 8 Fe) = 4/2 gl % V2: 1.81%, (6.103) 


where, as previously (equation 6.20a), 


is the peak coefficient. 
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Furthermore, because of very small damping, the exponential term approaches 
unity and the maximal peak is simply 


ig = 2/214 (6.104) 


The r.m.s. value of the peak current can be calculated in accordance with equation 
6.22a 


Tn = TiN 14+ 2(ky— 1), 
and for T, = 0.05 (k,, = 1.8) we have 
Ix = 1.52]. 


As can be seen, the peak coefficient depends on the value of the time constant. 
Thus, for 7, = 0.008 (X/R = 2.5) the peak coefficient decreases to 1.3 and 


ig = 2-131" and I= 1.11%. 


However, the aperiodic component should be taken into consideration for the 
periods of less than t=0.15s after the short-circuit fault occurs. 


Example 6.8 


For a synchronous generator having the following p.u. parameters: X, = 0.1, 
X,= 1.2, X)=0.25, X,=0.6, R=0.005 and Tjy= 8.5 s: a) find all the compo- 
nents of the transient short-circuit current at t=0, b) write the expression of 
the s.c. current in phase a and in the field (rotor) winding versus time, c) write 
the expression of the s.c. current envelope and plot the phase a current and the 
envelope curve and d) calculate the peak value of the s.c. current. Prior to 
short-circuiting the generator has been operated at the rated voltage V= 1 and 
0.8 of the rated current with PF =0.85 (g=31.8°) and f=50Hz (the AVR 
is absent). 


Solution 


a) To find E, and Ej we must calculate the power angle 6 (see the phasor 

diagram in Fig. 6.38). For this purpose we first calculate the angle é: 

_, Vsing+ X,I ee 1-sin 31.8° + 0.6-0.8 
V cos 9 1-0.85 


€ = tan = 49.8° 


and 6 =€—@g@=49.8° — 31.8° = 18.0°. 
Now we may find 


E,= Vcos 6+ X,I sin € = 1-cos 18.0° + 1.2-0.8 sin 49.8° = 1.70 
E), = Vcos 6+ X/J sin € = 1-cos 18.0° + 0.25-0.8 sin 49.8° = 1.1. 


Then the s.c. current components at t= 0 are: 
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a.c. (or periodic) 


i. at Ey 1.70 
ee, ae ees eo, 
x. 0°” 


, 
Tio= 


and 


AL=To =i, S44 147= 258 


d.c. (or aperiodic) 


Vio(Xq+ Xj) 0.951-(0.6 + 0.25) 


- = = 2.69 
me 2X,X%4 2-0.6-0.25 , 

1 — YolXa+ Xa) _ 0310-(0.6+0.25) _ 9 ang 
> O>.7 2-0.6-0.25 lie 


where 

Vig = V cos 6 = 1-cos 18.0° = 0.951 

Vig = XqI, = X41 cos € =0.6:0.8 cos 49.8° = 0.310; 
2a (or double frequency) 


Vao(Xq— Xu) _ 0.951-(0.6 — 0.25) 


i= =1.11 
“ Dae 2-0.6-0.25 

_ Voo(Xq~ Xa) _ 0:310-(0.6 = 0.25) _ 4 a4 

ee ON A 2-0.6-0.25 — 


b) The time constants are: 


X, 0.353 


T= = = 0.225 
“—@R_ 314-0.005 ° 
where 
2X4X,_  2°0.25-0.6 
— = = 0.353, 
XUt+X, 0.254 0.6 
and 
TL=T, x 8.5 = ee) 
d= +a0 Xx, ae a 


The s.c. current of phase a versus time for the initial angle « = 30° will be 
i,(t) = J2[(1.42 + 2.98e~"!-77) cos(wt + 30°) — 2.69e~ 1-225 cos 30° 
— 1.11e7 "225 cos(2at + 30°) + 0.878 e225 sin 30° 
— 0.362e7 °-?25 sin(2at + 30°)], 
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or, after simplification, 
i,(t) = (2.01 + 4.21e° *-77) cos(wt + 30°) 
— 2.67e~ 9.225 _ 1.65e~ 1-225 cos(2at + 11.9°). 
Note that at t=0, the d- and q-components are 
Tyo = 4.4 — 2.69 — 1.11 =0.60, Io = 0.878 — 0.362 = 0.516, 


and Iy = V0.607 + 0.5167 = 0.79 = 0.8, as it is given. 


The rotor winding current, ie., the field current, is calculated with equation 
6.81: 


in(t) =p + ipaot iptoo = 1.55 + 4.65e "77 — 4.65e~ 25 cos wt, 


where 


Ex 1:70 
Ipo= "= 2 = 155, Xyg=Xy—X,=12-01= 11 
Kg 1.1 


and 


a (Ve Rp2 Xo 4/0051 17025 
Pn eS i 


= 4.65. 


c) The envelope curve may be obtained (by neglecting the 2w-component) as 


1,(t) = J 2(1.42 + 2.98e7#-77 — 2,.69e7 #9228), 7 (t) = s/2-0.878e~10-225, 


The phase a s.c. current versus time as well as the envelope curve are given in 
Fig. 6.45. 


d) The peak value of the s.c. current (which arises after about t = 0.01 s) is 
Tq 222.01 + 4.217 9°OU1-77 4. 2.67 @— 9-010.225 — 8 8. 


Pas. 


or by using the approximate formula 6.103 
ie = V2°1.8-4.4 = 11.2. 


The difference in the above results is because the approximate formula is given 
for a no-loaded generator and therefore the initial value of an aperiodic compo- 
nent is as high as the subtransient s.c. current. However, in our example the 
generator prior to switching was operated under load and the aperiodic compo- 
nent is much lower. 


Example 6.9 


A turbogenerator is connected to the system through a power transformer. The 
parameters of these two apparatuses are: 1) turbo-generator — 125 MVA, 15.8 kV, 
PF=0.8, and X,=0.1, X,;=X,=1.35, X4=0.2, X7=0.13, X7=0.15, T, = 
O.1s, Tyo =11.458, Tyo =0.25s, Tyo =0.55 8; 2) transformer — 120 MVA, 
242/15.8 kV, v,. = 11.5%. For the three-pole short-circuit fault at the secondary 
of the transformer, find the subtransient s.c. current as its r.m.s. value versus 
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Figure 6.45 Short-circuit current of phase a versus time (a) and envelope curve of the short-circuit 
current without AVR (b) and with AVR (see Example 6.10) (c). 


time (an envelope curve). The prior to switching operating conditions of the 
generator were as follows: P = 100 MVA, PF = 0.8, V, = 16.5 kV (without AVR). 


Solution 
The rated and load currents of the generator are 


125 100 
: 46, eo 35 
3-158 3-158 
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Thus, the generator current, prior to switching, in p.u. is 


Ihp= os 0.76 
o 460? 
and the operating voltage in p.u. is 
ie 105 
a: al 


In accordance with the phasor diagram (see Fig. 6.42) 


E 4 = V(1.05-0.8)? + (1.05-0.6 + 1.35:0.76)? = 1.85, 


where cos @ = 0.8 and sin @ = 0.6. 
The angle between the current Jj and the EMF Ejo is 
1.05-0.6 + 1.35-0.76 


tan-) 1.97=63.1°. 
1.05-0.8 ore OP 


é=tan t= 


Thus, 
cos€é=0.452 and sin €=0.883. 
The power angle is 
5g = 63.1° — cos 10.8 = 26.2°, 


and cos 6) = 0.897, sin 69 = 0.442. 
The d- and q-components of the initial current and voltage can now be 
calculated as 


Igo = 0.76-0.883 = 0.671 Io = 9.76:0.452 = 0.344 
Vig = 1.05-0.897 = 0.942 Vio = 1.05-0.442 = 0.464. 
The d- and q-components of the subtransient EMF are 
Ego = Vao + Xa1ao = 0.942 + 0.13-0.671 = 1.03 
0 = Vao — Xq1q0 = 9.464 — 0.15-0.344 = 0.412. 


For further calculation we need to know the p.u. reactance of the transformer 
referred to the generator power X, = 0.115(125/120) =0.12. The first moment 
subtransient current components, therefore, will be 


2 i 1.03 6 
ON REX «~O19+012 = 
i 0.412 
i a0 1.53, 


eo XT +X, 0.154012 — 


and 


1g = J 12 + 12 = /412 + 1.53? = 4.40. 
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The steady-state s.c. current will be 


Bs 1.85 


ie = = 
eX tX, 1.354012 


1.26. 


To find the transient current we must first determine the transient EMF 
Evo = Vig + Xj Lao = 0.942 + 0.2:0.671 = 1.08. 
Hence, the transient current is 


E's 1.08 
fae = = 
OS MA ee EAD 


3.38, 


and the subtransient and transient stages are given by 
Al = 4.12 — 3.38 =0.74, AI’ = 3.38 — 1.26 = 2.12. 
The aperiodic components (at t = 0) are 


Viro(Xat+X_+2X,7)  0.861-(0.12 + 0.15 + 0.24) 


Tao = = = 3.32 
wo Fee ER Ee 2-0.25-0.27 

I Viro(Xa+X7+2X7) 0.50-(0.12 + 0.15 + 0.24) ‘op 
WO OX KTS Ke) 2-0.25-0.27 ass 


where the voltages at the fault point are 
Varo= Vio — Xr Lan = 9.942 — 0.12:0.671 = 0.861 
ro= Vyo + Xz Igo = 0.464 + 0.12-0.344 = 0.50. 


V, 


q 
Note that since the subtransient reactances in the d- and q-axes are almost 


equal, the double-frequency terms are neglected. 
The subtransient and transient time constants are 


re 0.13 + 0.12 
ps = 0.25 = 0.195 
tie, © 024012 7 
x? 4X, 0.15 +012 
= a 0.55 = 0.101 
1X4 xX, ©. 135002 i 
and 
Pape 0.2+0.12 
f= 11.45 =2.49s, 


Xt Xp © 1.354012 
Thus, the r.m.s. value of the a.c. component versus time (the envelope curve) is 
1, = 0.7427 1919 4.2.12e71?- 41.26, I, = —1.53e7 10108. 


The aperiodic terms in both axes are 


Tag = —3.32e71°4, Igqg= 1.920714, 
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The initial value of the subtransient current is 
I§ = V4.12? + 1.53? = 4.4. 
The initial value of the entire current is 
fp gel? & gt Lag SV A 9 + ES 180 8 


(Note that this value varies slightly from the actual initial current because we 
neglected the double-frequency terms.) 


Example 6.10 


For the generator of Example 6.8 find the a.c. component of the short-circuit 
current (an envelope curve) if the generator is equipped with an AVR, having 
Trimax = 4.3 and Ty p= 0.55 Ss. 


Solution 


Since the subtransient current decays very fast, practically before the AVR 
substantially affects the field current increasing, we shall take into consideration 
only the transient and steady-state currents. The steady-state s.c. current under 
the maximal field current will be 


where X,,= X,—X,=12-01=11. 
Thus, 


AI =i 7, =44-149=908 Ar =i 


womax le = 3.91 = 1.42=2.49. 
The increasing function will be 
Tie !T4— Type utes iio oh =e 
Ta — Tyy 1.77 — 0.55 
=140.451e7 #95 — 1.45¢e7 71-77, 
From Example 6.8 we have 


Tagwithout AVR) = 2-98 27 1-77 + 1.42. 


F(t) 


Therefore, we may now obtain 
Ta(t) = Lagithouravey + Alco F (t) = 3.91 + 1.12e7 #9 — 0.63e7 91-77, 


which at t= 0 again gives 4.4. This curve is also shown in Fig. 6.45. 


6.6 SHORT-CIRCUIT ANALYSIS IN INTERCONNECTED (LARGE) 
NETWORKS 


In general an electric system is supplied by a number of generators of different 
designs and different ratings, which are interconnected in complicated networks. 
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In practice the operation of a single synchronous generator in an isolated 
system, as has been discussed so far, is limited. The short-circuit analysis in 
interconnected systems is very complicated. The short-circuit currents of each 
of the generators are dependent on each other. The operation conditions of the 
AVR of each of the generators will depend on the distance to the location point 
of the fault. The mechanical oscillations of some of the generators will almost 
always follow the short-circuit faults. All this makes the precise calculation 
extremely complicated, if not impossible. 

Therefore, in practical calculations it is common to make a few additional 
simplifications: 


1) Each of the generators has a round (cylindrical) rotor, which allows us to 
neglect the double-frequency component and operate with only one current, 
alleviating the need of dividing the current and voltage onto two axes; 


2) The periodic a.c. and aperiodic exponential terms are of the same form and 
obey the same law of behavior, as for a single generator; 


3) All the generators operate under a constant speed of rotation. 


These assumptions allow us to obtain the final results of a short-circuit fault in 
an interconnected system relatively easily and with accuracy, satisfying the 
practical needs. We shall now illustrate our study with the following examples. 


Example 6.11 


Find the subtransient s.c. current and its peak value in the network, shown in 
Fig. 6.46(a), if the three-pole fault occurs at the secondary (2) terminals of 
transformer 7,, point F. The two transformers 7, and T; are identical and the 
circuit breaker Br is closed. 


Solution 


Let the basic power be 600 MVA. Then the p.u. reactances (see Fig. 6.46(b)) are 
calculated as 


x — 0,20 0 _ 932 x = 0,093 oe _ 0.35 
na. | Wane aia | | aa 
X, = 0.38200 600" = 0:86 
oo i 2307 


600 
X4=X5=0.5(0.181 + 0.123 — 0.058) Fy =1.23, X,=xX,=0, 


600 
Xg = Xq=0.5(0.181 — 0.123 + 0.058) <= 0.58. 
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160MVA 
500/230 
Veg = 9.3% Eq 
G £=200km 
380MVA Xo = 0.380/km X40 
x/= 0.20 
E’= 1.05 
xy 
60MVA. 
230/37/11 Xe 
Vy2 = 18.1% 2 
V3 = 12.3% 
V3 = 5.8% 
F 
(a) (b) (c) 


Figure 6.46 A network diagram for Example 6.11 (a) and its simplification (b) and (c). 


To simplify the network, we find 
Xo = 0.32//(0.35 + 0.86) = 0.25, X4, = X4/2 = 0.62, 
X oq = 0.25 + 0.62 + 0.58 = 1.45, 
and 


a 1.05°1,21 + 10,32 ‘ea 
a (214032 


Therefore, the subtransient current will be 


a aD I= 0.72 = 6.74 kA 
= = 7 =U. or in amperes =U. = = v. : 
X,, 1.45 P * af 337 


eq 


qT" 


The peak current (equation 6.103) will be 
ine = V2: 1.8Ig¢ = 2.6-6.74 = 17.2 kA. 


Example 6.12 


The power network, shown in Fig. 6.47(a), consists of two identical generators 
G, and G,, two identical transformers T, and 7; and a power station G3, which 
are connected by a 161 kV transmission line. All the circuit parameters are given 
in Fig. 6.47(a). If a three-pole fault occurs at point F, find the s.c. current at the 
moments of 0.1s and 1s. All the generators are equipped with AVR and the 
circuit breaker Br is opened. 
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SOMVA 
Vgc = 10.5% 
60MVA 
Ej= 1.16 
xg=0.21 
Eg =1.8 
Xqg= 1.2 


Figure 6. 47 A network for Example 6.12 (a) and the stages of its simplification (b)-(e). 


Solution 


Since at the time of 0.1 s the subtransient currents are already decayed, we shall 
represent the generators by their transient parameters. By choosing the basic 
power of 300MVA, the circuit reactances are calculated as follows (see 
Fig. 6.47(b)): 


300 300 
X,=X,=021 = 105, X3=03, X4=X5=0.105 [= 0.63, 


a0 =0.3, X,=0.08-1 a00 8.93 
ine jie". 


1 
X, =~ 0.4-13 
6 =f 0 


The obvious simplification of the circuit is then performed in three stages, as 
shown in Fig. 6.47(c), (d) and (e). Generator G, is relatively “close” to the fault 
point; therefore it is treated separately, as shown in Fig. 6.47(e). First we find 
the s.c. current flowing from this generator. The transfer reactance between the 
generator and the fault point is found by transforming the Y-configuration in 
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Fig. 6.47(d) to the A-configuration in Fig. 6.47(e): 


1.05-0.2 


Xing = 105 + 0.2 + he 


= 1.45, 


and referred to the rated power of the generator X), = 1.45(60/300) = 0.29. 
Hence, the transient current is 


Next we shall calculate the steady-state s.c. current. To do this, the generators 
must be represented by their synchronous reactances, X,, and steady-state 
EMF, E,. Performing the same steps of circuit simplification we will obtain 


(n) __ _ eases 
Xi = 137 and I,.4= x, ~ 1377 1.31. 


Suppose that the maximal field current and time constant of the generators are: 
Trimax = 4-7, Ty p= 0.558 and Tj = 8.5 s. Then we may find the maximal steady- 
state s.c. current (equation 6.53) 


I Trimax 4.7 3 7 
wee iat 
where X,4 = X4—X,;. Then 
Alo, =101 — 10.1 = 4 — 1.31 = 2.69 
AI. 4 = 1. 1max I.,.1 = 3.62 1.31 = 2.31. 
The transient time constant is 
T" T" Xtrst 8 5 0.29 1 8 
— 7 Xivst _- 1.37 tia 


Now we may find the increasing function (equation 6.100b) 


1.8¢7 1/18 _ 0,55¢7 110-55 
F(t 1 =| 4de~ 19-55 __ 1 4d e718. 
o 1.8 — 0.55 ere : 


The r.m.s. short-circuit current versus time without AVR is 
Terewithout AVR) = 2-69 e778 + 1.31, 
and the total current due to the AVR action will be 
T501(t) = Isetqwithout Avery + Alo,1 F(t) 
= 2.69e° 78 + 1.34 2.31(1 + 0.44e 195 — 1.44e° 1/18) 
= 3.7+ 1.05¢" 1 —0,75¢e7- 48 
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Thus, the s.c. current of generator G, is: 


60 

at t=0.1 Lal(O1)=39 or 39=-—=193 A, 
J3-11 
60 

at t= 1.0 LtiQ=34 or 34=—_ =S 107A. 


eet 
(Note that without AVR the s.c. current at 1s would be 2.8 or 8.8 kA, i.e., less 
than with the AVR.) Next we find the s.c. current flowing from the power station 
and generator 2. The equivalent EMF in Fig. 6.47(d) is 
me 1.16:0.6 + 1.21-1.68 1D 
1.68 + 0.6 a 


The transfer reactance in Fig. 6.47(e) is 


1.07-0.2 
1.05 
which as referred to the rated power will be 
X@, = 1.47 ae = 1.76. 
300 


Hence, the transient current flowing from the rest of the network will be 


XO5= 107 409 4 


= 1.47, 


In. = ve = 0.674 
oie) a 
To determine in which regime the AVR is operated, we shall calculate the 
terminal voltage of the equivalent generator in Fig. 4.67(d): 


Vier2 = Xpr2To2 = 1.55-0.674 = 1.05 > 1, 


where X-7= Xiso — Xq = 1.76 — 0.21 = 1.55. 

Since V,,,. > 1, the generators of the power station and G, operate under 
constant voltage and, therefore, the s.c. current flowing from the rest of the 
network is almost constant. Its ampere value is 


360 
Le=0674—— = =127 A: 


J/3-11 


Thus, the total s.c. currents are 
Tye9(0.1) = 12.3 4+ 12.7=25.0kA,  I,.5(1.0) = 10.7 + 12.7 = 23.4 KA. 


6.6.1 Simple computation of short-circuit currents 


The simplest calculation of short-circuit transients is based on the assumption 
that the fault circuit is connected to a system of infinite power. In this case the 
inner impedance of such a system is taken as zero and its voltage is unity. The 
change of the short-circuit current in this case is only due to the aperiodic 
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component and can be approximated by using the peak coefficient. The periodic 
component of the short-circuit current, therefore, may be found with just the 
total reactance between the fault point and the system on the equivalent circuit 


1 
Ls Al 
a7 (6.105a) 

The elements of the equivalent circuit are usually transformers, cables and/or 
transmission lines. The short-circuit currents in such a calculation become a 
little bit larger than in reality. However, because of its simplicity, this way of 
calculating is widely used for a quick estimation of the s.c. currents and the 
results might be appropriate for solving some of the practical problems. This 
method is also used when the system configuration and its parameters are 
unknown. 

Up to this point in our transient analysis, power circuits, which have been 
under consideration, consisted primarily of pure reactances, i.e., their very small 
resistances have been neglected. It can be shown that if R<(1/3)X, then 
neglecting such resistances results in increasing the periodic component of the 
s.c. current only at a rate of less than 5%, which anyway is within the accuracy 
of engineering calculations. 

However, in the distribution networks the value of the resistances might be 
much higher. In such cases the resistances should be taken into consideration: 


1) by the correction of the time constant of the aperiodic component: 


and respectively of the peak coefficient 
ky = V2(1 — e7 091/T=), 


2) if the ratio of R/X > 1/3, by the replacement of X,,, with Z,,,= rT R2 + Xi, 
in the formula 
1 


— (6.105b) 
Z tot 


Finally, the influence of the load, such as big motors and high power composed 
loads, can be considered by equivalent parameters 

Xiqg=0.35, EZ, =0.8. (6.106) 
A very rough approximation of the initial value of a subtransient s.c. can be 
made by 
Vico 
Xiot 
where V;9 is the voltage prior to switching at the fault point F, and (if the 


generator and/or system are represented by their subtransient reactances) Xj, 
is the total subtransient reactance of the circuit up to the fault point. 


i 
Toc = 


(6.107) 
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6.6.2 Short-circuit power 


The product of the initial subtransient s.c. current If, and the rated voltage with 
the factor @ 3 gives the short-circuit power: 


st =/3VI". (6.108) 


This power is used for characterizing the rate of the fault disturbance, which 
includes both the s.c. current and the voltage at the fault point. The s.c. power 
is primarily used for determining the breaking capacity, which is given in MVA, 
and is included in the information which manufacturers of circuit breakers are 
required to provide. 

Sometimes the short-circuit power is given for the s.c. current at the switching 
instant, ie., at the moment that the circuit breaker opens its contacts, rather 
than at t=0, and which is called the breaking current. 


Example 6.13 


In the network shown in Fig. 6.48(a), find the peak and r.m.s value of the s.c. 
current when the three-pole fault occurs at points F, and F. 


Solution 


Assuming Sg= 100 MVA, the p.u. reactances will be as shown in Fig. 6.48(b): 


X,=0.4:140 = =0.22, X,=0.105 = =0.21, X;,=0.04 ons = 0.42, 
161 50 0.5 
where 
pes sa4 kA and x, = 008-2 10 = 145, 
3-11 11? 


The s.c current at point F, will be 


ley = 2.32, Tey = 2.32°5.24 = 12.2 kA. 
“i (2 001) = ae 
5OMVA kV 
Sys £=140km Veo = 10.5% 0.5kA 
Se Xp = 0.40/km ow a é=2km 
161kV = 40 Xp = 0.080/km 
F, * ** R,=0260km F> 
(a) 
xX X F X3 X4 eA 
(b) 


Figure 6.48 A circuit diagram for Example 6.13 (a) and its equivalent circuit (b). 
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Assuming 7, = 0.05 s (k,, = 1.8), we have (see equation 6.103) 
ie = 1.8--V2-12.2 = 31.1 kA, 
and r.m.s. value is 
Ly = V1 + 2(1.8 — 1)I, = 1.5212.2 = 18.5kA. 
For the short-circuiting at point F, we have 
X tor = 0.43 + 0.42 + 1.45 = 2.23, 


and 


1 
Wea = 543 = 0429, OF Iyea = 0.429-5.24 = 2.45 kA. 


The peak values with a 1.8 peak coefficient will be 
ink = 1.8-./2-2.45 =6.25kA and I, = 1.52:2.45 =3.72kA. 
However, the resistance of the cable is relatively high: 


100 
Rio = 0.260-2 —> = 0.43, 
11 
and by taking it into consideration we can calculate the s.c. current more 


precisely. Thus, the time constant of the aperiodic component will be 


Mas 2.33 


T= ORin  314:0.43 — ORs 
and 
kg 1 e907 02 — 16, 
Hence, 
ie = 1.6--J2:2.45 = 5.54 kA, 
and 


Le = V1 + 2(1.6 — 1)?-2.45 = 3.21 kA. 


If we now consider that the transformer is connected straight to the system 
(by neglecting the transmission line), the s.c. current at point F, will increase 
by 35%, but at point F, only by 7%. 


Example 6.14 


The power network shown in Fig. 6.49a includes a generator, synchronous 
condenser (SC) and three compound loads. Taking into consideration SC and 
all the loads, (a) find the first moment s.c. current and its peak value and (b) 
calculate the short-circuit power. 
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60MVA G 
xf= 0.12 
10.5kV 
L-] 
30MVA 30MVA. 
Vso = 10.5% - 
E5=0.8 
60km 73 
xo = 0.40/Km 6.3kV 
20km TEMVA ~~ L-3 
. 6MVA 
Vso = 10.5% Wi 


20MVA 
Vgc = 10.5% 


SMVA 
xq= 0.2 an 


Figure 6.49 A network diagram for Example 6.14 (a), its equivalent circuit (b) and simplified cir- 
cuit (c). 


Solution 


Assuming Sg= 100 MVA, the p.u. reactances of all the circuit elements are 
calculated and shown in Fig. 6.49(b). The loads are represented by X74 = 0.35 
and Ej, = 0.8. The given circuit is then simplified in a few obvious steps: 


1.08-1.17 + 0.8-0.2 


X12 = 0.2//1.17=0.18, E,= 117402 = 1.04, 
X13 = 0.18 + 0.35 +0.18 =0.71, X,4= 1.94//4 = 1.31, 
1.2°1.94+0.8-4 
= 19444 =0.93, X,5=1.31+0.534+ 0.06= 1.9, 
X16 = 1.9//0.71 = 0.52, 
<0 eevee iss Bee are, 
“a ord 1.9+0.71 

The s.c. current flowing from the system through transformer 7; is 

Ig= ae =0.52 orinamperes Ij =0.52:9.2=4.8 kA, 


1.95 
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where I, = (100/V3-6.3) = 9,2 kA is the basic current. 
The s.c. current flowing from the load is 


C= e 9.2 = 1.26 kA 
ae) an 


Thus, the total short-circuit current is 

Tf. =1§ + Tq = 4.8 + 1.26 = 6.06 kA. 
The total peak current will be 

ine = 1.8./2-4.8 + \/2-1.26 = 14.0 kA. 


Note that the s.c. current from the load can be calculated straightforwardly, 
without referring its parameters to the basic quantities. Indeed, 


6 
i 1, = 2.29 1.26 kA, 
3-6.3 


which is the same as it was calculated previously. 


(b) With the first moment s.c. current the short-circuit power at the load L-3 
bus is 


S", = 3,31", = J3-6.3-6.06 = 66.1 MVA. 


6.7 METHOD OF SYMMETRICAL COMPONENTS FOR 
UNBALANCED FAULT ANALYSIS 


Earlier we mentioned that truly balanced three-phase systems exist only in 
theory. Actually many real systems are very nearly balanced and for practical 
purposes can be analyzed as balanced systems, i.e., on per-phase basis. However, 
sometimes the degree of unbalance cannot be neglected. Such cases may occur 
during emergency conditions like unsymmetrical faults (one- or two-phase short- 
circuiting), unbalanced loads, open conductors, unsymmetrical operation of 
rotating machines, etc. Of course straightforward methods for the application 
of Kirchhoff’s laws might be used for such three-phase circuit analysis. However, 
such cases may be calculated without difficulty by an indirect method in which 
the unbalanced or unsymmetrical system is replaced by equivalent component 
systems, each of which is symmetrical and balanced. The calculation of the 
currents and voltages in these symmetrical systems is a simple process (since it 
can be provided on a per-phase basis), and the superposition or vector addition 
of these currents and voltages is then easily carried out to obtain the actual 
results for the original unbalanced system. 

This method, called the method of symmetrical components, was proposed by 
Charles L. Fortescue in 1913) and was developed by C.F. Wagner and R.D. 


“)This method was published by Fortescue, C.L. (1918), “Method of symmetrical co-ordinates 
applied to the solution of polyphase networks”, AIEE Transactions, 37. 
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Evans later to apply it to the analysis of unsymmetrical faults in three-phase 
systems. Today, the symmetrical component method is widely used in studying 
unbalanced systems. Many electrical devices have been developed to operate 
on the basis of the concept of symmetrical components. In this section we shall 
briefly introduce this method followed by a few examples of its application. 


6.7.1 Principle of symmetrical components 
(a) Positive-, negative- and zero-sequence systems 


Any unbalanced (unsymmetrical) three-phase system of phasors can be resolved 
into three balanced systems of phasors: (1) positive-sequence system, (2) nega- 
tive-sequence system, and (3) zero-sequence system, as shown in Fig. 6.50, as 
an example of a set of three unbalanced voltages. 

The positive-sequence system is represented by a balanced system of phasors 


0° 


Figure 6.50 The symmetrical components of three unbalanced voltages: given system of unbalanced 
phasors (a); positive (+), negative (—) and zero (0) sequence components (b) and the graphical 
addition of the symmetrical components to obtain the given set of unbalanced phasors (c). 
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having the same phase sequence as the original unbalanced system. This set 
consists of three-phase currents and three-phase line-to-neutral voltages supplied 
by the power system generator and therefore of positive or counterclockwise 
phase rotation. Thus, the phasors of the positive-sequence system are equal in 
magnitude and displaced from each other by 120°, as shown by set “+” in 
Fig. 6.50(b). 

The negative-sequence system is represented by a balanced system of phasors 
having the opposite phase sequence from the original system and, therefore, a 
negative phase rotation. The phasors of the negative-sequence system are also 
equal in magnitude and displaced from each other by 120°, set “—” in 
Fig. 6.50(b). Thus, if a positive sequence is abc, a negative sequence will be acb. 

The zero-sequence system is represented by three single phasors that are equal 
in magnitude and are in phase, as shown by set “0” in Fig. 6.50(b). Note that 
the zero-sequence system is also a set of rotating phasors. 

Using subscripts 0, 1 and 2 to denote the zero, positive and negative sequences 
we may write 


i= Vaart Van + Vio 
= Vat Vo + Veo (6.109) 
= Vert Veg + Ves 


ie., three voltage phasors V,, V,, V. of an unbalanced set can be expressed in 
terms of their symmetrical components as shown in Fig. 6.50(c). 

With a unit phasor operator a (a= £ 120°; a? = 2 240°; a? =1;a += 4 — 120°, 
etc.) the positive-sequence set can be designated 


Via =ViL Wa, V1 = WV Vex =a a (6.109a) 
a= VoL Wars Kel as Koma Va (6.109 b) 
Ke= Yo L Waos Ke= Vea G= Vig (6.109c) 


Substituting the above equations into equation 6.109, the phase voltages can 
be expressed in terms of the sequence voltages as 


i= Vao+ Vea co Vaz 
1 = Viot @Vi,+ aVi (6.110a) 
co Viot avi, + aVap, 


and in matrix form as 


f 1 1 1 20 
yBl=l|1 @ all Z, (6.110b) 
V, 1 a a’ Vex 


or 


[Vane] = Lal [Vor2], (6.110c) 
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where 
V, Vag 
Vase] = V, > [Vor] = Vor 
V, Voz 
and the operator matrix a is 
1 1 1 
a=[a]J=]1 @ a 
laa 


To shorten the writing of the symmetrical components, later on we will ignore 
the subscript “a” for phase a, which means that the symmetrical components 
V), V, and V, and Ip, /, and J, belong to the phase a voltages and currents. 

Equations 6.110 are also known as the synthesis equations since they synthesize 
the set of unbalanced phasors from three sets of symmetrical components. These 
equations may be solved to find the symmetrical components of a known three- 
phase system of unbalanced voltages or currents: 


[Vo12] = [a] * Vane (6.111) 
or 
Vo ‘ a—a a—-a@ a—a’|| V, 
a |= aera a ge Gee! |e (6.112) 
V9 a—-@ 1-a a—1]|V, 


By performing the appropriate computations with the phasor operators in 
equation 6.112, as with complex numbers, we may simplify the inverse of matrix 
[a] as follows 


; V3 (3 V3j 1 
ara BF 48-150 437-300 |=2l4 @ @ 
: V3 <8L=<30 432 150 1 


where det[a] = 3(a—a’?)= 3,/ 3. Therefore, 


2 
2 


1 
1a @lly%l, (6.113) 
1 


oN 
2 
Cy 
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i.e. the sequence voltages can be expressed in terms of phase voltages as 


a: er 

ao = 3 Yat Wy Ve) (6.114a) 
a oe ee 

a= ghtal+ah,) (6.114b) 
ee ee 

a= aare V5 OV), (6.114c) 


These equations are also known as the analysis equations. 
Of course, the synthesis and analysis equations can also be used for current 
phasors 


Have] = [aloi2] (6.115a) 
Horo) = [a] * Hose]. (6.115b) 
Example 6.15 


Determine the symmetrical components for the line voltages V,= 2202 0° V, 


V,= 2002 —150°V, and V.= 1807 120°V, Fig. 6.51(a), and construct their 
phasor diagram. 


Solution 


In accordance with equation 6.114a we have 


(2202. 0° + 2002 — 150° + 1802 120°) 


= — 143+ j18.6= 23.57 127.7° V. 


Applying equation 6.114b, the positive components are 


Pe ae . ss 
Van = 3 (Va + a, + 0° V.) 


1 
= 7 [22020° + (12 120°)(2002 — 150°) + (12 240°)(180 2 120°)] 


= 191.1 — j33.3 = 194.02 —9.9° V, 
and 
Vj. = @V,, =(12.240°)(194.02 —9.9°) = 194.02 — 129.9° V 
V.. =aV,, =(12120°)(194.02 —9.9°) = 194.02 110.1° V. 
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Figure 6.51 Three unbalanced voltages (a), their symmetrical components (b) and the original phasor 
system as composed of the symmetrical components (c). 


Applying equation 6.114c, the negative components are 


» tee a. se 
Vi2= 3 Vat ae Vy + ab.) 


1 
= £22020" + (12. 240°)(200.2 — 150°) + (1. 120°)(180Z 120°)] 


= 43.3 + j14.8 = 45.82 18.9° V, 


and 


2 


49 = AV = (1 120°)(45.8 Z 18.9°) = 45.8 2 138.9° V, 
Vn = a Vy = (12. 240°)(45.8 2 18.9°) = 45.872 —101.1° V. 
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Using the above results the phasor diagrams for positive and negative symmetri- 
cal components are constructed in Fig. 6.51(b). The diagram in Fig. 6.51(c) 
shows that the original phasor system is obtained when the symmetrical compo- 
nents are compounded either numerically or also graphically. 

In the general case of an unsymmetrical three-phase, three-wire system, i.e. 
when the neutral line is absent, the vector sum of three line currents is also 
always (like sum of line voltages) zero. Therefore, the zero-sequence components 
for these unbalanced currents as well as for line voltages are zero. Furthermore, 
we may conclude that in a four-wire system, since the neutral-wire current in 
every case is the sum of line currents, the zero-sequence components, equation 
6.114a, are equal to one-third of this current. 

In the next example we shall show the resolving of an unbalanced set of 
phase voltages into symmetrical components. 


Example 6.16 


A synchronous generator, which is connected to an infinite busbar system 
Fig. 6.52(a), is subjected to a short-circuit line-to-line fault at its terminals. The 
generator’s p.u. short-circuit currents are found (see further on) to be I, = —2.1, 
T, =3.37Z —71.8° and I, = 3.372 71.8°. Find the symmetrical components of 
these currents and construct their phasor diagram. 


(b) 


Figure 6.52 A circuit diagram for Example 6.15 (a) and the phasor diagram of the current 
sequences (b). 
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Solution 


In accordance with equation 4.114a we obtain 


e # is 1 
Igo = Io = 1-0 3 (—2.14 3.3724 —71.8° + 3.37271.8°) =0. 
This result should be expected since the sum of three-phase system currents 
(without a neutral line) is always zero (as the sum of three vectors, which form 
a triangle, see Fig. 6.52(b)). 
In accordance with equation 4.114b we obtain the positive components: 


g. 4 
Foy = 5-21 + (12 120°3.37 L — 71.8°) + (LL — 120°)(3.37 2 71.8°)] = 0.8 


Ty = @ 1, =08L — 120°, I, = alg, =0.8 2 120°, 


and in accordance with equation 4.114c, the negative components are 
‘ 1 
I= 3 [-2.14+(1Z2 — 120°)(3.37Z2 —71.8°) 


+(12.120°)(3.37 Z.71.8°)] = —2.9 
Iy=aly = —2.97 120°, [n= @1,.= 2.97. 120°. 


In checking the results, we have [,=,, + I,, = 0.8 — 2.9 = —2.1. The phasor 
diagram of the currents is shown in Fig. 6.52(b). 

If the set of line voltages is balanced, it is obvious that the negative-sequence 
for these voltages is zero; hence, the negative-sequence for the phase voltages 
will also be zero. That is, the set of unbalanced phase voltages, forming a 
balanced set of line voltages, resolves into positive- and zero-components, as 
shown, for example, in Fig. 6.53. As can be seen the negative-sequence voltage, 
V,, is absent and each of the phase voltages is equal to the sum of the positive- 
and zero-sequences. Their values can then be easily found: 


Va.ph =Vi+V% 
Va on= Ven = V(V/2)° — [V/(2-V3) — oP, 


where V is the given line voltage. 


(b) Sequence impedances 


Consider first the circuit of Fig. 6.54(a), which represents a three-phase, three- 
wire, Y-connected, generally unbalanced system, 1.e., Z, # Z, # Z,. The matrix 
equation for phase voltages, across these three impedances, will be 


z 
a 
a 

2 
a 


a 


— 
lI 
oO 
N 
> 
j=) 
lowe) 
> 


(6.116a) 


2 
2 


So 

oO 

N 
. 
. 
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Von/= Vio +VQ) 


(b) 


Figure 6.53 A faulted network with balanced line voltages but unbalanced phase voltages (a) and 
the phasor diagram of the symmetrical components (b). 


or 


Vive = rae cee (6.1 16b) 


Here both the voltages and currents are unsymmetrical. Multiplying both sides 
of equation 6.116b by [a]~! and also substituting equation 6.115a, we obtain 


[a] os Var = [a] oe [Zee alot £21, 


or, with equation 6.111, 


(Vo12 =[Zo12 Hor]. (6.117) 
where the matrix transformation is defined as 
[Zo =a] *[ZaseILa. (6.118a) 


Performing the matrix multiplication and upon simplification this transforma- 
tion results in a sequence impedance matrix of an unbalanced load 


Zoo Zo1 Zo2 Zo Z, Z, 
[Zor2l=| Z10 211 Zi2 |=} Z1 Zo Ze (6.118b) 
Zr 22, Zr Z, £2, Lo 


where by definition the zero-sequence impedance is 


1 
Zo= 3 (4Za+ Z,+Z) (Zoo = Z11 = Za = Zo), (6.119a) 
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Figure 6.54 Three-phase, three-wire unbalanced system (I, =0) (a), three-phase, four-wire unbal- 
anced system (I, #0) (b). 


the positive-sequence impedance is 


1 
Z,=3(Z, + aZ, + a°Z,) (Zo2 = Z40 = Za: = Z;) (6.119b) 


and the negative-sequence impedance is 
1 2 
Z,= 3(Zata Zy+aZ,) (Zor = 212 = Zy0 = Z3). (6.119c) 


These component impedances have little physical significance but they are useful 
in a general mathematical formulation of symmetrical-component theory. It 
should be noted in this respect that the real parts of the component impedances 
may possess negative signs even though the real parts of Z,, Z, and Z, are 
all positive. 
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Providing the matrix multiplication in equation 6.117 yields 

Vo =Zoly + Z21,+Z,1, 

Y.=Z,lo+ Zo, +Z2h, (6.120) 

V, = Zy1o + Zl, + Zod. 
Note that the sum of the sequence indexes (0, 1, or 2) of Z and J in the voltage 
drops Z;1 ; in each of these equations gives the index of the voltage-sequence to 
which these voltage drops belong. Therewith, 2+ 1=3 is considered as 0 
(3—3=0) and 2+2=4 is considered as 1 (4—3=1), since there are only 
three sequences (0, 1 and 2). This simple rule is known as the sequence rule. 

Recall that the above symmetrical components (equation 6.120) are of the 
a-phase voltage, 1.e., 
V,.=H+U+Nh. 
Applying, for example, the second equation of equation 6.120 to phase b and 
making appropriate substitutions we may write 
Vy = Zorlyo + Zrolsr + Zoalo2 
= (Za L — 120° fag + Zao(Lar L — 120°) + (Zq2 120° )(Iq2 L 120°) 
=(Z,1)+ Zoi, + Z.f,)Z —120°=V,, 2 — 120°. 
This result shows that V,, is equal in magnitude to V,, and 120° displaced 
behind V,,, as, of course, it should be for a positive-sequence system. An 
opportunity is given to the reader to check in the above manner that 
Va =ViyL120° and Vo= Vio = Vo. 

The sequence currents can be found by solving equation 6.117, ie., 


[oi21 = L¥o2 Vor2 1, (6.121) 
where [Yo,2] is the associated sequence admittance matrix 
[¥o12] = [Zo12] oe 

This sequence admittance matrix may be found in the same manner as the 
impedance sequence matrix (equation 6.118a), ie., 

[Yo12] = La WEY Ia]. (6.122) 
Indeed, applying the reversal rule to find the inverse of the product of the 
matrixes, we obtain 


[Zo] * = (La) *[Zae]a})* = [4] * [Za] “Lal, 


where 
Y, 0 O 
[4a = LYabe] al 0 Y, 0 
0 O Y, 


and Y= WZ Y= 1/Z,, Y= 1/Z,. 
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Therefore, similar to equation 6.119 we observe that: 


the zero-sequence admittance is 


Le ee es (6.123a) 


Wile 


Yo = 

the positive-sequence admittance is 
1 

H= 3 (hat ay, +a" Y,), (6.123b) 


and the negative-sequence admittance is 


1 


yY=—- 
2 3 


(Y,+a?Y,+ayY,). (6.123c) 


When the applied voltage sequence-components are known, the sequence- 
components of the a-phase current may be readily found according to equation 
6.121. Thus, 


iy= YVo+ ¥,V, + Y, Vy 
L=YKH+%HV+%H% (6.124) 
L=YH+YU+ Hh. 


Example 6.17 


Let the line-to-line voltages and the phase impedances of the Y-connected, 
three-wire, load, as shown in Fig. 6.54(a), be as follows: 


V,,=20020°V, %=14147 —135°V, V,,=141.47 135°V 
Z,=62, Z,=6L —30°Q2, Z,=j12Q 


Find the a-phase current symmetrical components. 


Solution 
The phase admittances are 


Y,=0.1667S, Y,=0.16672 30°S, Y,= — j0.08333 S. 
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Then, employing equation 6.123, the sequence-component admittances are 


1 
Yo = 3 (0.1667 + 0.1443 + j0.08333 — 0.08333) = 0.1037 S 


1 
i=, [0.1667 + (1 Z. 120°)(0.1667 Z 30°) + (1 Z 240°)(0.08333 2 — 90°)] 
= 0.044857 111.71°S 
1 
=a [0.1667 + (1 £2. 240°)(0.1667 Z 30°) + (1 Z 120°)(0.08333 2 — 90°)] 


= 0.089872 — 27.63 S. 


Resolving the above line-to-line voltages into symmetrical components yields 


s 1 
Vivo = 3 [2002 0° + 141.42 — 135° 4+ 141.47 135°] =0 


«. 

Vass = 3 [200L0° + 141.4(2 — 135° + £120") + 141.4(Z 135° + £240°)] 
= 157.7V 

; 1 

Vava = 3 [2002.0° + 141.4(L — 135° + £240°) + 141.4(2.135° + £120°)] 


=42.3V. 

The positive- and negative-components of the phase voltages are 
v,=7, 157.7 

V3 

v= 1 42.3 

V3 
Note that even if /, = 0 (since the neutral wire is absent) Vj will possess a finite 
value, which may be calculated in accordance with the first equation of 6.124: 


LZ —30°=91.12 —30°V 


Z.30° = 24.47 30° V. 


1 zs x 
h=y-hh-vh) 


0 


1 
= Dogg [~ (0.08987 2 — 27.63°)(91.12 — 30°) 


— (0.04485 / 111.71°)(24.4 2 30°)] = 69.08 Z 119.47” V. 


Now, the positive- and negative-sequence currents may be calculated in accor- 
dance with equation 6.124 


7, = (0.4485 2 111.71°)(69.08 Z 119.47°) + 0.1037(91.1 2 — 30°) 
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+ (0.08987 L — 27.63°)(24.4 L 30°) = 8.42 — j7.04 = 10.982 —39.9°A 
7, = (0.08987 Z. — 37.63°)(69.08 Z 119.47°) + (0.04485 Z 111.71°)(91.1. — 30°) 
4 0.1037(24.4 7 30°) =2.58 —f11.51 = 11,807 77.36" A. 


Note that for a balanced load, Le., Z, = Z, = Z, = Z_, the positive- and negative- 
sequence impedances are zero and Z,) = Z,. Thus, 


i Zz, O° O01 Fp 
Yj=|0 Z, Oo}; 7, |. (6.125a) 
V, 6 0 ZIG. 


This matrix equation indicates that there is no mutual coupling among the three 
sequences and it can be separated into three independent equations 


Wy=ZIy, V=Z,h,, Vy = Z 1). (6.125b) 


Consider next the circuit of Fig. 6.54(b), in which, for more generality, a neutral 
wire is represented by the impedance Z,,,. In this case the matrix equation for 
phase voltages (equation 6.116a) shall be written as 


V, Za 0 0 a Zan’ 
V, = 0 Zp 0 I, el Zan’ U1. 
V, 0 0 Z. c Zan’ 


Substituting equations 6.110c and 6.115a into this equation, and since [,, = 31, 
we obtain 


La]Mr2] = [2 @ aloe + Zell oiell. 


Performing the matrix multiplication and upon simplification this equation 
becomes 


% Za a 3Z an’ Za Za Io 


[a]| Wl=| 2,432 @Z, 0%, || 
V, Zaft. @f£, @2\15, 


Multiplying both sides of this equation by [a]! yields 
LVor2] = (Zo12 ot £21, 
where the sequence-impedance matrix can be expressed as 
Zo ale BZ ny 


[Zo12] = Z, Zo Zp (6.126a) 
Z, Z, Lo 
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and 
Loo = Zot 3Zige- (6.126b) 


Note again that for a balanced load, i.e., Z,=Z,=Z,=Z,, the positive- and 
negative-sequence impedances are zero, Z,; = Z,=0, and Z) = Z,. Thus, 


Vo ZiS37 0 OF |g 
V7, |= 0 Z, O |] 2, ]. (6.127a) 
V; 0 O Zeal hes 
This matrix equation may also be separated into three independent equations 
Vo=(Zi + 3Zm' lo, Vi=Zrl,, Ve=Zzph. (6.127b) 


In accordance with these equations three sequence networks of the balanced 
load may be drawn, as shown in Fig 6.55. Therefore, the positive- and negative- 
network impedances for a balanced load are equal to each other and simply 
equal the load phase impedance, but the zero-sequence network includes, in 
addition, the triplicate neutral line impedance. It is important to mention that 
with Z,,,, = 0, i.e. for a three-wire system, the zero-sequence current I, is zero 
(I) = 0). It follows from the first equation in 6.127b. 

It is worthwhile to note that the impedances of sequence networks, Fig 6.55, 
are not the same as the sequence impedances (equation 6.119) in equation 6.117. 
To make this sentence clearer we shall consider the sequence networks’ imped- 
ances as the ratio of the voltage and the current of the same sequence, which 


i, ty ay. 
a 
+ 
en 
~ Zoo 
Vo 
Fs 


(b) 


Figure 6.55 Sequence networks: zero-sequence network (a), positive sequence network (b) and nega- 
tive-sequence network (c). 
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also are called the impedances to positive-, negative-, and zero-sequence currents. 
Thus, if a balanced system of positive-sequence voltages is applied to a balanced 
three-phase network, then the currents are also balanced and of positive- 
sequence. So, the ratio of the positive-sequence phase voltages and the appro- 
priate positive-sequence phase currents gives the positive-sequence network 
impedance 


(6.128a) 


In a similar manner we shall define the negative- and zero-sequence network 
impedances 


Vio Veo Ve 
Zy= ea a, (6.128b) 
I, Th2 c2 
and, since Vi9= Vig = Vig= Vy and Lyo= Igo = Lg = Ip. 
Vo 
Zo=F: (6.128c) 
Io 


In other words, positive-sequence currents flowing in a balanced network pro- 
duce only positive-sequence voltage drops, negative-sequence currents will pro- 
duce only negative-sequence voltage drops and zero-sequence currents will 
produce only zero-sequence voltage drops, as follows from equations 6.125a 
and 6.127a. 

Therefore, as has already been mentioned, for a balanced load the three- 
sequence networks, Fig 6.55, can be separated and treated independently. It is 
important to recall at this point that the zero-sequence system is not a three- 
phase system but a single-phase system, i.e. the zero-sequence currents and 
voltages are equal in magnitude and are in phase at any point in all the phases 
of the system. Thus, the zero-sequence currents can only exist in a circuit if there 
is a complete path for their flow. 

Figure 6.56 shows zero-sequence networks for Y- and A-connected three- 
phase loads. As can be seen from Fig 6.56(a), in a Y-connected load with an 
open neutral wire, there is no return path to zero-sequence currents, hence the 
zero-sequence impedance is infinite (in a zero-sequence network drawing this 
infinite impedance is indicated by an open circuit). In the circuit of Fig 6.56(b) 
the fourth wire, connecting the neutrals, provides a return path for the zero- 
sequence currents, so that their sum, 3/, flows through this wire. If the neutral 
wire impedance is Z,,,", the zero-sequence voltage drop of 3Z,,’Io will be pro- 
duced, across this impedance, by a triple zero-sequence current 3/,). For this 
reason an impedance of 3Z,,,, should be inserted in the zero-sequence network, 
as shown in Fig 6.56(b). This result is in full agreement with those achieved 
previously (equation 6.126b) by the mathematical treatment. Note that in the 
particular case of Z,,,,=0 (solidly grounded neutrals) no potential difference 
exists between neutral points n-n’, so they should be short-circuited. A 
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zero - sequence network equivalent 
Zo™ Zyt20= 20 


~ 3Zpn'Tg + 


zero - sequence network equivalent 
Zo =Z + 3Zpn' 
To= 0 a 2 ' 
a o> n 


zero - sequence network equivalent 
Zog= 


Figure 6.56 Zero-sequence network equivalent for a Y-connected three-wire load (a), Y-connected 
four-wire load (b) and A-connected load (c). 


A-connected load, as shown in Fig 6.56(c), provides no path for zero-sequence 
currents flowing in the line wires. Therefore, the zero-sequence impedance, as 
seen from the source terminals, is infinite (open circuit). However it is possible 
to have zero-sequence currents circulating within the delta circuit, if zero- 
sequence voltages are applied independently, or by induction, in the delta circuit. 

Consider, for example, the network shown in Fig. 6.57(a), in which the single- 
pole short-circuit to earth occurs on the transmission line between transformers 
T, and T;. The arrows in each of the generator and transformer windings show 
the circulation paths of the zero-sequence currents. In accordance with these 
possible zero-sequence currents flowing, the zero-sequence equivalent circuit is 
formed and shown in Fig. 6.57(b). 

Consider next, a more general case representing a circuit with unequal mutual 
impedances (e.g. transmission lines, transformers and tree-core cables). We also 
assume that there is mutual coupling between the phase branches and the neutral 


Transients in Three Phase Systems 421 


£3 


Figure 6.57 A network with a single-pole short-circuit to earth (a) and its zero-sequence equiva- 
lent (b). 


line (e.g., as in transmission lines with overhead ground wire), as shown in 
Fig 6.58. 
The KVL equation for phase a may be written as 
V, — Dials + Zavlp + Dial = Pods a Van's 


where V,.) = —Zygla — Znplh — Znele + Znn’' In, and, as shown earlier, I, = 3/p. 
For three phases, in matrix form, these equations can be expressed as 


a 
2 
2 


a Zaa Zap Lac a Zna Zup Zn 


|= Loa Lop Z, bl Lua Z ub Lyne 


3 


2 
2 
a 


> 


2 
2 
2 


c Lea Zep Zee c Zna Zub Zn c 
ei (ag ~~ Zan) 0 0 Io 
+ | Zin) 0 0 I, (129a) 
3(Z an’ Zen) 0 0 1, 


where Z,,, Z4,, Zee and Z,,,’ are the phase and neutral self-impedances, and 
ZLav=Lpar Zpe= Leys Lea= Lac Md Zan= Znas Zon= Znbs Zen= Le are the phase- 
phase and phase-neutral mutual impedances. In reduced notation equation 6.129a 
may be written as 


[Vavel oa (2s Incl i [Apel eel + 3 [Znw I oia (6.129b) 
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Zna 


Znb 


Znc 


(b) 
(a) 


Figure 6.58 Mutually coupled three-phase network (a) and network for Example 6.18 (b). 


Substituting equations 6.110c and 6.115a into this equation we obtain 


[a][Vou2] = [Zave Ia] Ho12] [Znabe [a] Ho12] ae 3 [Zan Mo12 1, 


or 


[a][Vor2 = (Zac } aa [Znabve 1} La] ae 3[ Zan )o12 1] = [Znabe leglto12]- 
(6.130) 


Solving this equation for [%,,] yields 
(Vor2d = Lal (Zabel — [Znare DL] + 30Ziw )oi2], «(6.13 1a) 


or 


[Vero] _ [2e7 oes (6.131b) 


Here [Z\“)] is the sequence impedance matrix of a three-phase load with mutual 
coupling. Performing all the matrix operations on the right side of equation 
6.131a and after simplification the sequence impedance matrix can be expressed 
as 


Ae 
(Zo + 2Z yo + 3Z yn’ — 6Zy0) (Z2— Zm2— 3Zn2) (21 — Zui — 3Zn1) 


= (Z; — Zi — 6Z,1) (Zo — Zo) (Z, + 2Zy2) 
(Z2 — Zy2— 6Z,2) (Z, + 2Zy1) (Zo — Zuo) 


(6.132) 
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where, in addition to equation 6.119, we defined sequence mutual impedances: 


1 
3 (Zyct+ Lea + Zap) (6.133a) 


Zuo = 
as a zero-sequence mutual phase impedance, 


1 
Zui= 3 (Zpct+ AL oq + WZ gp) (6.133b) 


as a positive-sequence mutual phase impedance, 


1 
7 (Zret P Zea t AZap) (6.133c) 


Zu2= 
as a negative-sequence mutual phase impedance, 


1 
Zn0 = a 


3 (Snct+ Zn + Znc) (6.133d) 


as a zero-sequence mutual neutral impedance, 
Zn = (Zyat AZ yy + Glue) (6.133e) 
as a positive-sequence mutual neutral impedance, 


Zn2 = (Zna a iT =P AL ne) (6.133f) 


Wile 


as a negative-sequence mutual neutral impedance, and Z,,, as the impedance of 
a neutral line. 

If neither self- nor mutual-impedances are equal, the application of equation 
6.131b will show that there is a mutual coupling among three sequences and, 
therefore, the sequence networks cannot be separated. The sequence currents 
can be found by solving equation 6.131b: 


Hod = CY83 IMI, (6.134) 


where [Y$9] is the associated sequence admittance matrix 


Yoo You Yoo 
[YGQ1=(Z§81'=| No Ya No }- (6.135) 
Yoo Yo; Yo 


If a balanced voltage is applied to an unbalanced load (as frequently happens), 
then the symmetrical component voltage matrix [Vo,.] reduces to only a posi- 
tive-sequence component V,. Indeed, if the applied voltage is balanced, then 


Kaa, Vea. 
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Substituting this in equation 6.113 yields 


V, 1 1 1 . 0 
is 1 _ ~ 

Y\= 3 1a @\|a@vV,|=|V, 
V, 1 a al| av, 0 


In other words, the three-phase balanced system consists only of the positive- 
sequence components, V;, = V,. However, if the system of line-to-line voltages is 
balanced, then in general zero-sequence voltages may also be present. Thus, the 
current sequences can be expressed as 


Lao Yoo Yo. Yor Vo 
Ta, |=] Yio Yur Yi2 V, . (6.136) 
Iq2 Yoo Yor Yoo 0 


However, if only a few mutual inductances are present, the solution may be 
simplified, as can be seen from the following example. 


Example 6.18 


Consider a particular case of a mutually coupled three-phase network as shown 
in Fig. 6.58(b). Let the self-impedances be Z,,= j1Q, Z,,= 2, Z,.= j3Q and 
only the mutual-impedances be Z,.= Z.4= — j0.5Q. Find the current J,, if the 
system of line-to-line voltages is balanced and given as V,,=10020°, V,.= 
1002 — 120°, V,, = 1002 120° V. 


Solution 


The impedance matrix is 


jl 0 —j0.5 
[Zane] = 0 2 0 
—j05 0 73 
and we first calculate [Y,,, |: 
jo 0 jl 
Yd =[ZxI'=—zz] 0 -2.75 0 
jl 0 j2 


Then, as in equation 4.132 and taking into consideration that 
Yur = Yr2 = Yoo = Yon’ = 9, we may obtain the sequence admittance matrix as 


Yo+2¥uo  Yo-Yu2 M- Yun Yoo Yor Yoo 
L¥oi2] = Y— Yui Yo — Yuro Y, + 2Yu2 =1No Nr No], 
Y — Yuro Y + 2¥ui Yo — Yao Yoo Yo, Yoo 
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where 


1 
Yo= 35g) (16-275 + 72) = 0.1667 — j0.4849 = 0.5128 —71.03° S 


Y, === (6 — 2.75 L. 120° + j22.24 
= 3 gg (JO — 2.752120" + j22.240) 


= —0.1883 — j0.1587 = —0.2463 2 40.12° S 


Y,= j6 — 2.75 2 240° + j2z 120° 
a= og L.240° + j2. 120°) 


= 0.0216 — j0.4474 = 0.4479 7 87.23°S 


and as in equations 4.133 


1 
Vic= = WF j1 4 0)= —f0s06l 
wo= 3a 5,5) (0+ Jl +0) = — 0.06061 S 


1 
Yui = => (0 4+ f1 2. 120° + 0) = 0.06061 7 30° S 
M1 a(= 55) | +L +0) ZL 


1 
Tay (0 + j1 Z.240° + 0) = 0.06061 Z 150° S. 


Now the elements of matrix [Y,.] are 
Yoo = Yo + 2Yuo = 0.6286 2 — 74.62°S 
Yi1= Yoo = Yo — Yuro = 0.4559 Z — 68.55° S 
Yio= Yor = Y; — Yury = —0.3061 Z 38.13° S 
Yor = Yoo = Y; — Yun = 0.48342 — 81.18°S 
Yo, = Y, + 2¥y, = —0.1287 2 49.66° S. 


Next we determine the sequence-voltages: 


- 100 ~ 
V, B L —30°=57424 —30°V, W,=0. 


Since I, = 0, in accordance with the first equation in 4.136 we may calculate V, 


P Yor - 0.4834, — 81.18° 


V, 57.741. — 30° = —44.41 — 36.56° V. 
: You 0.6286 1 — 74.62° se 7 


With the two other equations in 6.136 we have 
IT, = YoY + %y.V, = 9.67 — j25.66A 
T, = Yao Vo + Yo Yi = 2.99 + f16.50A 
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and 


Si 4H 1066= 7916 = 15.687 = 35.80" A 


When the load is balanced, ie., the mutual impedances are equal to each 
other: Z,.= Zea = Zap = Zy and Zyg= Zp = Zyc= Zypy and So the self-impedances: 
Loa= Zp = Zee= Z,, the sequence impedance matrix (equation 6.132) simplifies 
to 


(Z, - 2Zu ar 3Z an! ~~ 6Z,0) 0 0 
[2013 a 0 (Z,—Zy) 0 
0 (Z,—Zy) 
(6.137) 


As can be seen, there is no mutual coupling among the three sequences in this 
case either, and the sequence circuit impedances are 


Zoo = Zi + 2Zy + 3Zn' — OZ yy, 214 = Z22 = ZL — Zy. (6.138) 
Thus, 

Vo = Zoolo, Y=Zyh, V,=Zyh, (6.139) 
The degree of current or voltage unbalances is usually estimated as: 


for the zero sequence 


Mo; = > Mop V5 > (6.140a) 

for the negative sequence 
2 = 6.140b 
M; i > My, Vin i ( 2 ) 


Example 6.19 


The Y-connected load, having self- and mutual-impedances Z, = 1+ j22Q 
and Zy=j6Q; and the self- and mutual-impedance of a neutral line 
Zin = 2+ j18 Qand Z,,,= j2Q is supplied by an unbalanced three-phase system 
with the phase voltages being V,= 1002 — 30°, ¥,= 1502 180° and V.= 
75 460° V. Calculate the current in each branch of the load. 


Solution 


The first step is to calculate the sequence impedance matrix (in accordance with 
equation 6.137): 


Zot = Zy =F 2Z a 3 Lan’ _ 6Z ny 
=14 j224+2-j6+ 3(2+4 j8)—6-j2=7+4 j46 = 46.57 81.3° V 
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and 


$27 pe, = Zp a1 $= HH 1-6 = 16.037 Boe 


Next we shall calculate the phase-sequence components of the unbalanced volt- 
ages 


s, I 

Y= 3 (1002 — 30° + 1502 180° + 75 2 60°) = 10.02 150° V 

~~ 

V,= 3 (1002 — 30° + (12. 120°)(150Z 180°) + (1 2. 240°)(75 2 60°)] 
=1052 —51°V 

wy ill 

V,= = (1002 — 30° + (12 240°)(150 Z 180°) + (12 120°)(75 Z 60°)] 


3 
= 39/ 43°V. 


Since there is no mutual coupling along the three sequences, the second step is 
to calculate the phase-sequence components of the current J,. Thus, 


i=l Vi -10.02. 150° 
Lag AOS ERIS” 
a, y.. 1052.—51" 
eZ 16037 864° 
V, 39.0 2. 43° 


= 0.2152 68.7°A 


=6.55/4 —1374°A 


(i Z,, ~ 16.032 864° ~ 2.432 —43.4° A. 
Therefore, 
Ty = Tyo + Tay + Lag = 0.215 2 68.7° + 6.552 — 137.4° + 2.432 — 43.4° 
= 6.602 —116.7A 


p= Tot ala + alae 
= 0.2157 68.7° +(12.240°)(6.55L — 137.4°) + (12. 120°)(2.43 2 — 43.4°) 
= 8.987 85°A 
T=Slotaly+@t. 
= 0.2152 68.7° +(12120°)(6.55 2 — 137.4°) + (1 2.240°)(2.43 2 — 43.4°) 
=4.697 —31.5°A. 


In the above treatment of three-phase loads, and the development of the 
phase-sequence networks’ equivalent, it was derived that the values of these 
network impedances are the same for currents of positive-, and negative- 
sequences. In practice, such a result is quite in order in the case of “static” 
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circuits, such as transformers, transmission lines and the like, in which the 
mutual inductances between the circuits of different phases are bilateral. The 
phase sequence, positive or negative, of the currents flowing in static circuits 
does not change the impedances, so the same values of impedances in both the 
positive-, and negative-sequence networks are used. 

With rotating machinery, e.g. alternators, induction motors, synchronous 
motors, etc., the impedance will have different values for currents of positive 
and negative phase-sequences. Indeed, the negative-network impedance, Z,, 
can be determined by applying the negative-sequence voltages and measuring 
the negative-sequence currents, when the machine is run at specified speed and 
direction. Since the negative phase-sequence field (also called the backward field) 
rotates in the direction opposite to the positive phase-sequence field (also called 
the forward field), it will also rotate opposite to the rotor. Thus, for instance, 
for asynchronous machines the difference in speed between the backward field 
and rotor is n,+n, where n, and n are rotating speeds of the field and rotor 
respectively. This results in a slip for the backward field s,;=2—s. Since the 
regular slip s (i.e. slip for the forward field) is very small (s = 0.02—0.05), the slip 
Ss, equals approximately 2, so that it is much larger than s. As a result the 
negative-sequence currents will be larger than the positive-sequence currents 
and, therefore, the impedance to currents of negative phase-sequence, Z 5, will 
be lower than that to currents of positive phase-sequence, Z,,;. To develop the 
mathematical representation of rotating machine symmetrical-component 
impedances we shall assume that the mutual inductances between the phases of 
these machines are not bilateral, as shown in Fig 6.59. Thus, two different values 
Z, and Z, are the mutual impedances of rotating machines (clockwise and 
counterclockwise respectively) between the phases. The impedance matrix in 


Figure 6.59 Equivalent circuit of a rotating machine. 
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this case is of a circular form: 


7) 2, Z, 
[Zrml=|Z, Z, Zp (6.141) 
a. 2, Z. 


where Z, is the self-impedance of each phase and Z, 4 Z,. Applying the matrix 
transformation of the form of equation 6.118a yields 


Ze G. 36 
(2s) 6 2a * (6.142) 
ad @ BW 


where 
Zo =Zy+Zpt+Zy 
Z4,=Z,+a°Z,+4Z, (6.143) 
Zy,=Z,+0Z,+a°Z, 


are the zero-, positive- and negative-sequence impedances of the machine. Thus, 
the sequence matrix equation for a rotating machine will be 


[Vor = [282 Wor. (6.144) 


Since the matrix in equation 6.142 is diagonal, also in this case, this matrix 
equation may be separated into three independent equations, each for each 
sequence: 


Vy =Zolo, KHZ Vz = ZI). (6.145) 


(For the sake of simplicity here and further on single subscripts, 0, 1 and 2, are 
used to indicate sequence-network impedances.) However, in distinction to the 
“static” load (see equations 6.125, 6.127 and 6.139) here the positive- and nega- 
tive-network impedances are unequal, with the negative-network impedance 
lower than the positive-network impedance, |Z,| <|Z,|. 


Example 6.20 


A three-phase, Y-connected, induction motor, having the positive- and negative- 
sequence network impedances: Z, = 3.6 + j3.6Q and Z, =0.15 + j0.5 Q, is sup- 
plied from an unsymmetrical three-wire system. The line voltages being V,,= 
V,, = 365V and V,,= 312V, calculate the current in each phase of the motor. 


Solution 


The first step is to calculate the phase voltages. Drawing the triangle of line 


“) There is more about symmetrical components in Gonen, T. (1988) Electric Power Transmission 
System Engineering. Wiley & Sons, New York, Chichester, Brisbane, Toronto, Singapore. 
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voltages as shown in Fig 6.60(a), we assumed that the neutral point n is located 
at the midpoint of the line voltage V,, (it was already shown that the location 
of a neutral point does not influence the positive- and negative-sequence volt- 
ages, but only the zero-sequence; however the zero-sequence currents anyway 
are zero, since Z,,'= ©). Choosing V, as a reference phasor, we have 


V,=—jl56V, V=j15S6V 
and 
v, = 3652 — 156? = 330V. 


The next step is to calculate the positive- and negative-sequence components of 
the phase voltages 


a ‘dhs “4 e 1 
V= 3 Ma +aV,+a’V,) = 5 [330 + j156(—a + a”)] = 200 V 
and 
we Toe as ss 1 
Vy= 3 Vat @ Vy + av.) = 5 [330 + f156(a — a’)] = 20 V 
Now, from positive- and negative-sequence circuits, Fig 6.60(b), we obtain 


_ 4 200 
Z, 36/27.45° 


39.34 —45°A 


(b) 


Figure 6.60 Phasor diagram (a) and sequence network for Example 6.20 (b). 
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i V, 20 
ote WSR Te 


= 38.34 — 73.3°A. 


Finally, 


1,=1,+ 1, =38.8 —j645=75.32 —60°A 
L=01,4 0 = 107 =f 7 = 21 97 1935 A 
1,=ai,+@1, = —27.1—j46.8=54.12120° A. 


6.7.2, Using symmetrical components for unbalanced three-phase system analysis 


As we have already mentioned, the symmetrical components method is very 
useful for analyzing and solving the unbalanced faults of power systems. To 
illustrate this let us consider the most frequently occurring single line-to-ground 
fault, which occurs when one conductor contacts the ground or the neutral 
wire. Fig. 6.61 shows the general representation of a single line-to-ground fault 
at a fault point F with fault impedance Z;. Usually, the fault impedance Z; is 
ignored in fault studies. In general the voltage-current sequences’ relationship 
for an unbalanced system is given by the matrix equation 6.117: 


Vor — Zoralor2- (6.146) 


Here the elements of the sequence-impedance matrix usually are known. 
However, neither the voltage nor current symmetrical components are known. 
The remaining equations, called constraint equations, may be obtained using 
the relationship between the symmetrical components in accordance with a 
kind of unsymmetrical fault. Thus for the fault under consideration we have 


i,=f.=0. 
Then, using equation 6.115b, we have 
ij=1,=1,=41,. (6.147) 


Now, the current-sequence matrix can be written in terms, for instance, of J, as 


7 1 
To12 qj 1}1,=CrT, (6.148a) 
dy 1 
where 
I =—l= fo (6.148b) 


(note that in this particular case matrix I’ is reduced to just a scalar Jy), and 


1 
C=}1 (6.148c) 
1 
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(b) 


Figure 6.61 Single line-to-ground fault (a) and interconnection of sequence networks (b). 


Then equation 6.148a may be written in the general form as 
I=Ci’, (6.149) 


where matrix C is called a constraint matrix. This matrix transformation is 
similar to those we used in mesh and nodal analysis, when a new set of variables, 
currents and voltages were chosen, for some reason, instead of a previous one. 
The new set of voltages’ matrix is then given as 


V=C'V. (6.150) 


(This also follows from the fact that the power volt-amperes of the network 
calculated in terms of the old voltage and current matrixes (V'I*) must be the 
same as when calculated in terms of the new voltage and current matrixes 
(V'I'*). Then the corresponding impedance matrix is given by 


Z'=C'ZC, (6.151) 
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and the equation in terms of the new set of variables is denoted by 
VW=ZT (6.152) 


Continuing with the above example, we apply equation 6.150 to yield 


Oo 


VSVie=C Von 1 a] V, =I, (6.153) 
0 


where the symmetrical components of the applied voltages consist only of a 
positive sequence since the three-phase sources of the network N, and/or 
network N, in Fig. 6.61(a), which actually represent the power system genera- 
tors, are symmetrical. The transformed impedance matrix (equation 6.151) is 


1 
ZueH= ih 1 Lea | (6.154) 

1 
The sequence impedances of matrix Zo; are viewed from the fault point F and, 
since the system generally is balanced and consists of the rotating loads as well 


as the static ones, this impedance matrix [Z),,] is diagonal with unequal 
positive- and negative-sequence impedances 


Fe 6 
Zo12 = 0 Zi 0 . (6.155) 
0 O Z, 


Substituting this matrix into equation 6.154 and performing the multiplication 
we easily obtain 


Z'=[Z)+Z,+Z)]. (6.156) 
Substituting equations 6.153, 6.156 and 6.148b into equation 6.152 yields 
=[Zo+Z,+ Zo. (6.157) 


Thus the matrix equation 6.152 in this case becomes the single scalar equation. 
Then 
in= a (6.158) 
° Zot Zi+Z,° 
These equations 6.157 and 6.158 are appropriate for Fig. 6.61(b), where, to meet 
this relationship, the symmetrical component networks have to be connected 
in series. The fault current of phase a, therefore, is (equation 6.147) 


i =3ip. (6.159) 
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Recall that the superscript indicates the following kind of faults: (1) a single- 
pole ground fault, (2) two-pole fault and (1,1) two-pole-ground fault. The 
numerical examples follow. 


Example 6.21 


The faulted network and all the parameters are given in Fig. 6.62(a). Form the 
sequence networks and calculate the steady-state single-pole-to-ground short- 
circuit current. 


Solution 


The p.u. reactances referred to Sg = 120 MVA and to the average basic voltages 
are shown in Fig. 6.62(b), where the three sequence networks are also given. 


G T,  =100km Ty 


rok ah Tsay ie 110/6.6kV ere 
x=09 x=12 8 7” Vgc=10.5% 
XQ= 0.45 XQ= 0.35 (a) 
positive-sequence 
E = 1.67 Xq XT] Xe Xp Re 


Figure 6.62 A given network for Example 6.21 (a) and the sequence networks (b). 
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By simplifying the positive-sequence network we have 
X17 =0.9//2.9 =0.69, X13 = 0.25 + 3.6 = 3.85, 
X19 = 0.69 + 0.25 + 0.18 = 1.12, 
and the equivalent reactance is 
Xj eq = 1.12//3.85 = 0.87. 
The equivalent EMF is found as follows 


= NOT 29 oe wa ge x t2T ESS _ oe 
i (oag9 °° fe She ig eees 


The simplification of the negative-sequence network gives 
X47 = 0.45//0.84 = 0.29, X55 =0.25+4 1.05 = 1.3, 
X49 = 0.29 + 0.25 + 0.18 = 0.72, 

and 

X 9 ¢q = 9.72//1.3 = 0.46. 
Finally, the simplification of the zero-sequence network results in 

X o,eq = 0.25 + 0.54 = 0.79. 

The zero sequence current will be (equation 6.158) 


1) = Mes = 0.45. 
° ~~ 0.87 + 0.46 + 0.79 


And the short-circuit current in a single-pole-ground fault, therefore, is (equation 
6.159) 


JO = 319) = 3-0.45 = 1,35, 


or 


1M = 1.35 


= 0.81. 


120 
af 3-115 
Example 6.22 


Consider the low power system shown in Fig. 6.61(a) and assume that there is 
a single-line-to-ground solid (i.e., Z, = 0) fault involving phase a at the end of 
a transmission line, i.e. at point a’. Let the network N, represent a generator 
having phase voltages 240 V and the sequence impedances Z,, = j4Q, Z,.= j2Q 
and Z,.=jl1Q; and the network JN, represents a load with Z,,= 
22.22 / 25.84° = 20 + j9.69Q (which corresponds to 0.9 PF), Z,,=(8 + j5)Q 
and Z,) =(2.5+ j1)Q. The transmission line sequence impedances are Z,, = 
Zp =j1Q and Zio = j1.5Q. Also assume that the neutral wire/ground imped- 
ances are Z, = Z,'=0.5Q, and the fault impedance Z,; is zero. At the fault 
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point F, determine: (a) the sequence and phase currents and (b) the sequence 
and phase voltages. 


Solution 


(a) Figure 6.63(a) shows the corresponding positive-, negative- and zero- 
sequence networks which are interconnected in series. To reduce them we first 
find the equivalent impedances: 


Z Z)Z 4+ j1)(20 + 79.69 
(ZatZn)Zi1  (j4+j1)(204+j ) _ 4477-79.54° © 


a a > ne a 20 + [14.69 
(Zya+Zp)Zr2  (j2+j1)(8+)5) 
Zo0q = = =2.50/.77.01° Q 
1 Zot ZntZir 8 + j8 
’ (Seles 32 ees eS 1s + 15) 
ca ey te oe: a eee ey ee 554-505 


= 1.847 40.61° Q, 


and the equivalent voltage source seen at the fault point (which is the Thévenin 


Penmaes: 
iy 


Vu ¥, i 13Z—=0 (2) 


(a) (b) 


Figure 6.63 Interconnection of zero-, positive- and negative-sequence networks (a) and an equivalent 
network for Example 6.22 (b). 
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voltage) 


Zui 20 + 79.69 
Et Zi 2 «204 714.60 


View= Va = 215.02 — 10.46° V. 
The resulting equivalent sequence network interconnection is shown in 
Fig. 6.63(b). Thus, the sequence currents of phase a are (equation 6.158) 

V, 


L=,=L= sed =25.3/ —81.42°A 
' z Loeqt Zieq t+ Zreq £ : 


and the phase currents (Fig. 6.61a) 


a'F I ot 4d |[osa7—sia*| [ee —si4° 
lye (=| 1 @ a || 25.32 —-814°|= 0 A. 
lp 1 a a? || 2532-814 0 


(b) The sequence voltages are (in matrix representation) 


Vr,012 — V.,012 — Zor21 012; 


or 
V, 0 1.847 40.61° 0 
V,) =| 215.02 —10.46° | — 0 4.48 /.79.54° 0 
V, 0 0 0 2.50. 77.01° 
25.34 —81.42° — 35.3 + j30.44 46.6 / 139.19° 
x | 2532 —81.42°|=| 98.3—735.30 |=] 104.42 —19.76° | Vv, 
25.32 —81.42° — 63.0 + j4.86 63.2 L.175.59° 


and the phase voltages are 


a 1 1 11) 466z 139.19° 
Ve l=|1 @ a |} 10442 —19.76° 
Veg 1 a a@|| 63.22175.59° 


0.02 + 0.00 ~0 
=| —87.7—j94.0 | =| 1292 —133.0° | V. 
— 18.1 + j185.4 186 2. 95.6° 


For the line-to line fault, shown in Fig. 6.64(a), if, for example, the fault occurs 
on phases b and c, the constraint equations are 


f,=0 and I,=—f,. (6.160) 
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Fo 3 
+ I)>=0 
eS Loe 
a ° 
No 


(b) 


Figure 6.64 Line-to-line fault (a) and the interconnection of the sequence networks (b). 


Applying now equation 6.115b we have 


, 1 1 1 0 
I 2 lae@ i, _ tL i, 
ola a] 
I, 1 aia —I, —I, 
or 
Tt Tr a J 
I5=0 and [,=—-I,=—=],. (6.161) 


v3 


Note that the absence of I, can also be recognized from the fact that the zero- 
sequence current fault path in the circuit of Fig. 6.64(a) is open, which is 
indicated in Fig. 6.64(b) by ignoring the zero-sequence network. 
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Hence the constraint matrix in terms of 7, would be written as 


0 
C=| 1 |. (6.162) 
—1 
Substituting this constraint equation into equations 6.150 and 6.151 and remem- 


bering that only the positive-sequence source voltage is non-zero, we easily 
obtain 


Vor2I=W% and [Zo] =[Z,+ Ze]. 


Thus, with equation 6.152 we have 


V7,=[(Z,+Z,]1, (6.163a) 
and 
I,= a (6.163b) 
aA Ss : 


These equations are appropriate for Fig. 6.64(b), where only two symmetrical 
component networks, positive and negative, are connected in series. 
In accordance with equation 6.161 the short-circuit current in phase b is 


f= (6.163c) 
Since at the fault point the voltage is zero we have 
Vege Vires 
which gives 


p= Vew—Vre=0. 


Then 
7 ieee is 5a 1. aye 
Vig = 3 (Via + Vye4 + A Vy c) = 3 LViat (a+ a Vere] 
i 1s 53 % 1. axe 
Vig = 3 (Veat OV p+ AV.) = 3 Ve at (a+ a Veo I, 
and 
Ver = Veo. (6.163d) 


Example 6.23 


Repeat Example 6.22 assuming that there is a line-to-line fault, involving phases 
b and c at the end of the transmission line, i.e. at points b’ and c’. 
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Solution 


(a) In accordance with Fig. 6.64(b), where V,, = Viegs Z,=Z eq and Z,=Z 64 
and with the other data of the previous example, the sequence currents are 


I5=0 
a a Vives = 2152 — 10.46° 
Lieqt LZreq 4.48 2.79.54 + 2.502 77.01° 
= 30.82 — 89.1°A, 
and the phase currents are 

Lig 1 1 1 0 0 
Typ |=] 1 a@ a |) 3082 —89.1° | =| 53.32 —179.1° | A. 
La 1a@ 30.8 Z 90.9° 53.3 4 0.9° 


(b) The sequence and phase voltages are 


V, 0 1.847 40.61° 0 
V, |= | 2152 — 10.46° | — 0 4.48 / 79.54° 0 
V, 0 0 0 2.502. 77.01° 
0 0 
x | 30.82 — 89.1° | =| 77.12 —12.07° | V, 
30.8 Z 90.9° 77.0Z — 12.09° 
ie., V, x V,, as can also be seen from Fig. 6.64(b), since Z, =0, and 
Vn 1 1 1 0 154.12 —12.1° 
Vie |=] 1 a a || 77.062 —12.1°}=| 77.062 107.9° | V. 
Voip 1 a a*}| 77.06ZL —12.1° 77.06 Z 107.9° 


Example 6.24 


Repeat Example 6.21 and find the line-to-line short-circuit current. 


Solution 


The resulting sequence-network in this kind of fault is formed by a series 
connection of positive- and negative-sequences. Therefore, the positive-sequence 
current is 


0.98 


a SEO 
0.87 + 0.46 


Transients in Three Phase Systems 441 


and the short-circuit current (equation 6.163c) is 
12 = \/3-0.71 = 1.24, 


or (in amperes) 


12) = 1.24 = 0.74 kA. 


120 
J3-115 
Example 6.25 


In the power network shown in Fig. 6.65(a) a power station is connected through 
an equivalent reactance to an infinite busbar. Assume that there is a line-to- 
line fault involving phases b and c and find 1) the steady-state value of a short- 
circuit current and 2) the currents flowing from the generator. 


Solution 


In accordance with the sequence networks shown in Fig. 6.65(b) we find that 


Ke Is and ay ie 
leq +: // . =U. an leq — 1.23 +025 = 1.12, 


X oe = 0.17//0.25 = 0.1. 


Thus, the positive- and negative-sequence of the fault current are 


% as 1.12 


— 73.61. 


SS = 
> j(0.21 + 0.1) 


Byer 7 Egy. 1 


Figure 6.65 A network diagram for Example 6.25 (a) and the sequence networks (b). 
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The phase currents of the fault point will be 


ipy=—WIERODES—625 and 4,.,=625 


2) The sequence voltages of the fault point will then be (equation 6.163d) 
Vee= Voy = —1,(fX 20g) = —J3-61(j0.1) = 0.361. 


We can now find the generator current sequence 


Z 1.7—0.361 s 361 
iG= 7123 =-j1.09, Ing=—- j0.17 = j2.12, 
and the phase currents are 
Tq = — j1.09 + j2.12 = j1.03 
I,g= @(—j1.09) + a(j2.12) = —2.78 — j0.51 or I,g=2.83 
Lg = a(—j1.09) + a?(j2.12) = —2.78 —j0.515 or Ig =2.83. 


Note that the current in the non-faulted phase is about 40% of the current in 
the faulted phases. This means that the short-circuit current flows not only 
through the faulted phases, but also through a non-faulted phase. 

Finally, consider the double line-to-ground fault on a transmission system, as 
shown in Fig. 6.66(a). This fault occurs when two conductors are connected 
through ground, Z,, or directly, to the neutral of a three-phase grounded, or 
four-wire, system. If the fault is between phases b and c then 


I,=1)+1,+i1,=0, (6.164) 


and the current-sequence matrix could be written in terms, for instance, of Ip 
and I, 


1 0 1 0 
> Io], 
Ion. =| 0 1 . |, Le,C=] 0 1 
I, 


—1 -l —1 -l 


By determining V’ (equation 6.150) and Z’ (equation 6.151) and substituting 
them into equation 6.152 we obtain 


el [*2" zal] 
a Zy Z,+Z, 1, 


and 


7 Z, V V, 
© (Zo + Z2)— Zi Z, 4+ Z,Zo(Z. + Zo) 


(6.165) 


which is interpreted as for the equivalent circuit shown in Fig. 6.66(b). Note 
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Figure 6.66 Double line-to-line ground fault: general representation (a) and interconnection of 
sequence networks (b). 


that if Z,= 00, Le., there is a line-to-line fault only, this circuit will reduce to 
the circuit in Fig. 6.64(b). 

The faults, considered above, are commonly called shunt faults. A variety of 
series imbalances that occur in a power system are called series faults. A common 
one is a broken or open conductor fault, as shown in Fig. 6.67(a). The constraint 
equation for this fault is 


1,=1)+1,+1,=0, (6.166) 


or 
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(a) 


Figure 6.67 Single-phase open-fault (a) and interconnection of sequence networks (b). 


Hence the constraint matrix in terms of [y and I, may be determined from the 
equation 


2 


0 0 7 
Lj=| 0 1 | 
i I, 
# = | 
Leé., 
0 
c=|0 1 |. (6.167) 
= ae | 


With this constraint matrix the transformed voltage-sequence (equation 6.150) 
and impedance-sequence (equation 6.151) matrixes can be expressed as 


aH 


and 
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Substituting these expressions into equation 6.152 yields 


es Zz, Wrl-(F] aes) 
Z Var ea ee V, ; 


and solving it for I, (using, for instance, Kramer’s rule) we obtain 


i V,(Zy+ Zs) V; (6.169) 
© ZiZot+Z,Zo+ZoZy  Zy+ ZoZ2/(Zo+ Z2) : 


This result could be obtained straightforwardly from the parallel interconnection 
of the three sequence-networks as shown in Fig. 6.67(b). Note that this kind of 
sequence-network interconnection is actually the same as for a double line-to- 
ground fault. The difference, however, is that here the interconnection circuit 
refers to the line currents, whereas in the double line-to-ground case it refers to 
the fault currents. 


Example 6.27 


An induction motor is supplied by a three-phase three-wire balanced system. 
With the fault being the phase a conductor open, Fig. 6.68(a), find the line 
currents of the remaining phases /,, and I, and phase voltages across the load 
Virn's Vp'n’ and V.,,,. Also find the voltages V,,, and V,,,,. The supplied line voltage 
is 400 V and the motor impedances are: positive-sequence Zy, = 3.6 + j3.6Q 
and negative-sequence Zy. = 0.15 + j0.5Q. The line sequence impedances are 
Zu = Zp = 0.14 j0.1 Q. (The system impedances might be neglected, being rela- 
tively very small.) 


Solution 


Since the neutral wire is absent, Z,,,, = 00, only two sequence networks (positive- 
and negative-sequence networks) are connected in parallel, as shown in 
Fig. 6.68(b). Thus, the positive-sequence current is found as 


‘ V1 231 231 
a ZitZ,  3.7+53.7+0.25+j0.6 5.847 .47.4° 
where V,, = 400/\/3 = 231V. 
Therefore, 


= 39.61 — 474° A, 


i,=@71, +af, =(@— ai, = —jV31, = 68.52 —137.4°A 
1,= —1,=68.52.42.6° A. 
The phase voltages are found as 
Vor = Zuly + Zuals = (Zim— Zowhi 
= (3.45 + j3.10)(39.62 — 47.4°) = 183.72 —54°V 
Veer Zale OZ wls = 6 Za 82h 
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Figure 6.68 An open-fault circuit (a) and the interconnection of sequence networks (b) for 
Example 6.27. 


= (5.092 — 75° — 0.522 2 193.3°)(39.62 — 47.4°) = 2032 — 116.6° V 
Vig = (QZ = @ Zp )ly = 220-2.114 8°. 
To find the fault voltage V,,’ we shall first analyze the series unbalanced voltages: 
Vea =Vot V+ V, 
Vy =Vota?Vv, +aV, (6.170) 
V.=W+ay,4+ah. 


The constraint voltage equations are 


Vy =0 V,=0. (6.171) 
Solving equation 6.170 with equation 6.171 yields 
V21,2%; (6.172) 


The second step is to determine V, in accordance with the negative-sequence 
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network, which is the part of the equivalent circuit shown in Fig. 6.68(b). Thus, 


VW = — ZI, = —(0.25 + j0.6)(—39.62 — 47.5°) 
= 0.65 Z 67.4°-39.62 — 47.5° = 25.72 19.9° V. 

Therefore, with the first equation of (1.170) we have 

Vig = 3V,= 77.12 19.9° V. 


Since the neutral line is open the potential difference between neutral points n 
and n’ equals zero-sequence voltage. Thus, 
V, 


an 


»= %=25.72199°V. 


In the final example of this section let us consider the influence of AVR on the 
unsymmetrical faults. 


Example 6.28 


A two-pole-ground-fault occurs in the network shown in Fig. 6.69. Find at t= 
0.5 s the short-circuit currents at the fault point F. The generators and transfor- 
mers are identical and both generators are equipped with an AVR. 


Solution 


The network reactances, referred to the basic power S$,= 100 MVA, are shown 
in Fig. 6.69(b) and (c). Note that the reactances of the high voltage winding of 
the transformers are not taken into account due to the symmetrical properties 
of the network relative to the fault point position. 

By simplification of the positive-sequence circuit, we have 


0.24 + 0.06 


Xeq= X2eq= 5 +:0.23 = 0.38, 


and for the zero-sequence circuit 
X 1, = 0.06//(2:0.12 + 0.06) = 0.5, X 4, = 0.05 + 0.8 = 0.85 
and 
X 0¢q = 0.85//0.5 = 0.31. 


In accordance with equation 6.165 we may calculate the positive-sequence of 
the short-circuit current 


i 1.15 
+” j(0.38 + 0.38//0.31) _ 


pt 
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1.15 1.15 
1 2 
0.24/1.2 24/1. 
100MVA u ‘ 
Eq = 1.78 oe oO. 
i) =1.2 0.06 0.06 
= 1.15 
xq = 0.24 
Iftmax = 4.3 > + 
100MVA 
161/37/11 
Veet — 12% 4a 
Veer = 0% oF 
Vsc3 = 6% 0.23 
(b) F 
=s 8. O° 
0.06 0.12 0.06 


el 
col? 


— 
fo) 


S 
nr 


(c) 


Figure 6.69 A network diagram for Example 6.28 (a), positive- and negative-sequence circuit (b) 
and zero-sequence circuit (c). 


In accordance with Fig. 6.66(b) we have 


a ee 51 03! 
BE ee Mag OR Od 


j0.94, 


and 
j= —(, + 1.) = —(—j2.1 + j0.94) = j1.16. 
Thus, the first moment short-circuit current (phase b) is 


1,.= @1, tal, + I) =(—0.5 — j0.866)(—j2.1) + (—0.5 + j0.866)(j0.94) + j1.16 
~2.63+ 1.74 or I=3.15. 
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Performing the same calculation for the steady-state s.c. yields 


1.2 + 0.06 
X teq= X rq = 5) =F 0.23 = 0.86. 


The zero-sequence resistances do not change, therefore 
X oeq = 0.31. 
The positive-sequence of the steady-state s.c. current can now be calculated as 
i, =- 1.8 Z 
~ 7(0.86 + 0.86//0.31) 
The negative- and zero-sequences of the s.c. current are 


0.31 
0.86 + 0.31 


— j1.65. 


i,.= ( j1.65 


) = j0.44, 


Toc = — (—j1.65 + j0.44) = f1.21. 
The short-circuit current (phase b) is then found as 
To=257. 
With the maximal field current, I pmax = 4.3, we have 


4.3 


Toomax= 794 737! 
and 
Al = 315 347 =058, Al = 39125714. 


Suppose that the transient time constants (see example 6.12) are 7,=1.8s 
and T;,;=0.55 s. Then the s.c. current at t= 0.5 s will be 


12-9 (0,5) = 0.5827 95/18 + 2.57 + 0.08: 1.34 = 3.1, 


where (see Example 6.12) F(0.5)=1+40.44e  °5/°5 — 1.44e° 95/18 — 0.08. As 
can be seen, the s.c. current, due to AVR action, has almost not changed. 


6.7.3 Power in terms of symmetrical components 


In general, the three-phase complex power of an unbalanced three-phase system 
can be expressed as the sum of three complex powers of each phase 


Sspn= P3ph + jQ3pn — Sa - S, ae S, = V1 =F VIF + Vir. (6.173) 
The above in matrix notation will be 


71* Ppt; 
I, a a 


ake (6.174) 


Sap =, V, Ve] i, 
I 


c e£ c 
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or 
S34 = Wl a: 
Using the matrix transformations 
Vave= AV 0125 Vase= alloia- 
we may write 
Vine = Vora", 1%. =a*lS,2. 


Substituting these equations into equation 6.174 we obtain 


BQ _wr gt yxtx 
S3,n= Voi2a a* Toi, 


where 
1 1 1 1 1 1 1 0 0 
ata*=|1 a alll a @l=3/0 1 0 
l1a@ij1@ oa 00 1 
Therefore 
Tt * 
0 
S391 = 3Varaldi2 = 3[% VY. WI (6.175a) 
I, 
or 
S3on= 3(Vols + V1F + V,14). (6.175b) 


This significant result means that there are no cross terms (¢.g., Vj I* or V,1%) 
in the expression of a power (equation 6.175). In other words, there is no 
coupling of power among three sequences. It is also important to mention that 
the symmetrical components of three-phase voltages and currents belong to the 
same phase, i.e., in equation 6.175 all the sequence components are of phase a 
(the subscript of phase a here is just ignored). 


Example 6.29 


For the motor operated under unbalanced conditions of Example 6.27 determine 
the power delivered to the motor. Perform the calculations in two ways: (a) 
using the symmetrical components of currents and voltages; and (b) straightfor- 
wardly by calculating each phase power. 


Solution 


(a) First we shall calculate the sequence voltages across the motor. Since the 
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zero-sequence current is zero, the zero-sequence voltage is also zero. The posi- 
tive-sequence voltage may be calculated as 


Vim = Zam dy = (/2°3.6 2.45°)(39.6L —47.4°) 
=202/ —2.4°V, 
and similarly, the negative-sequence voltage is 
Von = Zot, = (0.15 + j0.5)(— 39.62 — 47.4°) 
= 20.7L —154.1° V. 
Therefore, in accordance with equation 6.175b, we have 
Sy = 3[(202 2 — 2.4°)(39.6 Z.47.4°) + (20.72 — 154.1)(—39.6 2. 47.4°)] 
= (24.02 45° + 2.46 7 73.3°)-10° = 17.68 + j19.33 kW. 


(b) In accordance with equation 6.173 and substituting the results of the previ- 
ous example, we have 


Sy = 0+ (2032 — 116.6°)(68.5 Z 137.4°) + (2202 114.8)(68.5 2 — 42.6°) 
= (13.91 Z 20.8° + 15.07 £ 72.2°):103 = 17.61 + j19.29 kW. 


Note that the minor differences (less than 0.5%) in results (a) and (b) are due 
to rounding off the calculated numbers. 


6.8 TRANSIENT OVERVOLTAGES IN POWER SYSTEMS 


Transients occurring in a power system, primarily as a result of switching and 
lightning strokes, cause overvoltages whose peak values can be much in excess 
of the normal operating voltage. The first kind of overvoltage, caused by 
switching, is considered an inner overvoltage, and the second kind, which is 
caused by lightning, is considered an outer overvoltage. Estimation and/or 
calculation of such overvoltages is of importance in the design of a power 
system, particularly in consideration of the insulation requirements and the 
protective equipment for the lines, transformers, generators etc. 

Until recently outer overvoltages have been largely determined by the insula- 
tion requirements. However, with much higher operating voltages now in use 
of 500 kV and 750 kV, and the projected range likely to be 1000-1500 kV, the 
inner overvoltages due to switching have become the major consideration. 

The outer overvoltages appear on an overhead conductor of transmission 
lines, caused by a lightning stroke, which can be as high as 200 kA (although 
an average value is in the order of 20 kA). When such a current stroke arrives 
on an overhead conductor, two equal current surges propagate in both directions 
away from the point of impact. The magnitude of each voltage surge is estimated 
therefore as (1/2)Z.ipeax, Where Z, is the conductor surge impedance, usually of 
the value of 350Q to 400Q. Thus, the average voltage surges on a 400Q 
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transmission line will have a peak of (400/2)-20-10? = 4000 kV. A detailed 
analysis of the traveling current and voltage waves, and the different methods 
of calculating the overvoltage in transmission lines, is given in the next chapter. 
We will now continue with our consideration of inner overvoltages. 


6.8.1 Switching surges 


From our previous considerations (see section 2.7.4) we know that when a.c. 
circuits are to be interrupted, as in the case of a switching short-circuit in any 
line (Fig. 6.70(a)), the arc between the circuit-breaker contacts occurs and when 
breaking the arc the recovery voltage suddenly appears across the open gap. 

In our previous analysis of this circuit, however, we had assumed an instantan- 
eous switching, i.e. that the air gap resistance was increased from zero to infinity 
in zero time. Omitting the detailed analysis of the phenomenon of the burning 
arc caused by an interrupted a.c. current (which is beyond the scope of this 
book), we may perform our analysis under the assumption that the arc has a 
constant length and possesses a rectangular volt-ampere characteristic, shown 
in Fig. 6.71. 

However, during the quashing period of the arc, the arc voltage does not 
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Figure 6.70 Switching of an s.c. fault: a network diagram (a) and an equivalent circuit (b). 


Vb 


Figure 6.71 A rectangular characteristic of a burning a.c. arc. 
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remain constant, but gradually increases. After the interruption in such circuits, 
like Fig. 6.70, transient oscillations occur, which have been analyzed in sections 
2.7.3 and 2.7.4. With equations 2.62, 2.63 and 2.95, 2.96 they are 


i, =1,e “sin(@,t+B), ven Vene “ sin(a,t+ B—90°), (6.176a) 
where @, = ty EC, a= R/2L, tan B = (w/a,) tan W;, 


On 3 ic 
Von = Vs. /(—) sin? y,+cos*y;, I,= 7 Vem (6.176b) 
(60) 


Such oscillations will occur, after the circuit-breaker contacts start to move, at 
every zero passage of the current. At a few of the first passages, however, since 
the restriking voltage is higher than the electric strength of the arc, the arc will 
reignite, Fig. 6.72. As can be seen this happens four times at the reversal of the 
current during the gradual separation of the contacts. The last time, however, 
the transient voltage of the restriking oscillation does not succeed in igniting 
the arc again and the circuit is ultimately switched. The number of reignitions 
depends on the speed of the contact’s separation and the electric strength of 
the arc, which in turn depends on the deionization process, i.e. on the diffusion 
and recombination of the ions and the temperature of the arc and the 
electrodes™?, 

To analyze the overvoltages under the influence of a burning arc, we shall 
derive the differential equations for the circuit, shown in Fig. 6.73, in which for 
simplicity sake the relatively small resistances are neglected. Thus, with 
Kirchhoff’s two laws we have 


di 1 
Li + t= Us, ss=00= 5 | i, i=ict ig, (6.177) 


where vz is the voltage across and ig is the current through the arc. 


Von 


Figure 6.72 Transient oscillations during the contact separation. 


“) For a more detailed analysis of the restriking voltage after interruption see in R. Rudenberg 
(1969), Transient Performance of Electric Power Systems, MIT Press. 
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Figure 6.73 An equivalent circuit for analyzing the influence of a burning arc. 


Or, substituting the third equation into the first one and expressing the 
capacitance current by the second yields 
d’vpz di 


a Pe ae (6.178) 


LC 
d 


Since the arc has a resistive characteristic, the voltage and current will have the 
same form, and it is suitable to assume for the voltage (and current) the form 
of the exponent 


Up = Up oe 07 = vp et, (6.179) 


where fo is the time at which the quenching starts and T; is the quenching time 
constant, 1.e. of the deionization process. This time constant is different for 
different types of quenching agents: for air it is about 10°+s, for gases, as in 
oil breakers, 10 *s and for pure hydrogen 10 *s. 

The voltage change in accordance with equation 6.179 is shown in Fig. 6.74. 
Before the time ty the arc voltage within every half period will be nearly constant, 
as in Fig. 6.71, and after to it will rise according to equation 6.179, which means 
that with arc quenching its electric strength will increase. As can be seen, the 
quenching curves of the current (starting at to) depend on the capacitance in 
parallel to the arc: from t'=0 when C=, to t'/=2/m when C =0 (see fur- 
ther on). 

Substituting equation 6.179 into equation 6.178 yields 


di 1 ve ie 
Lip Os Gage tot —enoe (6.180) 
and by straightforward integration we have 
oe T, 1 ne 
13 = IB.0 cao (1+ cana) "=D, (6.181) 


where ig 9 is the current at f, Fig. 6.74. This current can be found by integrating 
only the first equation in 6.177 (the capacitance prior to interruption does not 
act), and the solution is 


Vex 
ip = — sin (cot + 0) + <> (n/2— ot) (6.182) 


This current consists of two components: the first represents the steady-state 
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av 


Figure 6.74 Exponentially increasing quenching voltage and current curve. 


inductive current in the circuit with a closed circuit breaker and lags behind 
the applied voltage by 90°; the second component represents the linearly chang- 
ing arc current. Note that the arc voltage, which opposes the current flow and 
thereby changes the phase of the current, brings it more into phase with the 
supply voltage, so that it will be less than 90°. 

The displacement angle 0 may be found, using the condition that in the quasi- 
steady-state regime the current must pass each half period through zero. Thus, 


sin0=——. (6.183a) 


Knowing 0, the initial current ip can be found from its expression 6.182, or from 
the plot in Fig. 6.74, and may be approximated as 
ip =I sin 0. (6.183b) 


In accordance with equation 6.181, under the effect of an exponentially increas- 
ing quenching voltage, the current will decrease exponentially passing through 
zero. This will happen when i, = 0, then in accordance with equation 6.181 and 
since ig 9= ig we have 

igh ae 
Upoly(1 + 1/7; T3) 


et (Ts = 


(6.184) 
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The amplitude of the current prior to interruption can be determined approxi- 
mately as 


Iz Ms (6.185a) 
= OL’ 185a 
then 
lo Ve 
re ea (6.185b) 
Io 
Solving equation 6.184 for t’ by using equation 6.185b, we have 
(7 ia" = ; (6.186) 
eT bo @Tg(1 + a2 TS) | | 


Due to the relatively small capacitance, the natural frequency is very high so 
that the quantity 1/27} might be approximated as a unity. Then, with time 
constant 7,%10~* and with the most common ratios vgo/V,=1/20 and 
ip/I=1/5, we have 


1 1 
t= tyIn(1 220) sas) ~4T;, 


Thus, the approximate quenching time is about four times the quenching time 
constant. 

The extinction voltage in p.u. at the moment that the current attains zero is 
determined by substituting condition 6.184 into equation 6.179, and using 
equation 6.185b 


ie iia = UB.0 ig/I 
B,puli=0O ex,pu V, oT ,(1 Es 1/22)’ 


(6.187) 


Now, equations 6.186 and 6.187a are giving better insight into the part of 
the capacitance, in parallel to the arc. Thus, without the capacitance, the natural 
frequency would be w,— oo and the quenching time will be maximal, while the 
p.u. extinction voltage will reach the value: 


Yo, to/l 


= : 6.187b 
Vex. pu V. oT ( ) 


With the previously used data, this voltage will be 


1/20 es 5.4 
Vex, pu = } + 377-10~4 ST 

On the other hand, by using a very large capacitance the natural frequency 
approaches zero, so that the second term under the logarithm in equation 6.186 
disappears and the quenching time therefore reduces to zero. The physical 
explanation of this result is that the current shifts instantaneously from the arc 
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to the capacitance. The extinction p.u. voltage in this case with a moderate 
capacitance, giving a natural frequency of 10° Hz, will be much lower: 


1 1/5 
me Bi) 377-10-4[1 + 1/(2n-10°-1074)7] 
Our next goal is to derive the actual values of the restriking voltage, in 


accordance with (6.176) and applying the switching laws. The charging current, 
prior to the passage of the arc current through zero, is 


v = 135, 


d yi Cc ve 
ig= C7, (vp,0e! Y= 7 p08 (6.188) 


which increases exponentially as does the voltage. At the end of the quenching 
period this current, by substituting equation 6.184, is 


ee Ig 
ic(t') = T, UBo + 1+(0, 7 
If the extinction voltage, at the moment of passing the current zero, has risen 
to a value above the burning voltage of the arc, there is an expectation that 
with the reversal of the current the electric strength of the arc will withstand 
the appearing restriking voltage. For the sake of simplicity, we shall neglect the 
small burning voltage vg) in equations 6.187 and 6.189, and also the very small 
current of fundamental frequency through the capacitance in the steady state. 
Note also that at the moment of the appearance of the restriking voltage the 
arc is extinct and ic=i,. 
The initial conditions with equations 6.187a and 6.189, at t =0, will now be 


Vi(ip/T) 
wT;(1+ 1/m2T%) 


to ' ° 
ltr” where f = 90 — p. 


(6.189) 


Ven cos B’ = v0) — U¢, (0) = V,(—cos(— 6)) 


(6.190) 
I, sin B' = ic(0) — ic, (0) = 


(Note that at t=0, the moment of passing the current zero, the forced capaci- 
tance voltage, ie., the applied voltage v,, has the initial angle —0, as shown in 
Fig. 6.74, for instance, for capacitance Cj.) 

Dividing the first equation in 6.190 by the second one and noting that 
I,/Ven = VC/L (see equation 6.176b), we obtain for the initial phase angle fs’ of 
the restriking oscillations 


Cc V,(1 pa i V, el a 
cor p= [S| At + OF B) 4 5 COS ( +O; =a (6.191) 


o1T;,(1 + 1/@2T?) 16 


Using equations 6.183b and 6.185a, and substituting the natural frequency from 
equation 6.176b, simplifies the above expression to 


@) 
cot p=, 7, + (1 + w2T3) — cot 0, (6.192) 
o 


n 


where 0 is related to the end of the quenching period, Fig. 6.74. 
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Note that for instantaneous switching, i.e. with 7;,= 0, this expression reduces 
to the previous one, as in equation 6.176. However, by comparing equation 
6.192 with those in 6.176a one should take into consideration that here 0 comes 
instead of yw; and the current is taken as a basic phasor, which means that fp’ 
must be replaced by (90° — f). 

In power networks the value of w/c, is always about 10 ? or lower, which 
in turn results in values of w, 7, greater than unity, and equation 6.192 then 
simplifies to 


cot fp’ = a, Ty(1 + wT) cot 0. (6.193) 


Furthermore, if the product , 7, is substantially larger than unity, as with 
most of the circuit breakers in practice, cot? f’ will also be large compared to 
unity, so thus 


1/sin p’ = V1 + cot? B’~cot f’, 


and with equation 6.193 for the current in equation 6.190 we have 


cot f’ 1 
jee ees 4 cot). (6.194) 
1 + On T3 On Ty On 


Now the amplitude of the transient voltage in equation 6.190 with equations 
6.194, 6.183b and 6.185a becomes 


V, a3 [it sina aie ee 
eo’ Car a oa : 


or, after simplification 


Ven= 1( yp sin +008 0), (6.195) 
: oT, 

Comparing these results with (6.176b), given for instantaneous interruption, 
we see that in the first term the reciprocal value of the quenching time constant 
Tz has taken the place of the natural frequency w,. Checking these results 
numerically we may obtain for a medium network frequency of 10 kHz, with 
instantaneous interruption, that the restriking voltage would be (wherein the 
insignificant term with cos 0 is omitted): 


_ 2x: 10-10% 


V, She ain 6 
on ay 377 


V, sin 0 = 167V, sin 0. 


By gradual interruption with the quenching time constant of 10 4s, an ampli- 
tude develops of only 


sin 0 = 26.5V, sin 0. 


1 
Von = oy, Vs 80 O= sa 9-4 


Considering now the premature extinction by 10°, the interruption angle will 
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be 6=10°, as is often found with the interruption of s.c. currents, the p.u. 
restriking voltage amplitude will be 


V, 


s 


Vewn,pu = = 26.5 sin 10° = 4.6. 

The restriking voltage will then be reduced by the damping effect at the rate of 
the damping coefficient « (equation 6.176a). Note that such restriking oscillations 
as shown in Fig. 6.75 start from the last extinction voltage v,,. 

Once again recall that the physical reason for the much smaller restriking 
voltage amplitude and the more favorable initial phase angle is the fact that, 
by increasing the arc voltage, the current is shifted away from the arc to the 
shunt capacitance before the final interruption is established. A resistance con- 
nected across the contacts of the circuit breaker can significantly increase the 
damping effect. With such a resistance the oscillation may be critically damped 
when Ryam > SVLIC, so that the severity of the transient will be reduced. 


6.8.2 Multiple oscillations 


This kind of oscillation will occur if the circuit breaker is located not at the 
place of the short-circuit, but rather at some distance away, as shown in Fig. 6.76. 
This may represent a case in which the circuit breaker is located in between a 
generator-fed bus and a current-limiting reactor. 

The voltages across the two circuit meshes before the interruption are 


L L 
(2 = 
Lia 


V5 y= 


Figure 6.75 Restriking oscillations of the capacitance voltage and current. 
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Figure 6.76 A case where a circuit breaker is connected between two meshes. 


After the fault, from the instant at which the arc is finally extinct, the two 
circuits are separated and each oscillates at its own natural frequency. 


1 

On = >= and o,. = —. 

VLC, VL2C2 

The voltage across the circuit breaker is then given by the difference between 
the two capacitive voltages 

Up= U1 — UC. = V, cos wt — Vie" cos yt — Vae 72 cos Mypt. 
Figure 6.77 shows the above voltages after interruption at zero current. As can 
be seen from this figure, the restriking voltage across the circuit breaker has a 


more complicated form due to the summation of two oscillations at different 
frequencies. 


Example 6.30 


Determine the overvoltage surge set up on a 66 kV cable fed through a bulk- 
oil circuit breaker, when the breaker opens on a short-circuit fault. The network 
and breaker parameters are R = 7.8 Q, L=6.5 mH, C = 0.16 pF and 7,= 10° ‘4s. 
In order to increase the damping effect the shunt resistor R,, is connected in 
parallel to the capacitance. What should its value be in order to damp the 
oscillations during 2 or 3 natural periods? 


Solution 


The natural frequency is 


1 1 
VLC 6.5-1073-0.16- 107° 


3.1-10 rad/s. 


@ n 


The w, 7; product is 
v=o, 1; = 3.1:107-10° 4 = 3.1. 


With the assumption of a premature extinction by 10° as is often found with 
the interruption of short-circuit currents, we will have 06=10° and ij)/J= 
sin 10° = 0.173. The quenching time, with equation 6.186 and with the previously 


Transients in Three Phase Systems 461 


Vv 


Figure 6.77 Development of the voltages across two capacitances (a) and the voltage across the 
circuit breaker (b). 


assumed ratio vz/V,= 1/120, will be 


0.173-20 
377-10-4(1 + 1/3.1?) 


y= 10-In(14 ) = 10° * In 82.7 = 0.442 ms, 


or ot’ =377-0.442-:10°3=0.167 rad and the quenching angle will be 0= 
0.167-57.3 = 9.6° (as about what was assumed). Next, we determine the initial 
angle fp’ (equation 6.193): 


cot B’ = v(1 + wT) cot = 0.31(1 + 377-10 *) cot 10° = 18.2, 
and f' = 3.15°. The p.u. extinction voltage (equation 6.187a) is 


1 7 0.173 re 
ee 20 S710 AA Ay 


Vv 
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The amplitude of the transient voltage becomes (equation 6.195) 


Ven= 


1 
Cun é (aos sin 10° + cos 10 ~5.6 V., 


and the amplitude of the capacitance current is (equation 6.194) 


cot f’ — 18.2 


Ion =i = 
aaa] + 02Te le 4 


5 = 1.71-0.1731 = 0.31. 


Note that for the same circuit the amplitude of the voltage oscillation, in 
accordance with equation 6.176b, 1.e., ignoring the arc and quenching time as 
happens with an instantaneous switching at the same premature angle of 10°, 


should be 
On E 
Von = V, —) sin? y;+cos? W; 
) 


-v,,] SY. sat ie icone 102143 
=V, 377 sin +cos = 14.2, 


which is almost three times higher than in this example. 
The desired damping may be derived by using a 2000 Q resistor. Indeed, the 
reader may easily convince himself that in this case the damping coefficient is 


R A 1 718 7 1 
OL 2RyC 2-65-1073 | 2-2000-0.16-10-° 
=4.62:10° 1/s, or t20.2ms, 


which is about 2.37). 
Finally, we have: 


tie g(t) = 5.6Ve° 218 sin(3.1° 10% — 3.15°) 
ic.n(t) = 0.31e7 9°10 cos(3.1-104t + 86.9°). 


Here the initial angle f’ is negative as the interruption is assumed to have 
occurred when the current changes from negative to positive values, as shown 
in Fig. 6.78. 
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Figure 6.78 Restriking oscillation of the capacitance voltage and current. 
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TRANSIENT BEHAVIOR OF TRANSMISSION 
LINES (TL) 


7.1 INTRODUCTION 


Transient phenomena in TL occur, like in networks with bulk parameters, when 
any change in their parameters, driving sources and/or configuration takes 
place. In general, the transients are caused by lightning, switching or faults in 
TL. Studies of transient disturbances on a transmission system have shown that 
changes are followed by traveling waves, which at first approximation can be 
treated as step front waves. For example, when the lightning’s strike influences 
a line conductor, the induced voltage wave tends to divide into two halves, with 
the two halves going in opposite directions. When a voltage wave reaches a 
power transformer, for example, it causes a stress distribution, which is not 
uniform and may lead to the breakdown of the insulation system. Transient 
phenomena also occur in communication systems when signals of different 
forms are transmitted along the transmission line. 

As the transmission line is a network with distributed parameters, its transient 
analysis, like the steady-state behavior, has to be based on partial differential 
equations. 


7.2 THE DIFFERENTIAL EQUATIONS OF TL AND THEIR 
SOLUTION 


Let R, G, L and C be the uniformly distributed parameters of the homogeneous 
line throughout its length (i.e. related to the unit of line length). Then we can 
represent the long line as a chain of an infinite number of incremental sections 
dx with the parameters: resistance Rdx, inductance Ldx, conductance Gdx and 
capacitance Cdx connected in series and parallel as shown in Fig. 7.1i. Let x be 
the distance from the sending-end to the considered section of the line; v and i 
be the voltage and the current at the beginning of section dx and v + (6v/0x)dx 
and i+ (di/éx)dx at the end of section dx. 
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Figure 7.1i The incremental section of a transmission line. 


Note that the voltage and current in a transmission line are functions of two 
variables x and t. We can now write two equations for this section by applying 
Kirchhoff’s two laws: 


Ov : di 
v=|(v+—dx)+Rdxi+ Ldx — 
Ox ot 


af 3 at 5 Gd oo, Cd 0 oj 

i= ae x } + Gdx vt a x}+ xa ae x}. 
Combining similar terms, dividing by dx and neglecting the quantities of second 
order infinitesimality, we obtain two differential equations of partial derivatives: 


a rae 

“eg0 a 
(7.1) 

di _¢ ce 

= 


Equations 7.1 are known in classical physics as the equations of telegraphy. 
They reduce to wave equations if R and G are set equal to zero. The solution 
of equation 7.1 with known initial and boundary (terminal) conditions allows 
for obtaining the line current and voltage in any point of the line as a function 
of time and distance from a terminal point. 

The influence of resistance R and conductance G relative to L and C in 
transmission lines is negligible (especially for fast running processes like high 
frequency signals or transient phenomena). In addition, since the traveling time 
of waves is relatively small, the influence of losses is scarcely significant. So to 
simplify the analysis the line will be assumed to be loss-less. Therefore 


Ov ro. a 
éx sit ed) 
(ali Ov 


ee (7.2b) 
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Note that the negative signs in equations 7.2 are due to the fact that both 
voltage v and current i decrease as x increases (the direction at which distance 
x advances along the line). 

Taking the partial derivative of equation 7.2a with respect to x and the 
derivative of equation 7.2b with respect to t, we obtain 


fo, wi 7” 
x2 Ax At we] 
éxét sO?” ue 


Substituting equation 7.3 into equation 7.4, current i can be eliminated, so that 
=a = LC. (7.5) 


Similarly, voltage v can be eliminated, so that 


i “ i ae 
axe at” ue) 
Equations 7.5 and 7.6 are known as wave equations — they are identical for 
both v and i. When one of these functions is found, the other can be found by 
applying either equation 7.2a or 7.2b. 

The solution of the wave equation can be determined intuitively. Paying 
attention to the fact that the second derivatives of the voltage v and current i 
functions, with respect to t and x, have to be directly proportional to each 
other, means that the solution can be any function as long as both independent 
variables t and x appear in the form: 


Wyo=XHVt. (7.7) 
Therefore, usually the solution of equation 7.5 will be 
U(x, t) =v, + 02 = fy(x — vt) + fox + vt), (7.8) 


which satisfies equation 7.5. 

In order to ensure this and determine the meaning of v, let us substitute one 
of the functions (equation 7.8), for example f,, in equation 7.5. Its first derivative 
with respect to x is: 


Ov, Of, Ow, Of, 


= = 7. 
ox dw, 0x dw,’ hea) 


and the second derivative is 
Ov, Of; 


ax? dw?" 


(7.9b) 
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The first derivative of equation 7.8 with respect to t is: 


Ov, of; Ow, of) 
= = ) 710; 
i Oe Ge ea pyt08) 


and the second derivative is 
070, 5 Of; 
=. 7.10b 
rae aw? nan) 


Substituting equations 7.9b and 7.10b in equation 7.5 yields 


Of, 2 oft 
owt oad dw?’ 


This equation becomes an equality, if LC v* = 1, or 
(m/s) (7.11) 
y= —== (m/s). : 
Riga 


Hence, v having unit meters per second represents the velocity and, as will be 
shown in the following paragraph, it is the velocity of the voltage and current 
wave propagation along the line. Similarly, it can be shown that the second term 
(f2) in equation 7.8 satisfies equation 7.5 with the same meaning of v. 

Now the current function i may be found in accordance with equations 7.2a 
and 7.9a. Indeed, substituting first 0/éw, (where f, is the first function of equation 
7.8) into equation 7.2a for dv/0x gives 

oft poi 


aw, st’ 


and after integration, with respect to t 


Of Oi, 
——dt=—-—L dt 
ES (¢ Ot 
yields [1/(—v)]f,; = — Li,, since dw, /Ot = —v = const, or 


1 
= fils “WHF 1: (7.12) 


L= oF (7.13) 
=v E 
qi a6 


is the characteristic impedance of a loss-less transmission line. 
Following the same steps, the second part of the current, ie., i,, may be 
obtained with only a difference in the sign. Indeed, after the integration of 


where 
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equation 7.13 for f; and i, we obtain (1/v)f, = — Li, or 
i = : 7.14 
ama Coble eal U2. (7.14) 


c 


Therefore, the entire current function is 


1 
i(x, t) = Zz Lf,(x — vt) — fa(x + vt)] =i, +i. (7.15) 


In conclusion, it must be mentioned that the actual shape of the voltage and 
current functions and their components f, and f, is defined by the initial and 
boundary (or terminal) conditions of a given problem, and also by the activa- 
ting sources. 


7.3 TRAVELING-WAVE PROPERTY IN A TRANSMISSION LINE 


The behavior of the voltage and current functions of equations 7.8 and 7.15 
can be understood by selecting some particular point on the wave (zero-crossing, 
maximum/minimum etc.) and checking (following) it for different instances of 
time. This result may be achieved by keeping the argument of v, (or i,) constant, 
for example, for point A of v, = 0 in Fig. 7.1(a). 


Wa =X—vt=const. (7.16a) 


This means that when t increases, x increases too, so Ax = vAt and this particular 
point A moves a distance of 4x, as shown in Fig. 7.1(a). Thus, the voltage 
function v,, if plotted as a function of x for consecutive values of time as shown 
in Fig. 7.1(a) (bold line), appears to move in the positive (+ x) direction (broken 
line). Hence, v, and i, are said to be the forward-traveling waves vy and ir (or 
incident waves). 

Similarly, checking v, (or i,) and keeping 


Wp = xX + vt = const. (7.16b) 


causes x to decrease as t increases, 1.e., 4x = —vAt, which means that a particular 
point (for example, point B) on the v, wave shown in Fig. 7.1(c) appears to 
move in the negative (— x) direction. 

Hence, v, and i, are said to be the backward-traveling waves v, and i, (or 
reflected waves). In both cases, v represents the velocity of the voltage and 
current wave propagation, or simply the velocity of propagation. 

In loss-less transmission lines the waves of voltage and current propagate 
without changing their shape. The measurement instrument, such as an oscillo- 
scope, which is connected for example at the point x, of the line, will show the 
voltage wave as a function of time as shown in Fig. 7.1(b) (bold line). Note that 
the viewed curve is similar (although in a different scale) to the voltage distribu- 
tion on the line, i.e., as a function of x. The oscilloscope connected at the next 
point x, will show the same curve (broken line) but with a time delay of At = 
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Figure 7.1 Traveling voltage wave as a function of distance x and as a function of time ft: (a) and 
(b) forward-traveling wave, (c) and (d) backward-traveling wave. 


(x, —X,)/v=7,/v, where 7,. is the distance between the points x, and x, 
(Fig. 7.1(b). The backward-traveling wave pattern for different values of time is 
shown in Fig. 7.1(d). 

In conclusion, it must be mentioned that at any point on the line, including 
points of discontinuity (i.e., at the end of the line at the point of the connection 
of two different lines, etc.), the instantaneous voltage and current can be 
expressed as 


V=U¢et Up (7.17a) 
i=ipt ip, (7.17b) 


where the voltage and current traveling wave pair is connected by the character- 
istic impedance of the line Z,: 


(7.18) 


The negative sign in the relation between the voltage and current of the back- 
ward-traveling waves is important. It is not dependent on how either the 
coordinate system or the positive polarity/direction of voltage/current may be 
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chosen. It is understandable in terms of the power shown that the power of a 
backward-traveling wave is always negative, which indicates a movement of 
energy in the negative direction of x, 1.e. in the direction of travel of the v,(x, ft) 
and i,(x, t) waves. 

It can be shown that in the transient behavior of TL, like in the steady state 
regime, the power of a forward-traveling wave for example can be expressed in 
terms of energy content and wave propagation velocity 


P, = Wy, (7.19) 


where Pr= vrir is the power of the forward traveling wave. 

Indeed, the energies stored in electric (C) and magnetic (L) fields per unit 
length of TL are 
1 


Cv?, W,,= = Li2. (7.20) 


1 
a, 2 


Since the two components of energy storage are equal, the total energy content 
stored per unit length is 
W,= W, + W,, = Cu? = Li?. (7.21) 


Therefore, the above power can be expressed as 


(7.22a) 


Of course, the same result can be obtained for a backward-traveling wave 
Py, = Wy. (7.22b) 


Note that the total transient power is a sum of these two components, Le., the 
forward- and backward-traveling waves: 


P= vi=(v¢ + Up) (ip — ip) = Ueip + Upip + (Upi¢ — Vet) = Pe + Py 


since 


. ' Up Ue — UEUH 
j 0. 
(pie — Ueip) ( Zz. Z. ) 


Example 7.1 


The surge voltage of 1000 kV caused by lightning propagates along the transmis- 
sion line, having the distributed parameters L = 1.34 mH/km and C = 8.6 nF/km. 


Determine: (a) The surge power in the line, (b) The surge current in the line. 


Solution 


(a) The total energy stored in an electromagnetic field per unit length of the 


472 Chapter #7 
line is 
W = Cv’ = 8.6-10~ °(1000- 103)? = 8.6- 103 J/km 
The surge velocity is 
1 1 
VLC /1.34-1073-8.6-1079 


vy 


295-108 km/s 


Therefore, the surge power is 


P = 8.6-10°-295-10? = 2500 MW. 


(b) The characteristic impedance of the line is 


2 fe (25 saa 
“NC V 86107? — 


Therefore the surge current is 


1000-10 ss 
ggg. 


It should be noted that for the transient analysis of some problems, when the 
voltage and current change versus time is needed, it is more convenient to 
express the voltage and current-traveling waves in the form 


VD = Up + =o *) +> (:+*) (7.23a) 


imir-n= 7 | 6,(1 *) a(t =) |. (7.23b) 


7.4 WAVE FORMATIONS IN TL AT THEIR CONNECTIONS 


In practice, all kinds of transmission lines are necessarily terminated by sources 
or by loads. In addition, a lumped impedance or lumped admittance network 
may be inserted in tandem between sections of a line, or two (or more) different 
lines may be connected in a network junction. As has been already mentioned, 
to determine traveling-wave functions, the boundary conditions of line termina- 
tions must be taken into consideration. In other words, at any point of such 
non-uniformness or discontinuity, 1e., transition points, Ohm’s and Kirchhoff’s 
law equations must be obeyed in addition to traveling-wave equations. 

Therefore, if the voltage and current at such a transition point are known, it 
can be written as 


Vy = Ue + UE (7.24) 
iy = ig t Ip. (7.25) 
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Taking into consideration the relation between the voltage and current traveling 
waves (equation 7.18), according to equation 7.25 we obtain 


Zoly = Ve — Vp. (7.26) 
Adding equations 7.24 and 7.26 we have 
Vy + Zeip = 2v,, (7.27) 


or the forward-traveling wave will be 

Up = ; (vp + Zciz ). (7.28) 
Similarly, by subtracting equation 7.26 from equation 7.24 we obtain 

Up = ; (vy — Zi ), (7.29) 


also from equation 7.26. 


Up = Up — Zeiz. (7.30) 


7.4.1 Connecting the TL to a d.c./a.c. voltage source 


Consider the a.c. source, which is connected at t=0 to a power transmission 
line. Such a source of industrial frequency of 50-60 Hz hardly changes during 
the time which is needed for a wave to propagate in hundreds of kilometres 
(note that the wave propagation time along a line of 1000 km length is about 
30 us as the period of the 50 Hz voltage source is 20-10% us). Therefore, in the 
initial stage of wave formation, the a.c. source can be treated as a d.c. source. 

Now consider the transmission line connecting at the time t=0 to the dic. 
source V, having input impedance Z, as shown in Fig. 7.2(a). As the line was 
not initially charged, no backward (reflection) waves exist at the first moment 
after the connection. Therefore equations 7.24 and 7.25 yield 


Vp=v,, ip=ie. (7.31) 
Applying the boundary condition 
vy = V, — Z, iz (7.32) 
and solving equations 7.28 and 7.32 with equation 7.31 yields 


c 


= 7 yg, bem Paes (7.33) 
where 
Z. 
Ds Z+Z. (7.33a) 


is the source transmission coefficient. 
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Z, . t=0 1 
oF Z, 
+ 
V; Z, 
(a) (b) 
AY _x 
Ps Vs » 
—» V. ' 
0 | : I 
Ai 
Ps Vs 
Zo ij 
0 . | 
x 


(c) 


Figure 7.2 Waves traveling on a line by connecting to a source: circuit diagram (a), equivalent circuit 
(b), voltage and current distribution (c). 


Note that the forward-traveling wave voltage (equation 7.33) might be deter- 
mined in accordance with the equivalent circuit shown in Fig. 7.2(b) as the 
voltage across the characteristic impedance Z,. 

If the connecting source is ideal (Z, = 0), the forward-traveling wave is simply 
vp = V,. Assuming at this point that the source input impedance is pure resistive, 
we can conclude that the voltage distribution along the line will be just the 
voltage at the sending-end of the line with the time delay t = x/v as is shown 
in Fig. 7.2(c), 1.e., a step function wave. 

Disconnecting a transmission line from the source also causes step function 
waves to appear (Fig. 7.3). Assume that, at the disconnecting moment, the 
current in the line was I, and the voltage was V,. Since after the disconnection 
the current at the sending-end becomes zero i; = ir + i, + I, = 0 and noting that 
no reflection wave yet exists, we obtain 


ny ae re (7.34) 


The voltage distribution will be a sum of the previous voltage V, and the 
forward-traveling wave 


i= 4-215(t-5), (7.35) 


y 


and it will be positive if the current J, is smaller than the charge current V,/Z, 
(1e., I, <(V,/Z,)) as shown in Fig. 7.3(b) or negative if vice versa. 
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Z t=0 i 


s — 
ue I oO 


Ze 


Vs Zy 


(a) = 


(b) 


Figure 7.3 Waves traveling on line by disconnecting from a source: circuit diagram (a), voltage and 
current distribution (b). 


7.4.2 Connecting the TL to load 


Consider the transmission line shown in Fig. 7.4(a). After turning on the switch, 
the load impedance terminates the TL and the backward-traveling wave will 
appear. To determine it, Ohm’s law must be obeyed for the receiving terminal 
of the line: 


ey Ae (7.36) 


Taking into consideration that the line was charged by voltage, say V,, the 
equations 7.24 and 7.25 with equation 7.18 yield 


Spy, apa (7.37) 
vp =v, 4+ V,, nk 7 : 
Solving equations 7.36 and 7.37 gives 
Z, V, 


i 


= 2 A= (7.38) 
Zi+Z, Zi +Z, 
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Vs eS 
1 
0 a 
Ai 
0 a 1 
= x-1 


(b) 


Figure 7.4 Traveling waves by load connection: circuit diagram (a): voltage and current distribu- 
tion (b). 


Assuming that load impedance Z, is pure resistive (Z,; = R,), the back-traveling 
wave will be a step-wave as shown in Fig. 7.4(b): 


x—¢ 
vol, n= ete (t+9—), (7.39) 
y 
where p,= —Z,/(R;, + Z,) is the load transmission coefficient. 
The step-wave also appears at the time when the resistive load is disconnecting 
just as in disconnecting the source (Fig. 7.5(a)), i, = —I,, and v, = Z,1,, where 


I, is the load current in the line at the moment of disconnection. 
The voltage distribution will be the sum of the previous voltage V, and the 
backward-traveling wave: 


ae 
ue )= V+ 2Ze1,(1—), (7.40) 
Vy 


as shown in Fig. 7.5(b). Note that disconnecting the load results in a voltage 
increase, which in power TL can be significant. 

Using the above studied technique, situations that are more complicated can 
be solved as in the following example. 
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Z oti 
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+ + 
10 anc 
7 (a) 
av Vi+Ve 
V; 
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Ai 
I, 
I 
| 
0 i, oes 
(b) 


Figure 7.5 Traveling waves by load disconnection: circuit diagram (a); voltage and current distribu- 
tion (b). 


Example 7.2 


Determine the voltage and current waves due to the connection of the resistive 
load R,=300Q at the arbitrary point of the TL shown in Fig. 7.6(a). The 
characteristic impedance of TL is 400 Q and it is charged with initial voltage 
Vo = 20 kV and initial current Ip = SOA. 


Solution 


Since both directions of wave propagation (to the left and right from the 
connection point) are symmetrical, both current waves will be equal to each 
other, ie., ip =i, and vp=v,. Applying KCL and Ohm’s law, 


ip = —(ip + i,) = —2i¢= — 2i,, vp = R,i,= Vo t+ Up= Vo + Up- (7.41) 
Solving equation 7.41 with the relation vp = Z,i¢, we obtain 


— V, 20-103 
OR +z. GOO AO 


—20A 
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Ip Ip 


(b) 


Figure 7.6 Traveling waves by load connection at an arbitrary point on the line: circuit diagram 
(a); voltage and current distribution (b). 


and 


. - 400 
Vp = Up = Zig 


2 = —8kV. 
IR, +7, © F000 


The voltage and current distribution along the TL is shown in Fig. 7.6(b). 


7.4.3 A common method of determining traveling waves by any kind of 
connection 


Consider an active network connecting to the junction of two lines, as shown 
in Fig. 7.7(a). The forward-traveling wave will appear on the right line and the 
backward-traveling wave on the left line. Both current waves can be determined 
from the equivalent circuit in which the active network is presented by its 
Thévenin equivalent and the two lines by their characteristic impedances, as 
shown in Fig. 7.7(b). Note that the voltage source of the Thévenin equivalent 
is simply the voltage across the switch at the zero initial condition of the lines. 
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(c) (d) 


Figure 7.7 Active network connection and disconnection: circuit diagrams (a) and (c); the equivalent 
circuits for connection and disconnection (b) and (d). 


If the lines were initially charged, the final voltage and current distribution will 
simply be the superposition of the initial values and the traveling waves. 

If the switch is opening, ie., the network is disconnecting, it has to be 
represented in the equivalent circuit by an ideal current source as shown in 
Fig. 7.7(c) and (d). Note that the value of the current source is equal to the 
current which flowed through the switch just before it opened. 

As an example, consider the line connecting to the voltage source with 
inductive-resistive impedance, as shown in Fig. 7.8(a). Therefore, the equivalent 
circuit will simply be the series connection of the source and the characteristic 
impedance of the line as shown in Fig. 7.8b. The transient response of this 
circuit gives the forward-traveling current wave at the sending-end as 


; Yo ‘ 
k" Raz. l-e = ; 
ot Z 


where t = Lo/(Ry + Z,) is the time constant of the circuit. The current distribu- 
tion along the line will be 


t—x/v 
gS ee. 
Rot+tZ, 
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(b) 


Vo 


(c) 


Figure 7.8 Voltage source with input impedance connecting to the TL: circuit diagram (a); the 
equivalent circuit (b); the current curve versus time, and current distribution along the line (c). 


and is shown in Fig. 7.8(c), which corresponds to the moment of the arrival of 
the wave at point x’. The voltage wave is proportional to the current wave 
Ve = Z gic. 


7.5 WAVE REFLECTIONS IN TRANSMISSION LINES 


Consider, at first, a step-function forward-traveling wave or incident wave. The 
moment that this wave reaches the receiving-end of the line (point 2) the 
reflecting wave will appear. In the general case of a line terminated in impedance 
Z,, the boundary condition is simply Ohm’s law'* 


ay am (7.42) 


Let the front of the incident wave in expression 7.27 be Vo (vp = Vo), then we 
obtain 


Zriz + Zeit =2Va, (7.43) 


“)Tn cases where the line terminations consist of inductances or/and capacitances, expression (7.42) 
and subsequent ones are solved by means of the Laplace-transform method (see Chapter 3). 
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or 


2Vo 


=, (7.44) 
ZZ, 


iy 
Expression 7.44 shows that the current at the receiving-end of the line can be 
determined from the equivalent lumped-impedance circuit in which the line and 
its termination are represented by their impedances connected in series, while 
the circuit is activated by the double value of the incident wave, as shown in 
Fig. 7.9. The voltage at the receiving-end (equation 7.42) can be expressed as 


a7. 


“7-42. Vo = Pret Vo; (7.45) 
TE c 


vy 


where /,er is the refraction coefficient or transmission factor 


):.= >>: (7.46) 
Zy+Z, 
The reflecting or backward-traveling wave are easily obtained as 
227 Z1—Z, 
ce a a eee Yo Yo= FZ, 0= Pro» (TAT) 
where p, is the receiving-end reflection coefficient 
Zy ~~ Z. 
=>: (7.48) 
Zr+Z, 


When the reflecting wave arrives at the sending-end, it reflects again. The 
sending-end reflection coefficient will then be similar, ie., 


Z,—Z, 


re 7.49 
Z.+Z. (7.49) 


Ps 


where Z, is the sending-end termination impedance or the generator input 
impedance. 


(a) (b) 


Figure 7.9 The incident wave arriving at the line termination: line diagram (a); equivalent circuit (b). 
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(a) (b) 


Figure 7.10 The junction of two outgoing lines: line diagram (a); equivalent circuit (b). 


The concept of an equivalent circuit can be used for any kind of discontinuity. 
For example, in Fig. 7.10(a) the junction of three transmission lines is shown. 
The equivalent circuit is shown in Fig. 7.10(b) in which the two outgoing lines 
are represented by their characteristic impedances in parallel. The second exam- 
ple of an inductance connected between two transmission lines is shown in Figs. 
7.11(a) and (b). Here the elements, which formed the junction of discontinuity, 
are represented in the equivalent circuit by their impedances in series. 

In general, the equivalent circuit of any junction of discontinuity consists of 
lumped impedances, which represent the elements connected to the junction, 
and of the characteristic impedances of the lines. The circuit is driven by a 
voltage source of a double value of the incident wave voltage function. 

Let us examine several particular kinds of TL terminations. 


7.5.1 Line terminated in resistance 


In this case the reflecting wave has the same shape as the incident wave, i.e. the 
shape of a step-function. (Note that the characteristic impedance of a loss-less 
line is also pure resistance.) The reflection wave is determined by the reflection 


Lome Let J 
+ 
3 
ev) assy e " % 
Zet Ze Le2 
(a) 7 
(b) 


Figure 7.11 The connection of lumped-impedance in between two lines: line diagram (a); equivalent 
circuit (b). 
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coefficient (equation 7.47) 


je (7.50) 
Vp = 0, Vve= => U- : 
b = Prt Red. f 
The reflection coefficient p, can be positive or negative, depending on the relative 
values of Ry and Z,; it varies between +1 including zero, ie., when R; = Z, 
(natural termination). 

The current reflected wave (equation 7.18) is 


ip = — (0, /Z,). 


Then, the voltage vy and current i; at the receiving-end are simply the sum of 
both the incident and reflected waves (equation 7.17): 


Vp =Uet vy, ip=ip tip. (7.51) 


Figure 7.12 shows the analysis of traveling waves when the line is terminated 
in a resistance that is larger than the line characteristic impedance (1.e., Ry > Z,). 
Thus, v, is positive and i, is negative. Therefore, the traveling wave arrival at 
the line termination results in increased voltage and reduced current, as shown 
in Fig. 7.12(b). The opposite case when Ry < Z, is shown in Fig. 7.13. Here the 


R,> Ze R, 


(b) 


Figure 7.12 Traveling waves after arrival at termination in which R;> Z,: circuit diagram (a); 
voltage and current distributions (b). 
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Figure 7.13 Traveling waves after arrival at termination in which R,<Z,: circuit diagram (a); 
voltage and current distributions (b). 


traveling wave arrival at the line termination results in reduced voltage and 
increased currents as shown in Fig. 7.13(b). 


Example 7.3 


A line has a characteristic impedance of 400 Q and a terminating resistance of 
600 Q. Assuming that the incident voltage wave is 100 kV, determine the 
following: (a) The reflection coefficient of the voltage wave; (b) The reflection 
coefficient of the current wave; (c) The backward-traveling voltage and current 
waves; (d) The voltage across and current through the resistor. 


Solution 


R,;—Z, 600—400 
~ Ry+Z, 600+400 ~~ 


lp Uy Ue Uy 
b ; 0.2. 
(b) Pri i 7 / Z. 7" Prv 


(a) Pry 


(Cc) Up = PyyYp = 0.2100 = 20 kV 


Vy 20-103 Bok 
a 400 
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(d) vp =0,+0, = 100 + 20 = 120 kV 
oop 120-103 
TR, 600 


=200A. 


7.5.2 Open- and short-circuit line termination 


The boundary condition for the current in an open-circuit termination is 
iy = 0. Therefore, 


ip = —ir. (7.52) 
Using equation 7.18 yields 
Vp = —Zeip = Zoic = Ve. (7.53) 


The same results, of course, can be obtained with a reflection coefficient. Since 
the open-circuit termination is an extreme termination in impedance Z,;—> 0, 
the reflection coefficient is unity and v, = p,v¢=v,. The total voltage at the 
open-end is vy = Ur + Uy = 2v¢. Therefore, the voltage at the receiving-end is twice 
the forward voltage wave and this doubled value propagates on the line, as 
shown in Fig. 7.14(a). 

The boundary condition for the voltage at the short-circuit termination is 
vy = 0 and therefore 


Vp = — Up. (7.54) 


The short-circuit termination can be treated as the dual of the open-circuit 
termination. Therefore, the previous results for voltage traveling waves are now 
related to the current traveling waves and vice versa, concluding that the current 
at the short-circuited end of the line is twice the forward current wave as shown 
in Fig. 7.14(b). 


(a) (b) 


Figure 7.14 Traveling waves pattern for: open-circuit line termination (a); short-circuit line termina- 
tion (b). 
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7.5.3 Junction of two lines 


Applying the concept of an equivalent circuit to the junction of two lines (see 
Fig. 7.15(b)), we can conclude that this case is similar to the line terminated in 
resistance. Assume that Z,,>Z,. where Z,, and Z,, are the characteristic 
impedances of the first and second lines, respectively. For example, it might 
represent the junction between an overhead line and an underground cable. If 
a voltage surge of a step function form approaches such a junction along the 
overhead line, the voltage at the junction decreases relative to the value of the 
increment wave. The voltage surge along the cable will be in accordance with 
the refraction coefficient (i.e. transmission factor): 


2209 
v. 
c2 ar Ze1 


(7.55) 


Ve2 = Pret UF1 = Z 
The reflection, i.e. backward-traveling wave, in accordance with the reflection 
coefficient, is 


Z2 — Ze 
Z2 + Zot 


Vpo1 = PrUp1 = Up. (7.56) 
Fig. 7.15(c) shows the waves occurring at the junction. It can be seen that the 
wave, which is refracted or transmitted to the cable, is equal to the sum of the 
forward and backward waves. 

This property of cables to reduce the voltage surge is used in practice. When 
an overhead line is terminated by a transformer, the incident of a voltage surge 
on a transformer winding results in a very high voltage gradient at the winding 
turns nearest to the line conductor, and may lead to the breakdown of the 


Ss 
oo 
N 

a 


ei Ze —* 7} 


Z 
(a) . 
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Vv, _— 
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Figure 7.15 Traveling voltage and current waves at junction of two lines: circuit diagram (a); the 
equivalent circuit (b); the voltage and current distributions along two lines (c). 
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insulation. By putting in a short cable between the overhead line and the 
transformer, the magnitude of the voltage surge can be reduced before it reaches 
the transformer. 


Example 7.4 


The characteristic impedances of an overhead line and underground cable 
connected in series (Fig. 7.15(a)) are 400 O and 50 respectively. The incident 
surge voltage of 800kV rms is traveling on the overhead line toward the 
junction. Determine: (a) the surge voltage transmitted into the cable; (b) the 
surge current transmitted into the cable; (c) the surge voltage reflected back 
along the overhead line; (d) the power in the forward wave arriving at the 
junction and the transmitted wave power. 


Solution 


275 2-50 
800 = 178 kV(rms). 


(a) Up2 = Prec Ur = (Ae ee UE = 50 + 400 


i = a ceicaamen 
Ze 50 
(c) pr = Up2 — Vey = 178 — 800 = — 622 kV(rms). 
ne 800" — 1600 Mw 
Ze 400 
v2, 178? 
p27 = 5p = 634 MW 


7.5.4 Capacitance connected at the junction of two lines 


Figure 7.16(a) shows two lines connected in tandem and the capacitance con- 
nected in parallel to both lines at the junction J. Such a connection may represent 
two lines (incoming and outgoing) terminated in a transformer, since the beha- 
vior of a transformer at the first instance of wave arrival is as a capacitance. 
The equivalent circuit of the junction is shown in Fig. 7.16(b). Using the Laplace 
transform method, we obtain the expression of the voltage across the capacitance 
as 


Ve(s) =~ ™— Vis(9), (7.57) 
Zot + Loar 
where 
Zeal 1/sC) 
PY Zo + AlsC 


is the impedance of the parallel connection of C and Z,,. Substituting Z,,, into 
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Figure 7.16 Traveling waves on two lines terminated by capacitance: circuit diagram (a); equivalent 
circuit (b); voltage and current waves on both lines (c). 
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equation 7.57 yields 


V,(s) = Ve1(s) (7.58) 
wn Fe Boer 
or 
1/T 
Vols) = Pret eals) WT (7.59) 


where Prep = 2Z02/(Z-1 + Z.2) is the transmission factor at infinite time (t— co) 
after the capacitance is charged and T= Z,,C (where Z.4= 2.4 Z¢2/(Ze1 + Z,2) 
is the time constant of the circuit. 

Considering the step-function incident wave and substituting its Laplace 
transform V)/s into equation 7.59 gives 


1/T 
s(s+1/T) 


Taking the inverse Laplace transform, the time function of the capacitance 
voltage becomes 


Ve(S) = Pret Yo (7.60) 


Ue(t) = Pre¢ Vo(1 —e7 */”). (7.61) 
Therefore the voltage distribution in the outgoing line will be 
Up2(X, t) = Prop Vo(1 —e7 */?)., (7.62) 


The reflected wave in the first line can be obtained as 


Ur = Ve — UF = (Pree — 1)Vo — Pre Vor 
Therefore the backward-traveling wave along the line is 
Uo1 (x, t) = pr Vo — Pret ie (7.63) 


The current traveling waves in both directions are the same shape as the voltage 
traveling waves and their value is related to them in the characteristic impedance 
of the corresponding line. The voltage and current distribution in both lines 
are shown in Fig. 7.16(c). 

In most practical analyses, the shape of the voltage/current waves caused by 
lightning is considered as an impulse as shown in Fig. 7.17(a). In such an impulse, 
the voltage/current rises quickly to a maximum value and then decays slowly 
to zero. The crest time in which the voltage reaches its maximum value is 
about 1.2 ps. 

When the first moment of the wave incident is of interest, the shape of the 
wave is simplified, having a constant value and ramped front as shown in 
Fig. 7.17(b). When the relatively long-term (t> t,,) response is of interest, the 
voltage impulse of wave tail shape is considered, Fig. 7.17(c). 

Now assume that the ramped front function incident wave reaches the junc- 
tion of two lines with a capacitance connected to the junction. The ramped front 
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Wave tail 


(d) 


Figure 7.17 Impulse voltage waveform: standard impulse (a); ramped front function approximation 
(b); tail-shaped approximation (c); the superposition of two ramp functions (d). 


function can be superposed from two ramp functions of slope 0 = Vo/t,,: one 
positive and one negative, while the letter is shifted by the crest time, t,,: 


v-(t) = Ot — O(t — t,,), (7.64) 
as shown in Fig. 7.17(d). Substituting the Laplace transform of the ramp func- 
tion v, = Ot 0/s” into equation 7.59 gives 

V..(s) = p.6 1/T 
Cr Ss =p, s(s+ 1/T) 


Taking the inverse Laplace transform, the capacitance voltage in the time 
domain for time less than t,, becomes 


ver(t) = p.O[t— Te"), tS tee. (7.66) 


(7.65) 


In accordance with equation 7.64, the capacitance voltage for the time larger 
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then f,, will be 


T 
Uc, (t) = pV E + ~ (e772) eer) t> top (7.66a) 


cr 


The capacitance voltage change for both instances of time is shown in 
Fig. 7.18(a) and (b). First, notice that for t— oo the capacitance voltage is p,Vo 
which is the same as in the previous case of the step function wave response 
(see equation 7.61). Secondly, as can also be seen from Fig. 7.18(b), the slope 
of the resulting voltage has changed relative to the slope of the incident voltage 
wave. In order to estimate this change, let us determine the equivalent slope as 


av (t) 


the 


p.Np(1-e") 


Figure 7.18 The voltage change across the capacitance as a response to: infinite ramp function 
incident wave (a); ramped front incident wave (b). 
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a tan y, where the angle y is of a tangent drawn through a point p (t = t,,): 


dc 1 
tan y= =p V1 ge, 
al cd 


Therefore, the equivalent crest time of the capacitance voltage can be expressed 
as 


PY Coy 
~tany 1—e7 


= FF (7.67) 


ie., the bigger T is in relation to t,,, the greater the change in the slope. (For 
T < 1/3t,, the change in slope is not significant.) 

When the relatively long-term (t> t,,) response is of interest, the voltage 
impulse of the shape shown in Fig. 7.17(c) is considered. In simple terms this is 
the decreasing exponential 


v(t) = Voge", (7.68) 
and Ty is estimated in accordance with 7) = tim,/0.7 where tim, is the time in 


which the maximum value of the impulse in Fig. 7.17(a) decreases by half. 
Substituting the Laplace transform of an exponential into equation 7.59 yields 


1 


Vevexp = PV 7.69 
C,exp P.Yo T(s + 1/Ty)(s + 1/T) ( ) 
and with the inverse Laplace transform 
T es - 
Uc.exp(t) = Pr Yo °° 7 eo ). (7.70) 
= 


The two exponential terms of equation 7.70 (see broken lines), the resulting 
voltage (1) and the voltage wave impulse (2), are shown in Fig. 7.19. Equating 
the derivative of equation 7.70 to zero yields the time in which the capacitance 
voltage reaches its maximum, 


1oT T 
timaxy = In—=aln —, (7.71) 
Ij—T Ig To 
and the scaled value of the maximum voltage is 
Vomax T \* 
——— =| 4 (7.72) 
Px Yo Ty 
where 
T/Ty 
“= ; 
1— T/T, 


i.e., the maximum voltage is dependent on the ratio T/T). If the ratio is 
T/T > 0.5, then the capacitance results in reducing the maximum voltage by 
more than half. 
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0.4 0.8 1.2 1.6 2.0 


Figure 7.19 The voltage change across the capacitance as a response to the exponential function 
incident wave: curve 1, resulting voltage; curve 2, voltage incident wave. The broken lines are two 
exponential terms. 


7.6 SUCCESSIVE REFLECTIONS OF WAVES 


Consider the TL, which is terminated in the generator input impedance Z, by 
the sending-end and in load impedance Z; by the receiving-end (see the footnote 
in section 7.5 on p. 480). Neither of them is equal to the characteristic impedance 
Z,, So in theory an infinite succession of reflected waves results. 

The first forward-traveling (f.t.) wave (a step-function voltage source is 
assumed) will be (7.33) 


Z 
0, t)=p.V.= “_ V u(t), 7.73 
0¢1(0, th=p,V, ZZ. u(t) ( ) 


where u(t) is a unit function. The first backward-traveling (b.t.) wave appears 
after the first fit. wave reaches the receiving end, 


yi, t) = PrUe1 = Pr Px Vou(t — t,), (7.74) 


where t, = 7/v is the delay time in which the f.t. wave reaches the receiving-end 
of the line. 

The second f.t. wave appears after the first b.t. wave reaches the sending-end 
of the line and it can be found in accordance with the sending-end reflection 
coefficient p, (equation 7.49): 


V2 (0, t) = PsPrPx Vou(t — 2t,). (7.75a) 
In a similar way, the second b.t. wave becomes 


Vp2(?, t) = pspy p,Vou(t — 3t,), (7.75b) 
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or for kth incident t > kt, 


x 
Dex (X, t) = ()5 Pr) ri Vou (2 a 1)t, a *) 


(7.76) 


vy 


x 
Vp, (% t) = (ps Pr)*~ "PrP: Vou (: — 2(k ~~ 1)t, ~~ *) i 


The current waves are simply related to the voltage waves by a characteristic 
impedance 


URE, Uy k 


c 


Thus, the complete response consists of an infinite series of voltage and 
current step-function waves which are added successively as the wave front 
travels from the source to its terminated end and back. Each of the forward- 
and backward-traveling wave series can be treated as infinitely decreasing 
geometric progressions having the ratio p,p, (which is less than one) and the 
first terms p,Vy and p,p,Vo, respectively. Hence, the final value of the line voltage 
at too can be expressed as the sums of these two progressions, 


P.M PrPrVo = Zr 
1— p,p, 1— p,p, °Ze+ Zr’ 


v(x, t) = (7.77) 
i.e., the steady-state voltage at the receiving-end of the line (note that the source 
is simply a d.c. quantity and the line is loss-less). 


7.6.1 Lattice diagram 


The voltage at a given point and time can be determined graphically with the 
help of the lattice diagram, suggested by Bewley. It gives a visual track 
representation of a traveling voltage or current wave as it reflects back and 
forth from the ends of the line, as shown in Fig. 7.20. 

In the lattice diagram, the distance between the sending- and receiving-ends 
is represented by the horizontal line and time is represented by two vertical 
lines (t, is the time for a wave to travel the line length). The diagonal zigzag 
line represents the wave as it travels back and forth between the ends or points 
of discontinuities: the line sloping to the right gives a forward-traveling wave 
in the increasing x direction, whereas the line sloping to the left gives the 
backward-traveling wave in the decreasing x direction. The slopes of the zigzag 
lines give the times corresponding to the distances traveled. 

The value of each wave has been written above the corresponding line; each 
reflection is determined by multiplying the incident wave by the appropriate 
reflection coefficient p, or p,. Of course, the same lattice diagram can also 


“ Bewley, L.V. (1951) Traveling Waves on Transmission Systems. Wiley, New York. 
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_ Zs-Ze = Zr-Zec 
Ps = Zs-Le a Zr-Zc 
0 Distance, x ——» x= 


x= 
t=0 


Py, | 


Figure 7.20 Lattice diagram for transmission line. 


represent the current traveling waves. Nevertheless, the fact that the reflection 
coefficient for the current is always the negative of the reflection coefficient for 
the voltage should be taken into account. The voltage and current at a given 
point with the coordinates of time and distance along the line may then be 
determined by drawing a vertical line through this point and adding all the 
terms that are directly above that point corresponding to the intersections of 
the sloping lines with the given vertical line. For example, the voltage at 
t=4.5t, and x =(1/4)¢ is 


v(0.25¢, 4.5t,) = p,Vo(1 + prt PsPr + PsPr + Ps pr): 


Example 7.5 


Consider an underground cable line 1.6 km long with a characteristic impedance 
of 50 Q and a wave propagation velocity of 1.6-10° m/s. The line is connected 
to the d.c. ideal Z,=0 voltage source V) = 1000 V and terminated in a 200Q 
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resistor. (a) Determine the reflection coefficients at the sending- and receiving- 
ends; (b) Draw the appropriate lattice diagram for voltage and current; (c) 
Determine the value of voltage and current at t= 5.5t, and x =(1/4)¢; (d) Plot 
the voltage and current versus time at line point x = (1/2)/. 


Solution 
(a) The reflection coefficients are 


ey a Zy—-Z, 200-50 


c 


pPy= = =-1, p,= = = 0.6. 
Z,+Z, 0+50 Zr+Z, 200+ 50 
(b) The traveling time is 
7 1.6-10° Ai 
= Tee oe 


The lattice diagram is shown in Fig. 7.21(a). The values of the voltage/current 
traveling waves are written above the arrows. 


(c) From the lattice diagram the voltage at the point A is 


1 
v (j ae 551, = 1000 + 600 — 600 — 360 + 360 = 1000 V, 


and the current is 


1 1 
i (7 ts 551, = 50 (1000 — 600 — 600 + 360 + 360) = 10.4 A. 


(d) The plot of the voltage and current at the line point x = 1/27 versus time 
is shown in Fig. 7.21(b) and (c). 


7.6.2. Bergeron diagram 


Another convenient way of graphically determining voltages and currents at 
the two ends of the line as a result of an incident wave reflection is by a diagram 
attributed to Bergeron™’. This method is based on a graphical solution of a 
system of two linear equations and can be explained by a single example of the 
equivalent circuit of Fig. 7.2(b) shown again in Fig. 7.22(a), where the source is 
designated by V, and its input impedance by R,. The following two equations 
express the two voltage-current loci (see Fig. 7.22(b)), one for the source (genera- 
tor) and the other for the load (which here is the characteristic impedance Z,): 


v=W—R,i (7.78a) 


“ Bergeron, L. (1961) Water Hammer in Hydraulics and Wave Surges in Electricity. The American 
Society of Mechanical Engineers, New York. 
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Ppl tar. ete) 


Figure 7.21 Lattice diagram (a) and voltage (b) and current (c) plots of Example 7.5. 
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— 


(a) (b) 


Figure 7.22 A graphical solution of series source-load circuit: the circuit diagram (a); the voltage- 
current loci (b). 


and 
v= Zi. (7.78b) 


Point A of their intersection gives the graphical solution of these two equations 
as shown in Fig. 7.22(b). Note that the slopes of these two lines are given 
by — R, and Z,. It should also be noted that this graphical method is especially 
appropriate for nonlinear elements, like surge arresters, for example. 

The complete solution for a line terminated in the voltage source (Vo, R,) at 
the sending-end and in the resistor (R;) at the receiving-end is given in 
Fig. 7.23(a). Point A, corresponds to the voltage and current at the sending- 
end after the source switching t=0, (just like in Fig. 22(b)). Note that this 
voltage gives the first forward-traveling wave. The voltage and current at the 
recelving-end can be determined in accordance with the equivalent circuit similar 
to the one shown in Fig. 7.9(b) since the line is initially quiescent. The line 
drawing through point A, and sloping in accordance to —Z, represents the 
voltage-current locus of the source whose value is 2v¢,; and whose input imped- 
ance is Z,. (Note that in order to draw this locus it is not necessary to start 
with the point which lies on the ordinate axis, i.e. of 2v,¢,, and ip; = 0, but it can 
be drawn through any point which belongs to this locus, for example, point 
A,.) The intersection of this locus with the locus of the load resistor Ry, point 
B,, yields the resultant voltage v; and current i; at the receiving-end immediately 
after the arrival of 2v,,;. The first backward-traveling wave can then be obtained 
as 


Voi = Vpi — U1, yt = Iwi — I1- (7.79) 


The equivalent circuit for calculating the next value of voltage and current at 
the sending-end is shown in Fig. 7.23(b). In accordance with the above, the 
locus, which determines the voltage and current at the sending-end, is parallel 
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0 RWVo 


(b) 


Figure 7.23 Bergeron diagram for TL with terminations R, = 0.2, Rr =0.1Z,: Bergeron diagram 
(a); equivalent circuit for the sending-end (b); the plot of the sending- and receiving-end voltages 
versus time (c). 


to the locus v = Z,i and passes through point B,. (Note again that in order to 
draw this locus it is not necessary to start with the point on the ordinate axis, 
which is 2v,,, i,; = 0.) The intersection of this locus with the sending-end voltage 
source locus, point A,, gives the resultant voltage and current at x =0 at the 
time of the arrival of v,, and i,,;. The next forward-traveling wave will be 


Ve2=Va2— Up, lez = 142 — Ip1- (7.80) 


This process may be continued for any desired number of intervals. The intersec- 
tion of two loci, point C, which represent both ends, yields the limiting values 
of line voltage and current as t > 00 (which is also in accordance with equation 
7.77). The plot of both the sending- and receiving-end voltages versus time 
obtained with the help of the Bergeron diagram is shown in Fig. 7.23(c). 


7.6.3 Nonlinear resistive terminations 


The Bergeron diagram is the most suitable for reflecting wave determination 
when the transmission line is terminated in a nonlinear element. One example 
of such elements can be a surge arrester, which consists of an air gap and a 
nonlinear resistor. Fig. 7.24(a) shows the equivalent circuit of the line terminated 
in a surge arrester (SA), and Fig. 7.2(b) shows how the discharge voltage curve 
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(a) (b) 


Figure 7.24 Transmission line terminated in a nonlinear resistor (surge arrester): equivalent circuit 
(a); arrester characteristic construction (b). 


of the arrester can be built using the graphical solution. Since the line has been 
assumed to be initially quiescent, the voltage-current (v-i) locus of a nonlinear 
resistor (curve a in Fig. 7.24(b)) is drawn from the origin. In the left-half plane 
the equivalent surge voltage versus time (curve b) and volt-second characteristic 
of an arrester’s air gap (curve c) are plotted. The intersection of these two curves, 
point A, determines the initial voltage, which activates the surge arrester (see 
the equivalent circuit (a) in Fig. 7.24)). The intersection of a sloped (in relation 
to Z.,) line “1” and the v-i locus (curve a), point la, gives the voltage drop 
across the arrester, i.e., across the nonlinear resistor. The next voltage drops 
across the nonlinear resistor in accordance with the surge voltage change can 
be obtained in the same way (see points 2a, 3a and so on). Transferring these 
points to the left-half plane in accordance with the appropriate time results in 
the discharge voltage characteristic of an arrester: curve v(t). Note that, because 
of nonlinearity, the voltage across the arrester hardly changes, being much 
lower than the surge voltage and thereby protecting the high voltage equipment. 


7.7 LAPLACE TRANSFORM ANALYSIS OF TRANSIENTS IN 
TRANSMISSION LINES 


As is known, any circuit equation, written in phasor notation, can be converted 
into a Laplace transform equation by simply replacing jw with s. To use this 
procedure, let us first consider a transmission line activated at its sending-end 
by a sinusoidal voltage source. Applying the current and voltage phasors: 
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T=1,,e and V=e”», which become functions of x only (and since the multi- 
plier e/°' is crossed throughout the equations), partial derivative equations 7.1 
convert into ordinary differential equations: 


V 

— Gy = R+ jl = ZI (7.81a) 
dl 

ee (G+ jaC)V = YV, (7.81b) 


where Z=R+joL and Y=G+/joC are the impedance and admittance per 
unit length, respectively. Differentiating equations 7.81 with respect to x gives 


a’v dl d7I dV 


Y 
dx? dx’ dx? dx’ 


and substituting the values of dI/dx and dV/dx according to equations 7.81, we 
obtain 


a’Vv 
d?I 
a7 Zil. (7.82b) 


Two ordinary second-order differential equations 7.82, which define the 
current/voltage phasors change along the line, are similar (from a mathematical 
point of view). Therefore, it is sufficient to solve one of them, for example 
equation 7.82a for the voltage and realize the current from equation 7.8 1a. 

The solution of the ordinary second-order differential equation 7.82a for the 
voltage is of the form 


V(x) = A,e"™ + Ane”, (7.83a) 


and for the current J, from equation 7.81a with equation 7.83, is 


Y ie sp 
I= 7 (Ae ™— Ase), 
or 
1 — : 
T= Zz (A,e 7 — A,e*). (7.83b) 


“) For the simplification of formula, writing the superscript “~”, for denoting phasors, is omitted 
throughout this chapter. 
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The exponent power coefficient y is found as a root of the characteristic equation 
2 
s° = ZY, 


ty=+VZY=4V(R +4 joL\G + jo), (7.84a) 


which is a complex quantity, called the propagation constant, and 


Z Z R+joL 2 
Z,=—= = — = |Z, |e! (7.84b) 
y Y G+ joaC 


is the characteristic impedance of the line with a magnitude |Z,| and argument 


(angle) 0: 
R? gig 1 GL—RC 
|Z.|=3/ a 5%. 0= tan-1 2 ; ) 
G+a°C 2 RG+a°LC 


(Here, the resistivity (R) and conductivity (G) of a TL are taken into account. 
By neglecting R and G, argument @ turns into zero, and |Z,| turns into the 
previously obtained quantity, given by expression 7.13, ie. Z,= VL/C.) 

In equations 7.83, A, and A, are the arbitrary constants, which have to be 
selected to conform to the boundary conditions, and they are complex quantities: 


A, =|A,|e™, A, =|A,|e¥. 


To solve equations 7.83 constants A, and A, shall be found from the known 
boundary conditions. Let V, and J, be the voltage and current of the sending- 
end (x = 0) of the line. According to (7.83) for x =0 we have V, = A, + A, and 
I,Z, = A, — A>. Therefore, 


1 1 
A,=5(A+ 2-1); Ag= 5 (Va — Zoli): (7.85) 


Substituting equations 7.85 into 7.83, we obtain voltage V and current J in any 
point of the line at the distance of x from its sending-end 


: 1 
Mx) ~ 3% a Z1yje + aM" —Z,I,)e”™ 


1/V, _. Uh . 
IQ) =5 zg th ee? 5 zh er. 


Equations 7.86a are known as the equations of the transmission line in exponen- 
tial form. Combining similar terms in equation 7.86a, 


(7.86a) 


e*+e ?* e*—e ?* 
V(x) = 5 V, 5 Zoly 
100) e*—e ?* I V+ ere 7 
x 2 Zz 5) 1> 


c 


and using the hyperbolic functions, these equations can be written in hyperbolic 
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form 

V(x) = (cosh yx)V, —(Z, sinh yx)I, 
I (7.86b) 
I(x) = ( =~. sinh ix) V, + (cosh yx)I,. 

Now consider the case where the voltage V, and the current I, of the receiving- 
end of the line are known. Let x’ be the distance between the receiving-end of 
the line and the observed point. Since x = 7 — x’ (¢ is the length of the line), 
equations 7.83 will be 


1 
Va Aye “e™ + Azeve™, T=Z (Ae “e™ — A,e%e™), 


c 


Let A, = A,e ” and A,=A,e” be the new boundary constants. Omitting the 
prime-sign in x’, but taking into consideration that the variable x is reckoned 
from the receiving-end, we obtain 


1 
Va Age™+ Age ™, T= > (Ase™— Age). (7.87) 


c 


Substituting x = 0 allows for determining the boundary constants A3 and A, 


1 1 
As=5(VitZoh), Ag=5(V2—Zela): 


Equations 7.87 with the above arbitrary constants give the equations of a 


transmission line when the receiving-end boundary conditions are known 


1 1 
Vix)= 5 (Vt Zele™ + 5(Vz—Zel2e™ 


ne 1 (% a AY, os 
=> Z +I, e’ a: zo e,, 


Combining the similar terms in equations 7.88a, the transmission line equations 
can be obtained in hyperbolic form 


V(x) = (cosh yx)V, + (Z, sinh yx)I, 


(7.88a) 


: (7.88b) 
I(x) = (C sinh ix) V,+(cosh yx)I,. 


For the sending-end of the line, ic. when x = 7, equations 7.88 become 


V, = (cosh y/)V, + (Z, sinh y7)I, 


1. (7.89) 
I= g_ sinh y¢ V,+ (cosh yf)I,. 


Equations 7.89 express the voltage and current phasors of the sending-end of 
the line in terms of the voltage and current phasors of the receiving-end. 
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7.7.1 Loss-less LC line 


By replacing jm with s the above-obtained phasor equations become the 
Laplace-transform equations. Thus, equations 7.89 become 


V(x, 8) = V, cosh yf + Z,1, sinh yf 
y (7.90) 
I(x, s) = - sinh y¢ + I, cosh y/. 


where y is in accordance with equation 7.84 and after replacing jw with s 
becomes 


y= V(R+sL\(G+sC). (7.91a) 
For a loss-less line (R = 0 and G=0) it turns to 
y= sv/ LC = s/V, (7.91b) 


and the phasor equations 7.90 become the Laplace equations: 


V(x, s) = V, cosh st, + Z,J, sinh st, 

V (7.92) 
I(x, s)= a sinh st, + I, cosh st,, 

where t,=(/v is the wave traveling time along the line. In order to find the 

solution of (7.92), the boundary equations for voltage vs. current (or vice versa) 

have to be taken into account. 


7.7.2. Line terminated in capacitance 


Consider the loss-less line, terminated in the capacitance and connected to the 
ideal source d.c. as shown in Fig. 7.25(a). For this line the boundary equations 
are: 


V(0, s) = Vo/s for the sending-end (7.93a) 
I(¢,s)=sCV(¢,s) for the receiving-end. (7.93b) 
cot Oty VTi, =2 A Tt, 1.0 
Whi 2 1} {2 vl 


[TA r= 0.5 


| 
at : 
1 
| : | : 3 
Vo Tt r= 0.25 


Oqtr 
1 2 37 4 > 6 20 7 8 


(a) (b) 


Figure 7.25 The circuit diagram of the TL terminated in capacitance (a) and the graphical solution 
of the characteristic equation (b) for a different ratio T/t,. 
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Substituting these boundary conditions in the first equation 7.92 yields 


Yo Yo 
V(¢, s) = : = 7.94 
“9 s(cosh st, + sT sinh st,) sF(s) ( ) 


where T= C,Z, is a time constant. 
In order to obtain the receiving-end voltage in the time domain, we obtain 
the partial fraction expansions in the — form: 


v(Z, t) (7.95) 
wo SKE ae 
where s, are roots (or the -. hae of the characteristic equation 
cosh st, + sT sinh st, = 0. (7.96) 


Since the loss-less line only consists of inductances and capacitances, the roots 
of equation 7.96 are pure imaginary values (s,= + ja,). Therefore equation 
7.96 changes into a trigonometrical equation 


cot wt, = = Ole (7.97) 
The graphical solution of equation 7.97 is shown in Fig. 7.25(b). The intersection 
points of two plots, versus the variable «,t., which represent two sides of 
equation 7.97, give the characteristic equation roots (the radiant frequency «, 
results in the quotient obtained by the division of the abscissa of the intersection 
points by t,). 
For any conjugate pair + ja, the sum of equation 7.95 consists of the kth 
cosine term 


A, ei + A,e 3° = 2A, cos o,t, (7.98) 
where A, and A, are also a conjugate pair. In order to determine A,, the 
derivative of F(s) has to be found 


Fs) 


T)\ . T 
=tjt, ars SiN Cyl, + Cyl, — COS OO by 5 (7.99) 


s=tjo 


Then in accordance with equation 7.95 and using equation 7.99, we obtain 


Vo 
— Ae T i 
xt, (1 + *) SIN yt, + Oxt, - cos ont | 
Vo 
= : (7.100) 
Ont, 
——— + cos ot, 
sin ,t, 


The first term of equation 7.95 is 


Yo Yo V, (7.101) 
F(0) | coshst,+sTsinhst,},5  ° , 
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14 
Ag/Vo=f@ xt) 
1.2 
Ai 

{ 

1.0 
r T | 

0.4 


Thy 
5 6 
| 
| 
Figure 7.26 The dependence of magnitudes A,—A, by the ratio T/t,. 
Therefore the complete receiving-end voltage response is 
oc 
v(?, t= We (1-524, coset), (7.102) 
1 


Figure 7.26 shows the dependency of the magnitude A, by the ratio T/t,. It can 
be concluded that for large ratios of T/t, (i.e. the capacitance is relatively big 
and/or the line is short) the high harmonic magnitudes are negligibly small and 
the first magnitude A, approaches unity. This means that the line terminating 
in a big capacitance behaves as a lumped LC circuit. Two plots of v(/, t) versus 
t/t, for T/t, =0.5 and T/t,=2, are shown in Fig. 7.27. Note that for the ratio 
T/t, = 2 the voltage response curve is very close to the sinusoidal function. The 
points of non-continuity of the first curve (in Fig. 7.27(a)) represent the arrival 
of the incident waves. 

It should be emphasized that solution of equation 7.92 immediately gives the 
complete voltage compared to other techniques in which the voltage or current 
are determined by means of the sum of the traveling waves. 


7.7.3 A solution as a sum of delayed waves 


As a further example of using Laplace transform techniques, let us again consider 
the TL equations, for the phasor representation, given in exponential form (see 
equations 7.88a). These equations can be rewritten in the following form: 


= V; ae Z.14 


V(x) (e* + p,(s)e**) (7.103a) 
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(pu) a v(t) 
for TA;=0.5 


tt, 


(a) 
for T/r;=2 


(b) 


Figure 7.27 The receiving-end voltage curve versus the scaled time t/t,: for the ratio T/t, =0.5 (a); 
for the ratio T/t, = 2 (b). 


V,+Z,1 
2 eT *(e* — p,(s)e~), (7.103b) 


c 


where p, =(Z,—Z,)/(Z, + Z,) is the receiving-end reflection coefficient for the 
phasor quantities and Z, = V;/I,. Considering the voltage and current phasors 
as Laplace transform quantities (i.e., by replacing jw by s) the above equations 
become the Laplace transform equations. 

To simplify the following analysis we will assume, as before, that the TL is 
loss-less, therefore y = sVLC = s/v and equations 7.103 become 


KZ 

V(x, 8) = ere (e!” + pa (sje) (7.104a) 
io ZT 

I(x, s) = — a (el — p,(s)e~*!”). (7.104b) 


c 


Now consider the boundary conditions 
Yo 
Vig=— 41-9), Lls)= Zal(shlo). (7.105) 


Then equation 7.104a yields 


V,(s) + Z, V(s)/Zo(s) 
2 


V,(s) = (e*" + p,(se*”), 
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which allows the voltage transfer function to be determined: 


V;(s) 2 1 


H,(s)= = . 
OT) 14 Zk OF pie 


(7.106) 


For the given boundary conditions, equation 7.105, and after substituting J, = 
V,/Z, and V; = V,(s)H,(s) (from equation 7.106) into equation 7.104a, this 
equation can be expressed as 

Vo es — )/v ate pr(sye 8 + ¢)/v 


5 1 + pyre sel” 


V(x, s)= (7.107) 


Assuming again that x is reckoned from the sending-end, i.e., x’ =7— x, but 
omitting the prime-sign in x’, after interchanging, we obtain 


Vo e7 Sxlv 4 pr(s)e 8?4— x)/v 


V(x, s) = ; 7.108 
(x, s) 5 1 =e pre 2%!” ( a) 
and similarly for the current 
V, e sxlv =n 5 e 8(2¢— x)/v 
ee ees pals) (7.108b) 


sZ. 1+ pe 24!" ° 


where x is reckoned from the sending-end. To simplify the solution and better 
understand these techniques, consider an open-circuited receiving-end Z,— 0, 
1.€., 02(s)= 1. Therefore, equation 7.108a yields 


Vo e sxl¥ =e e 82¢ — x)/v 
V(x, s) = = 
( s 1+e77" 


(7.109) 


In order to find the inverse Laplace transform we note that the expression 


1/(1 + e 75”) can be treated as the sum of the infinitely decreasing geometric 
—2s¢/v 


progression of the ratio q= —e , Le., 
1 — 2s¢/v —4st/v —6s¢/v 
jae ete oe re 


Then equation 7.109 becomes 


V(s, x) = Yo (e7 +e 82¢—xIv_ 9 sQé+ xiv _ p-s4¢— Iv 4p s(4é + x)/v “), 
Ss 
(7.110) 


In accordance with the time-shift theorem, the time domain voltage is simply 
the infinite sum of the delayed step-functions of Y% 


| ( *) ( ~—*) ( +) 
v(t, x)=Vo| ul t——]+ult u\t 
y vy y 
4/—x 
-u(e- : Jen (7.111a) 
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and similarly the time domain current is 


; Vo | ( *) ( 2¢ — *) ( w+ *) 
i(t, x) = u|t u(t u| t 
Ze v v v 
4¢—x 
tu(e Jen | (7.111b) 


In equation 7.111 the terms +u[t—(k2¢—x)/v], (k=0, 1, 2,...) represent the 
unit step-functions delayed by the time (k2/ + x)/v in which the kth forward- 
traveling wave arrives the point x and the terms —u[t — (k2/ — x)/v] represent 
the unit step-functions delayed by the time (k2/ — x)/v in which the kth back- 
ward-traveling wave arrives at point x. Figure 7.28 shows the voltage and 
current changing in time at a half line distance. 

As a next example, consider the line terminated in the capacitance. The 
Laplace transform reflection coefficient in this case is 


1/sC —Z, s-o 
~ A/sC+Z, 0 sta 


P2(s) (7.112) 


where « = 1/T = 1/CZ,. In accordance with equation 7.112 equation 7.108 yields 


Vols -sxjvy_ 5% ose - 0) 
x)= sx/v Ss IY) (TAL 
V(s, x) era qe ° he ( 3) 


Again we will treat the expression 


1 
1 —[(s—a)(s + a)]/e 7” 


as the sum of the infinitely decreasing geometric progression having the ratio 
[(s — &/(s + a) Je 7%" (note that for Re[s] > 0 the magnitude |(s — «)/(s + «)| < 1) 


v/Vy 

papers tT=t=Hlv 
| om 
1 1 i it t 
v2 1 2t 3t 4t 6T 8t 
x=12 
(a) 

i 

L 


Vo 


V2 0 3/2 2t 4t 


(b) 


Figure 7.28 Voltage (a) and current (b) plots versus time at the line point x =//2. 
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and the first member of unity. Therefore, 


a) ee, 
1—[(s—w&/(s+a)Je 2%” sta sta 


and 

s—o s—a s—a\? 
oe e sxlv _ e824 — x)/v up e824 + x)/v e s(4é— x)/v 
S Sta S+a Sta 


2 3 
a (=) e S4é + x)/v __ (=*) carn, (7.114) 


The Laplace transform of the receiving-end voltage, i.e., voltage across the 
capacitance, becomes 


Note that the inverse Laplace transforms of the terms are 


ls-—a 


o—1+4+2e% 
SS+oH 


1/s—«a\? 7 
= << 1—4ate* 
S\s+ta 


1/s—a\3 7 
= > —142(1 — 2at + 207t?)e™, 
on 


and therefore with the time-shift theorem we obtain 


v(t, 7) = Vo(u(t — t,) —(—1 + 2e7-*" u(t — t,) + (—1 + 2e7 "u(t — 3t,) 
—[1—4a(t — 3t,)e~*" 3 Ju(t — 3t,) 


+ {-142[1 —2a(t — 5¢,) + 202(t — t,)? Je" 5 }u(t — 5t,) —--), 
(7.116) 


where t = //v is the wave traveling time along the line. The capacitance voltage 
plots versus t in accordance with equation 7.116, for the ratios T/t, =0.5 and 
T/t, = 0.2 are shown in Fig. 7.29. (Note the similarity of the curves in Fig. 7.29 
and Fig. 7.27.) However, since only a few first terms in equation 7.116 have 
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(pu) g v(t) 


for T/tr= 0.5 


9, tt: 


(a) 


for T/t;= 0.2 


Figure 7.29 Voltage across the capacitance as versus t for the ratios T/t, = 0.5 (a) and T/t, = 0.2 (b). 


been taken into consideration, the curves in Fig. 7.29 give just a rough approxi- 
mation of the voltages after only a couple of reflections. 


7.8 LINE WITH ONLY LG OR CR PARAMETERS 


In some practical applications of electrical engineering techniques we consider 
networks in which the only significant parameters are L and G or C and R. An 
example of the former is ground rods used for grounding line towers and other 
power station (and substation) equipment. Under conditions of lightning impulse 
stress, the rods have to be treated as a network with distributed parameters as 
shown in Fig. 7.30(a). An example of the latter is an underground cable whose 
insulation is very good (G = 0) and inductance is negligible (L = 0) as shown in 
Fig. 7.30(b). The propagation constant and characteristic impedance in these 
cases are 


y(s) = /LGs or y(s)= JCRs (7.117a) 


tnt or es (7.117b) 


The differential equations 7.1 in such cases are simplified: 


for the ground rod to 


a, - = Gu (7.118) 
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Figure 7.30 The equivalent circuits of: ground rod (a); underground cable (b). 


and for the underground cable to 


=r 6 Ri. (7.119) 


Let us consider the case of an underground cable in more detail. 


7.8.1 Underground cable 


A transmission line, which behaves in accordance with differential equations 
7.119, is an underground cable in which L and G can be neglected. Therefore 
its propagation constant and characteristic impedance in Laplace transform 
equations (see 7.84) are 


oe (7.120a) 


Va ce (7.120b) 
Cc C whe . 


where a= 1/VCR. 
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Applying the step voltage function Vgu(t) at the sending-end of an infinite 
cable, and knowing that V, = Z,1,, equation 7.186a yields 


Va. eae 
Vix, s))=—2e a, (71045) 
s 
Now the inverse Laplace transform gives 
(x, t) (1 fo — ) (7.122) 
v(x, t) = erfc = : 
: 2av/t 


where erfc(u) = (“e “dr is the error function. The Laplace transform of the 
current is 


ieee ay oe (7.123) 
Xx, S Z, ~ VR a : 
which gives the current in the time domain 
(7.124) 


i(x, t) ae 4a | 
R Jat 


Example 7.6 


An underground cable (“very long”) has distributed parameters R = 1 Q/km and 
C =0.1 pF/km. Assuming that at time t= 0 a step voltage source v, = 500u(t) V 
connects to the cable, find the voltage and current distribution along the cable 
line at tf; = 10 us and at ¢t, = 50 us. 


Solution 


The parameters of the cable are a= 1/./CR = 3.16-10° and /C/R =3.16:10 +. 
In accordance with equation 7.122 the voltage distribution along the line for 
t, = 10 ps is 


xX 
= 500| 1—erfec— } V. 
v(x) ( erfc 5 ) 
In accordance with equation 7.124 the current distribution along the line is 


1 ; . 
i(x) = 500-3.16- 10-4 ————. @~ 7/400) — 98.91 = 7/400) 
10-1073 


Similarly we may calculate the voltage and current curves versus x for the 
second moment of time tf, The resulting curves for both moments of time are 
shown in Fig. 7.31(a) and (b). 
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(a) 


20 


20 40 60 80 
(b) 


Figure 7.31 The voltage (a) and current (b) distribution along the underground cable for two 
different moments of time. 


(km) 


In conclusion consider an underground cable of length 7 having a short- 
circuited receiving-end and connecting to a voltage source of step function v, = 
Vou(t). In accordance with equations 7.88b and 7.99 and assuming Z,=0 the 
voltage Laplace transform at any point on the line is expressed in terms of V;, 
(but x is reckoned from the receiving-end): 


sinh yx 
sinh yf" 


With the Laplace transform of the sending-end voltage source V,(s)= V/s 


V(x, s) = V,(s) (7.125) 
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equation 7.125 becomes 


1 sinh(xvs/a) F,(s) 


V,(x, s) = = ‘ (7.126) 
. *'s sinh(/V/s/a)  F2(s) 
Using the partial fraction expansion formula, we obtain 
F,(0) & sinh ne 
v(x, th= K | : ; (7.127) 
° F,(0) 1 SF 2(5) 
where s, are the roots of the characteristic equation sinh(/ Ja)v/s =0. 
Therefore, 
‘A — 
el == V5 = ke (7.128) 
or 
k?ra* 
y= ry (7.129) 
Evaluating the terms of equation 7.127 yields 
x xX op 
sinh~ Js | ——-cosh- vs 
F,(0) a 2av/'s a x 
= lim > = (7.130) 
F,(0) s-0O , ¢ v t ¢ 
sinh — ‘Js = cosh — \/s 
a 2ar/s a nor 
Xx _ knx 
F,(s,) = sinh piesa 7 
j (7.131) 
d Cop t t £* cos kn 
F; = — sinh - = —— cosh — eyes 
3(S,) as sin , Vs = ae cos 7 Vs bee Dain 


Substituting equations 7.131, 7.130 and 7.129 into equation 7.127 yields 


2 2 (-1)$ k 2 
v(x, t) = Vo E oe 3 \ ~ sin are al (7.132) 
k=1 


Note that equation 7.132 gives the voltage at the receiving-end x = 0 equal to 
0 at any time and the voltage at the sending-end (x = 7) equal to Vo. The time 
constants of the exponentials in equation 7.132 are proportional to the ratio 
(*/a? =lC¢LR=C,R,, ie., they are equal to the product of the complete capaci- 
tance and complete resistance of the cable. 

Now, in accordance with the second equation of 7.119, we can obtain the 
current 

kx 


1 Ov Yo oo 5 
i(x, t 1+2 —1)}¥ cos ——e "| (71 
i(x, t) R dx al + 2 | )* cos z* | (7.133) 
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The voltage and current distributions along the cable are shown in Figs. 7.32(a) 
and (b). Other problems of the transient behavior of cables having different 
terminations and different sending-end conditions can be solved in a similar way. 


(b) 


Figure 7.32 The voltage (a) and current (b) distribution along the short-circuited underground cable. 
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STATIC AND DYNAMIC STABILITY OF POWER 
SYSTEMS 


8.1 INTRODUCTION 


Today’s power systems are interconnected networks of transmission lines linking 
generators and loads into large integrated systems, some of which span entire 
countries and even continents. The main requirement for the reliable operation 
of such systems is to keep the synchronous generators running in parallel and 
with an adequate capacity to meet the load demand. When synchronous 
machines are electrically tied in parallel they must operate at the same frequency, 
i.e. they must all operate at the same speed (measured in electrical radians 
per second), which is called being in synchronism. If at any time a generator 
increases the speed and the rotor advances beyond a certain critical angle, 
counted between the rotor axis (usually the d-axis) and the system voltage 
phasor (the power angle 6), the magnetic coupling between the rotor and the 
stator fails. In such a situation the rotor rotates relatively to the field of the 
stator currents rather than being tied to this field, and pole slipping occurs, i.e., 
the generator loses its synchronism (falls out of step) with the rest of the system. 
Each time the generator speed changes, stability problems arise. The disturbance 
of the stability of the synchronous generators operating in parallel is one of the 
most arduous faults of power systems and may result in outage of entire regions. 


8.2 DEFINITION OF STABILITY 


Synchronous machines do not easily fall out of step under normal conditions. 
If a machine tends to speed up or slow down, synchronizing forces (see further 
on) tend to keep it in step. However, certain conditions may arise, in which the 
synchronizing forces for one or more generators may not be adequate and small 
impacts on the system may cause these generators to lose synchronism. On the 
other hand, if following an imbalance between the supply and demand created 
by a change in the load, in the generation or in the network conditions, all 
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interconnected synchronous machines remain in synchronism adjusting them- 
selves to a new state of operation, then the system is stable and the generators 
continue to operate at the same speed. 

The perturbation could be of a major disturbance such as the loss of a 
generator, a fault or the loss of a line, or it could be of small, random load 
changes occurring under normal operation. The transients following system 
perturbations are oscillatory in nature, but if these oscillations are damped 
toward a new quiescent operating condition, we say that the system is stable. 
Thus, we may state that: If the oscillatory response of a power system during the 
transient period is damped and the system settles in a finite time to a new steady- 
state condition, the system is stable. Otherwise, the system is considered unstable. 

The stability problems may be divided into two kinds: steady-state, or static 
stability and transient, or dynamic stability. The former is concerned with the 
effect of gradual infinitesimal power changes and is defined as the ability of a 
synchronous generator to reestablish its given state of operation after such 
changes. The latter, transient stability, deals with the effect of large, sudden 
disturbances such as line faults, the sudden switching of lines, the sudden 
application or removal of large loads, etc. The ability of the power system to 
retain synchronism when subject to such disturbances is considered as dynamic 
stability. Thus, the main criterion for stability in both regimes is that synchron- 
ous machines maintain synchronism at the end of the period of small as well 
as large disturbances. 


8.3 STEADY-STATE STABILITY 


Power systems form groups of synchronous generators (power station) intercon- 
nected by transmission lines. Experience in operating and theoretical study 
reveal that such transmission lines with synchronous machinery at both ends 
show that there are definite limits beyond which the operation becomes unstable, 
resulting in the loss of synchronism between the sending- and receiving-ends. 
This problem is termed the stability of the tie line, even though in reality it 
reflects the stability of two groups of machines. In order to understand this 
problem we shall introduce a transmission line power-transfer characteristic. 


8.3.1 Power-transfer characteristic 


Consider a group of synchronous generators, which is connected through a 
transmission line to a large system as shown in Fig. 8.1. 

Here, the group of generators (power station) is represented by a single 
equivalent synchronous generator, operating with the phase EMF (along the 
quadrature axis) E,,, and the system is represented by the infinite bus, whose 
voltage is kept constant regardless of any changes in the system behavior and 
is taken as the reference. The total reactance of the equivalent circuit is 


X=X,+X14+X,; + X7. 
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Figure 8.1 A group of generators connected to the system through a transmission line: one-line 
diagram (a), equivalent circuit (b) and the phasor diagram (c). 
In accordance with the phasor diagram in Fig. 8.1(c) we have 

be = E, sin 6 = ab cos g = XI cos g, 


where 6 is the angle between the induced voltage of the generator E and the 
reference voltage V. 
Thus, 


I ass tas 
a X o 
and the generator power transmitted by a transmission line is 


Vere pn. VE . 
P.= 3V,41,=3 — sin 6 = > sin 6, (8.1) 


where E and V are the line voltages. 

The physical significance of angle 6 is understandable from the phasor dia- 
gram, in Fig. 8.1(c), where the rotor position, in relation to the phasors, is also 
shown by a thin line. Subsequently, we realize that this angle is not only the 
electrical angle between E and V, but it is also the mechanical angle between the 
rotor q-axis and the reference axes. At no-load operation the rotor q-axis and 
the reference axis coincide. With increasing shaft or input power, the rotor 
advances (in the direction of the rotation) by angle 6, which is therefore called 
the power angle. The relationship of the power, developed by the generator, 
versus 6 is given in equation 8.1 and plotted in Fig. 8.2. This plot, assuming E 
and V are constant, is a pure sinusoid, having the amplitude of Pa. = EV/X, 
and is called the power-transfer curve, or power-angle curve. It should be noted 
that for motor action the rotor is retarded relative to the reference axis and 6 
becomes negative. 

For the given constant values of the generator EMF E and the receiving-end 
voltage V, the load of the transmission line can be gradually increased until a 
condition is reached corresponding to point A in Fig. 8.2. At this point the 
power transmitted is maximum and corresponds to angle 6 = 90° (since the 
resistances are neglected) and represents the static limit of stability (i.c. for a 
gradually applied load) and any attempt to impose any additional load on the 
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Figure 8.2 The power-angle curve. 


line will result in the loss of the synchronism between the generator and the 
system. However, since today’s generators are equipped with an AVR system, 
the terminal voltage of such generators is kept constant during the period of 
load changes. Hence, when increasing the load, the generator EMF will also 
increase and the operating power-angle curve will change, resulting in a higher 
limit of stability. This limit of stability may exceed the initial one by 30-40%. 

Until now, system resistances have been neglected. However, sometimes trans- 
mission line resistances are relatively significant and should be considered. In 
this case, with the total impedance Z = R + jX, the line current is 


~ E-V 
I=-—_, 
Jaz 

and the transmitted power will be 

— ~E-V 

Sax/3hi = <3 ———. 
V3Z 

Substituting the polar forms of the quantities E = EZ 6, E=EL —6,Z= ZL@ 
in the above expressions after simplification, yields 


FE? 2 EV 7 
S= =| es g —j sin g) — = [cos(6 + g) — j sin(6 + g)]. 


The real part of this expression gives the active power 


FE? EV 
P=—cos 9g — —cos(0 + @). (8.2a) 
Zz Zz 


For an easier comparison of this expression to the previous one (equation 8.1) 
we assign an additional angle d = 90° — to obtain 
EV. BE. 
P= sin(d — a) + — sin a. (8.2b) 


Z Z 
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This power-angle curve is shown in Fig. 8.3. The maximum power transferred, 
or static limit if stability, in this case is 


EVE. 
Prax = — +— sin a, 
Z Zz 

which is higher than in the case where the resistances are neglected. The critical 
angle here is also larger than in the previous case, i.e., 6, = (90° + a) > 90°. 

The power-angle characteristic of the turbine, which governs the generator, 
is a straight line, as shown in Fig. 8.4, since the power developed by the turbine 
does not depend on angle 6, which is a pure electrical parameter. At a steady- 
state operation the mechanical power P,, is equal to the electrical one and, as 
can be seen from Fig. 8.4, for the given mechanical power P,,, there are two 
points of equilibrium, a and 5, on the intersection of the turbine and generator 
characteristics. This means that two steady-state regimes are possible at each 


P 2 
ne | Pax = EY 4 E sina 
oe Z Z 


is ie asl ee a el cas tem team a 


90° 90°+ a 


Figure 8.3 Power-angle curve for a system in which the resistances are considered. 


Figure 8.4 Steady-state stability of a synchronous generator. 
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of these points. However, the stable operation of the generator is possible only 
at point a. Indeed, assuming that angle 6 is randomly increased by Ad, then the 
generator has to transmit power P, = P,, + AP while the turbine power remains 
the same, P,,. The difference between P,, and P, is an accelerated power P,. 
Therefore, the acceleration power in this case becomes negative: P,,—P,= 
—AP <0. This causes the generator to decelerate and return back to point a. 
With an analogous assumption for point b we realize that increasing 6 by Ad, 
the generator power will be decreased and the acceleration power will, therefore, 
be positive. This causes the rotor of the generator to accelerate and 6 will 
increase even more, actually up to 180°. The generator EMF E is at this position 
in the opposite phase with the system voltage, and this situation is equivalent 
to the short-circuit fault. The generator power drops to zero and it falls out 
of step. 

It is self-evident that assuming a random decrease of 6 at point a, we will 
arrive at the same conclusion, ie., the generator returns back to point a. 
However, at point b, the generator, as previously, does not return to point b, 
but its rotor decelerates until it reaches point a. Hence, the stable operation of 
a generator in parallel with the system is possible only at point a, or in the 
increasing part of the power-angle curve, ie., when 0<6<90°. At angle 6= 
90° (EP/06)oo° = 0, i.e., the system is at the limit, and the operation at this point 
cannot be stable. The stability of the operation is often estimated by the 
assurance factor 


= (8.3) 


The steady-state stability limit is the maximum power that can be transmitted 
in a network between sources and loads when the system is subject to small 
disturbances. The stability is assured if the generator operates within the “safe 
area” of the power characteristic, which is in about a 20% margin lower than 
the steady-state stability limit. It should be noted that, as already has been 
mentioned, this limit may be extended by the use of an automatic voltage 
regulator (AVR). Besides the AVR, by analyzing the system stability, the effects 
of machine inertia and governor action should be taken into consideration. 
These functions greatly increase the complexity of the analysis (this is beyond 
the scope of this text). For more details the reader is referred to the book by 
Anderson and Fouad™?. 

Usually the normal operating load angle for modern machines is in the order 
of 60 electrical degrees, and for the limiting value of 90°, this leaves 30° for the 
“safe area”, to cover the large disturbances in the transmission line (see fur- 
ther on). 

In a system with several generators/power stations and loads the common 
procedure is to reduce the network to the simplest form in which only the 


“P.M. Anderson and A. A. Fouad (1980) Power System Control and Stability, Iowa State 
University Press. 
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relevant generators are connected to each other and which then allows the 
transfer reactances to be calculated. The values of the load, the power angles 
and the voltage are then calculated for the given conditions, and the steady- 
state stability limit and the assurance factor are determined for each machine. 
If those stability criteria are satisfactory, the loading is increased and the process 
repeated. If the voltages change appreciably, the P— V, Q — V characteristics 
of the load should be used with the redistribution of the power. 


Example 8.1 


A synchronous generator having a local load, represented by constant imped- 
ance, is connected to an infinite bus through a transformer and a double circuit 
transmission line. The direct axis generator synchronous reactance is 1.2 pu, 
the load impedance is Z),,g=2/.36° pu and the rest of the parameters are 
shown in Fig. 8.5. Check the steady-state stability of the given system, if the 
power transmitted to the systems is 0.5 pu and the generator terminal voltage 
is kept as 1.1 pu. 


Solution 


First we find the angle of the generator terminal voltage V, = V,. The power- 
angle equation is 
P= yee sind,, or 0.5= ie SIN 053, 
X53 0.6 
where X,; = 0.1 + 1.0/2 =0.6. Then 
sin 053 =0.273 and 0,3 =15.8°. 
The current is found as 


¢ G2) tie ei 


ie = = 0.5 — j0.1 pu. 
3X, 0.6 .90° eal 
G T é Sys 
1 2 
Fig | pea 
(a) 1.2 0.6 1.020 
2236.8° 
1 G y) T ra 1.0 3 
TOOL | Ll 6 i. 
‘O 12 0.1 ae () 
mle 0 
(b) 


Figure 8.5 Network of Example 8.1: one-line diagram (a), equivalent circuit (b) and its simplifica- 
tion (c). 
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The load current is found as 


» _ 112 15.8° 


= = 0.552. —21° = 0.513 — j0.197 
20 = D7 36.8° ae i= eT ee: 


and the generator current is 


Tg = Ip) + 1,3 = 0.513 — j0.197 + 0.5 — j0.1 = 1.05 2 — 16.13° pu. 
Then, the internal generator voltage (EMF) is 
E=1.12 15.89 +(1.052 — 16.3°)(1.2290°) = 1.41 +f1.51 = 2.072. 47.12° pu. 


Hence, the angle between E and V is 47.12°. Since this angle is less than 90° 
with a safe area of about 40°, the system is stable. The active power produced 
by the generator is 


P= EI cos g = 2.07-1.05 cos[47.12° — (— 16.3°)]= 1.0 pu. 


8.3.2 Swing equation and criterion of stability 


Assume that upon some change in the system operation the balance between 
the driving or mechanical input of the turbine P,, and the electrical power of 
the generator P, is disturbed, so that P,<P,,. Then, the additional kinetic 
energy will be stored by the rotated rotor, namely 


On — Ono ' ' 
J ae a (P,, —P,)dt = P dt, (8.4) 
0 0 


where J is the moment of inertia (in kg/m?) of all the rotating masses attached 
to the shaft, w,, = d6,,/dt is an angular velocity of the shaft/rotor (in mechanical 
rad/sec) and P, is an acceleration power. (In our future study we shall distinguish 
between the electrical angle 6,, or just 6 and the mechanical angle 6, ie., 
6=0,.=(p/2)0,,, where p is the number of poles, or 6,= pd,,, where p is the 
pole pairs, as it is adopted in some technical books.) 

By differentiation, equation 8.4, we have 


jactie =e (8.5a) 

On = Pa Ja 

The change in the angular velocity about its initial or rated value is ,,= 
Omo + (do,,/dt), then (do,,/dt) = (d*6,,/dt?) and 

io, 

Jim a Pa (8.5b) 

This equation, which governs the motion of the rotor of a synchronous machine, 

represents the power-angle 6 change versus time, expressing the accelerating 

power applied to the shaft, and is called a swing equation. Usually it is written 
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in a slightly different form, namely 


oi =P P.=P 
dt2 —~4m~*4e—~* a 


m 


M 


(8.6a) 


where 
M=JoO, (8.6b) 


is an angular momentum, or moment of inertia (in joule’s/rad). 
For a generator connected to an infinite bus, with operation at Py and 0o, 
and small changes in 6 and in P (so that linearity may be assumed), we can 


write 
M ny AP a Ao r M sad S Ad = 0 8.7 
dt ek Ee eee Me) 


The expression 


is defined as the synchronizing power coefficient or just synchronizing power 
and is designated P,, i.e., P, = (@P/06)9. The characteristic equation of differential 
equation 8.7 is then 


Ms? + P,=0, (8.8) 

which has two roots 
+ *s 8.9 
9419 Sate _ MM’ (8.9) 


If (CP/06)p is positive, then both roots are imaginary numbers. In this case the 
solution of equation 8.7 is oscillatory undamped (since the resistances are 
neglected). Practically the oscillations decay and the stability is held (point a 
in Fig. 8.4). However, if (6P/06) is negative, both roots are real and one of 
them is positive, causing an unlimited increase in 0. In this case the stability is 
lost (point b in Fig. 8.4). If damping is present (i.e. the resistances are taken 
into consideration), equation 8.7 becomes 


d?A6 dAoé oP 
M + Ky + a5 Ad = 0, (8.10) 
0 


dt? dt 
which results in a characteristic equation 
Ms? + Kas + P,=0. (8.11) 


Again, if (0P/00)p is positive, the solution is a damped sinusoid and the operation 
is stable; in the opposite case, if (6P/06)o is negative, the stability is lost, i.e., the 
sign of the sinchronizing power provides the criterion of stability. The derivative 
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decay envelope 


3o 


t 


0 disturbance time _—————————> 


Figure 8.6 Two kinds of responses to a disturbance in the synchronous generator: 1) unstable, 
2) stable. 


OP/66 is positive on the increasing branch of the power-angle curve and negative 
on the decreasing one, which confirms our previous conclusion that the opera- 
tion at point a is stable, but at point b it is not. The two kinds of rotor motions, 
according to two kinds of solutions, are shown in Fig. 8.6. 

For practical purposes (as is convenient in analyzing power systems) we shall 
normalize the swing equation. After dividing it by the rated power of the 
synchronous machine S,, we have 


scien (8.12) 


where P,,, is a normalized accelerating power in p.u. We shall next introduce 
the inertia constant H, which is one of the very important parameters of 
synchronous machines. It is defined as a quotient of the kinetic energy W,, 
stored in the rotating rotor at rated angular velocity, and the rated power S,: 

W, 1Jo02, 1M @ 


= = me 8.1 
S. 2S 28 ao, — 


H= 


By using equation 8.13, equation 8.12 becomes 


2H Wm d75m 


@ 


= P...; 
Om, at? ve 


mr mr 


(8.14) 


Since the change in angular velocity during the transient is relatively small, 
(do, /dt) K ©». We May conclude that w,, =«,,,‘*) and equation 8.14 simplifies 


mr 


“)The angular frequency/velocity cannot change by a significant value before stability is lost. Thus 
for 60 Hz, w, = 377 rad/s, and a 1% change in ,,, i.e., 3.77 rad/s, will change the angle 6 by 3.77 rad. 
Certainly, this would lead to a loss of synchronism. 
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to the swing equation in the form: 
2H d*6 
oe (8.15) 
Note that in equation 8.15 both angle 6 and the angular velocity w, can be 
measured in electrical rad/s as well as in mechanical rad/s. We will treat this 
equation as written for electrical angle 6 and electrical angular frequency. 
The inertia constant H is somewhat similar to a per-unit quantity even though 
it is not a pure number. Since the quantities in the ratio, which express H 
(equation 8.13) do not have the same units, namely the kinetic energy is 
measured in MJ and the rated power in MVA, the unit of H is seconds. The 
value of H is usually in the range of 1—5s (the smaller numbers are for small 
generators). The quantities of H given for a single generator may be modified 
for use in studies of a system with many generators by converting from the 
rating power S, to the system base power (as in our previous study): 


S, 
Hoye =H (8.16) 
The physical meaning of the inertia constant is that its value in seconds gives 
the time needed to accelerate the synchronous machine from zero speed to its 
rated value when the rated input power is applied. 

As an example of using the swing equation, let us calculate the natural 
oscillations of a synchronous machine being subject to a small disturbance 
about the equilibrium point, like point a in Fig. 8.3. Assume that a small change 
in speed is given to the machine, 1.e., © = @) + A@pu(t), where Aw, is the small 
change in speed and u(t) is a unit step function. As a result of the change in 
speed, there will be a change in angle 6, Le., 6 = 69 + 6, and, in accordance with 
the power-angle curve, the electric power will be P,=P.o+ P.,, while the 
mechanical power P,,, remains constant and equal to P, 5. Then, the accelerating 


power P, = P,, — P.o— Pe, = — Pa and the swing equation for the small changes 
becomes 
2H db, 
a ae — Poar= —P,o,, (8.17a) 
or 
cea P,6,=0 (8.17b) 
o, dt? il ae , 


where P, is the synchronizing power, and as has been shown is 


oP 
P,= a5 , = P,,, COS do. 


The swing equation here is a second-order differential equation (when the 
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damping is neglected) and the characteristic equation of which is 


2H 
— 324 P,=0. (8.18) 
(63) 


r 


The two roots of this equation are 


Si2= tv — P,o,/2H = + jo,, (8.19) 


where w, =~ P,@,/2H is the natural frequency of the synchronous machine 
oscillations. Since the roots are imaginary numbers, the solution is pure sinusoid, 
i.e. an undamped oscillation: 

6,(t) =A sin(@,t + @). 


To find the two unknown constants of integration, A and «, we shall determine 
two initial conditions which, obviously, are 


don 
6,(0)=0, —— = ,(0). (8.20) 
dt |, 
Thus, 
Asin(@,+®%|,-9=90 or a=0 
and 
On 
@,A COS ,tl,_9 =@, or A=—. 
QO, 
Finally, we have 
(OTN : 
6,(t) = — sin @,t. (8.21) 


n 


Since the damping conditions are always present, these oscillations will decay 
(as shown in Fig. 8.6, curve 2) and the synchronous machine will return to point 
a of operation. The stability is held. 


Example 8.2 


A synchronous generator of reactance 1.25 pu is connected to an infinite bus 
bar system of V=1 pu through a line and transformers of a total reactance of 
0.5 pu. The generator’s inertia constant is H=5s and EMF is 2.5 pu, and it 
operates at a load angle of 47°. Find the expression of the oscillations set up 
when the generator is subject to a sudden change of + 0.5% of its speed. 


Solution 
The transmitted power of the generator is 
EV 


: 2.5°1 
P= sin 6 = 
xX 1.25 +0.5 


sin 47° = 1.04 pu, 
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and the synchronized power is 


2.5°1 


= —" — _ 603 47° = 0.974 pu. 
: 7505 °° Oeepe 


Therefore, the angular frequency of oscillation is 
©, = V0.974-(1-60)/5 = 6.06 rad/s, 
or 
Sn = 9.06/27 = 0.96 Hz. 
The amplitude of oscillation will be 


428 _ 9005:377 a) a 
Gi align re 


Thus 
Oa(t) = 0.31 sin 6.06¢ rad. 


8.4 TRANSIENT STABILITY 


Transient stability is concerned with the effect of large disturbances, which are 
usually due to faults, the most severe of which is a three-phase short-circuit 
(since by this kind of short-circuit the three-phase voltage may drop down to 
zero) and the most frequent is the single-line-to-earth fault. Some other kinds 
of such disturbances are line switching, sudden load changes, etc. 

These kinds of disturbances are of a critical nature since they entail the 
sudden change of electrical output while the mechanical input from the turbine 
does not have time to change, during the relatively short period of fault, and 
remains practically constant. As a result, the rotor of the machine endeavors to 
gain speed and to store the excess energy. If the fault persists long enough the 
rotor angle will increase continuously and synchronism will be lost. Hence the 
time of operation of the protection devices and circuit breakers is of great 
importance. 

The stability of the system may also be achieved using autoreclosing circuit 
breakers. The circuit breakers open when the fault is detected and automatically 
reclose after a prescribed period (usually less than 1s). Due to the transitory 
nature of most faults (especially in the case of the single-line-to-earth fault) the 
circuit breaker often successfully recloses and the stability is held. However, if 
the fault persists, sometimes an autoreclosing is repeated. The length of the 
autoreclosing operation must be considered when the transient stability limits 
are calculated. 

The transient stability of a power system is a function of the type and location 
of the disturbance to which the system is subjected. For instance, if two sections 
of a system are connected by a pair of lines, one of which is switched out, the 
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power-angle characteristic is changed, having a lower power peak. The balance 
between the mechanical and electrical powers is disturbed, which causes tran- 
sient stability problems. A more severe test of system stability is a short-circuit 
fault on one line followed by its being switched out. 

One of the purposes of the analysis of the system transient stability is to 
determine a stability limit, usually in terms of a critical fault clearance and/or 
autoreclosing time t,,. If, however, t,, is given, being the minimal available time 
(as the fastest relay protection and circuit breakers have been anyway used) the 
system stability test in this case is an estimation of the maximum load which 
the system can carry without losing transient stability. In our next study using 
the following examples we shall illustrate how to check the transient stability 
of a system by solving the swing equation. 

Therewith, some further assumptions and simplifications will be made. The 
cylindrical rotor machine is assumed and, therefore, the direct and quadrature 
axis reactances are assumed equal. Direct-axis transient reactance Xj and tran- 
sient EMF E; will be used for the machine representation. The input power for 
the first seconds following a disturbance remains constant. (This assumption is 
often made, as previously mentioned, considering that the mechanical system 
of governors, steam or hydraulic valves, and the like, is relatively sluggish with 
respect to the fast-changing electrical quantities. However, with improvements 
in mechanical equipment, such as fast valving, electronic regulators etc., the 
assumption of a constant input will not be valid and its appropriate change 
should be taken into consideration.) 


Example 8.3 


Assume that, at the sending-end of one of the transmission lines in the system 
shown in Fig. 8.7, a three-phase fault occurs. Develop and solve the swing 
equation of the system, if the fault reactance is 0.07 pu. The inertia constant of 
the generator is H=0.5s and the frequency f= 60 Hz. Initially the generator 
delivers a 0.8 pu power with a transient EMF of 1.22 pu. 


Solution 


The power-angle characteristic prior to the fault is 
_ 122-1 
= 10.6 
where E), = 1.22 and X,,,= 0.6 (see Fig. 8.7(b)). 
Performing Y—A transformation in the given circuit we obtain 
Y, Y; (1/0.3)(1/0.3) 
 Y+Y,+Y,  1/0.34+1/0.3+ 1/0.07 


sin 6 = 2.03 sin 6, 


Y2 = 0.528. 


The electrical power output of the sending-end at the fault is 


P, = 1.22-1-0.528 sin 6 = 0.644 sin 6. 
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1 Xd 02 Xp=01 


Figure 8.7 An equivalent circuit of the faulted network for Example 8.3 (a) and its simplifications 
(b) and(c). 


Therefore, with equation 8.15 the swing equation is 


a5 _ Oo, P.—P.) 
dt2 = aH | m *e)> 
or 
a’?6 377 : ‘ 
G2 7 19 (0-8 ~ 9.644 sin 4) = 37.7(0.8 — 0.644 sin 5). 


The solution of this nonlinear equation is obtained by the MATCAD program, 
which for the initial conditions of dy) = sin™ 1(0.8/2.03) = 23.2° (0.405 rad) and 
(0) = @ — w, = 0 1s shown in Fig. 8.8. As can be seen, the power angle increases 
indefinitely and the system is unstable. 


5) 
3 
a a 
Te sali | 
0.405 — 
hs 
0 02 0,25 0.5 


(a) 


Figure 8.8 Angle-time curve for the faulted network of Example 8.3: at the first moment of the fault 
(a) and after clearing the fault (b). 
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Assume now that the fault is cleared in 0.2 s by opening the faulted line. 
The equivalent circuit is now shown in Fig. 8.7(c), in which the total reactance 
is 
X12 = 0.3 + 0.6 = 0.9 pu, 


and the transient power will be 


P a 6 = 1.36 sin 6 
e= Qo sind = 1.36 sin 6. 


Thus, the swing equation is 


a6 : 
—,> = 37.7(0.8 — 1.36 sin 6). 
dt 

The initial values of 6 and @ are calculated with the previous solution for time 
0.2 s, which gives 69.. = 0.788 rad and a, = 3.56, and the time solution is now 
shown in Fig. 8.9. (Note that for the new solution 69.. = 09 and Wo. =.) As 
can be seen the time change of the power angle is oscillatory and the first peak 
of about 64x = 1.26 rad is reached at t = 0.238 s after which 6 is decreased until 


Pa 


(b) 


(c) 


Figure 8.9 Equal-area criteria for a stable system (a), critical case (b) and for an unstable system (c). 
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it reaches a minimum value of about 6,;, = 0.085 rad at t=0.756s and the 
oscillations of the rotor angle continue until they decay due to the damping 
effect. For the system under study and for the given fault the synchronism is 
not lost and the machine is stable. 


8.4.1 Equal-area criterion 
Consider once again the swing equation derived previously in the form 


5 a, 


d’? 2H” 
Multiplying both sides by 2(d6/dt), we have 


5 Hd\ a5 _o, , (548 
dt) dt? 2H “*\" dt)’ 


dd\ O, 
a ey hp ee 
dt H 


Integrating both sides gives 


dd\* ("pas (8.23 
iy Boy = 


This equation determines the quadrature of the relative speed of the machine 
(with respect to a reference frame moving at a constant speed, for instance, like 
the infinite bus) as proportional to the integral of P, versus 6. For a rotor that 
is accelerating, the condition of stability is that this speed becomes zero, or 
negative, causing the motor to slow down. In other words, the increasing of 
angle 6 is restricted and after reaching some maximal value, dn,x, the angle 
decreases. Thus, we may conclude that 6,,,,, exists and it is given by the condition 


(8.22) 


or 


é 
| P,dé <0. (8.24) 
50 


In the opposite case dé/dt does not become zero, the rotor will continue to 
move and synchronism is lost (the angle increases unlimitedly). 

The integral of P,,do in equation 8.24 represents an area on the P — 6 diagram. 
Hence, the criterion for stability is that the area between the P — 6 curve and 
the line of the power input P,,, (or Py) must be zero. The difference between the 
P—6 curve and the input power, ie., the accelerating power, might be also 
represented as a curve, P,(6), as shown in Fig. 8.9. Then the area under this 
curve must be zero, which again means that the positive and negative areas are 
equal. This is known as the equal-area criterion. Physically, this criterion means 
that the rotor must be able to return to the system all the energy gained from 
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the turbine during the acceleration period. This is shown in Fig. 8.9. In figure 
(a) the positive area A, is equal to the negative area A, at the angle 6,,,,, at 
which the accelerating power is negative and the rotor slows down. Therefore, 
the system is stable and 6,4, 1s the maximum rotor angle reached during the 
swing. In figure (b) the positive and negative areas are equal at the point where 
P,, reverses its sign, which means that it is a critical case: the oscillations will 
continue. However, due to the damping effect they will decay. The system is 
stable and angle 6,,, is again the maximum rotor angle reached during the 
first swing. 

If the accelerating power reverses it sign before the two areas A, and A, are 
equal, as in figure (c), angle 6 continues to increase and synchronism is lost. 
The equal-area criterion is usually applied to the power-angle curve, where the 
electrical and mechanical powers are plotted as a function of 6. Note that the 
accelerating power curve could have discontinuities due to the switching of the 
network, faults occurring and the like. 

A simple example of the equal-area criterion may be introduced by an 
examination of the system stability if one of the two parallel lines, which connect 
the generator to an infinite bus bar, is switched out (disconnected). The two 
power-angle curves pertaining to a normal (curve 1) and one line (curve 2) 
operation of the system are shown in Fig. 8.10. 

The shaded area A, is proportional to the kinetic energy stored in the rotor, 
when the input power P, is larger than the electrical power delivered by the 
generator in accordance with curve 2, and in this case the rotor accelerates, 
Fig. 8.10(a). The shaded area A, represents the amount of energy, which the 
rotor returns to the system. Since these two areas are equal the rotor initially 
comes to rest at angle dn. (point c) whereupon its speed is again synchronous. 
Having returned all of its extra kinetic energy back to the electrical circuit, the 
rotor continues to decelerate (P, > P,,,) falling through point b and back towards 
point a. Such oscillations will continue until completely damped at the new 
angle 0, (0; > 69, point b). However, if the initial operating power Po and angle 
Oo are increased to such values that the area between 69 and 0; (A,) is just 


AP 


Ay! 
1 AVE Ay : 


Yo 
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Figure 8.10 Power-angle curves for two lines in parallel (curve 1) and one line (curve 2) and equal 
area criterion: stable operation (a), critical operation (b) and nonstable operation (c). 
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equal to the available area between 6; and 0;,,,, Where O,,4, = 180° — 6}, it will 
be the critical operation, Fig. 8.10(b). This would be the condition for maximum 
input (Po max) power. If the input power is larger than Po max, then the accelerat- 
ing energy (A,) will be bigger than the available decelerating energy 
(Ay > Ap arait). The excess kinetic energy will cause 6 to continue increasing 
beyond 6;,,, and the energy would again be absorbed by the rotor (since P, is 
now decreasing with an increase in 6, ie., the slope is negative) and stability 
will be lost, Fig. 8.10(c). The coefficient 


I Ad avail a A, 
= 
A, 


is sometimes defined as the transient stability security factor. Notice that (as 
can be seen from Fig. 8.10) it is permissible for the rotor to oscillate past the 
point where 6 = 90°, as long as the equal-area criterion is met. 

As another example of using the equal-area criterion, let us consider the fault 
on one of two parallel lines as in Example 8.3. The power-angle curves pertaining 
to a fault on one of two parallel lines are shown in Fig. 8.11. The fault is cleared 
in a time corresponding to 6,, and the shaded area 6, to 6,, between the Po- 
line and power-angle curve for the fault, A,, indicates the energy stored. The 
rotor swings until it reaches 6, so that A, = A,, where A, is the shaded area 6, 
to 6, between the P,-line and the power-angle curve for one line after the 
faulted line has been switched out. Since 6, is less than the critical condition 
angle 0 max the system is stable. Critical conditions are reached when 


5, = 180° — sin-1(P)/P,). (8.25) 


The time corresponding to the critical clearing angle is called the critical 
clearing time for a particular (normally full-load) value of power input. This 
time is of great importance for system protection and to switchgear designers, 


305; 8) 82max 180° 


Figure 8.11 Equal-area criterion for the fault of one of two lines in parallel. 
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Figure 8.12 Application of the equal area criterion to a critically cleared system. 


as it is the maximum time allowable for the equipment to operate without 
losing stability. The critical clearing angle for a fault on one of two parallel 
lines, for instance, may be determined as follows. With the equal-area criterion, 
as shown in Fig. 8.12, we have 

S10r 52 
| (Po — P; sin 6)dé6 = — | (Po — P; sin 6)do, 
50 5 


ler 


and after integration 


Po(O1er — 60) + P41 (COS b4¢.— COS 69) = — Po(d2 — 4c) — P2(COS 52 — COS D4 ¢y)s 


from which the critical clearing angle is 


Po(0o9 — 62) + Py COS 69 — Pz cos 63 
Py= Pf, 


COS O16 = (8.26) 


where, with equation 8.25, 6, = 180° — sin '(P,)/P3). Knowing a critical angle 
and swing frequency, the critical clearing time can be readily obtained. 
Example 8.4 


Apply the equal-area criterion to the system of Example 8.3. 


Solution 


We may calculate the critical clearing angle as follows. For this system 
we have 6)=23.2°, Po=0.8 pu, P,;=0.644 pu, P,=1.36pu and 6,= 
180° — sin™ 1(0.8/1.36) = 144.0°. 

Calculation using equation 8.26 gives (note that electrical degrees must be 


Static and Dynamic Stability of Power Systems 537 


expressed in radians) 


5, _ 08:(0.404 — 2.51) + 0.644 cos 23.2° ~ 1.36 cos 140°, 
COS Oter = 0.644 — 1.36 0 aron 


or 


6 


te = C08 1(—0,007) = 90.4’. 


This situation is illustrated in Fig. 8.12. 


8.5 REDUCTION TO A SIMPLE SYSTEM 


When a number of generators are connected to the same bus bar, they can be 
represented by a single equivalent machine. E,, and X,, may be found as 
explained in section 6.2.2. The inertia constant H of the equivalent machine can 
then be evaluated by equating the stored energy of the equivalent machine to 
the total of the individual machines, which yields 


H =H 4 ee (8.27) 
eq” 1 S, 2 S; n SS . 
where S,---S, are MVA powers of the generators and S, is the base power. So, 
consider, for example, a power station, which consists of three generators of 
60 MVA, 100 MVA and 300 MVA, having an H of 5s, 6s and 8s respectively. 
Making the base power equal to 100 MVA, the inertia constant of an equivalent 
machine will be 


5 9 6100, 9 300_ 3, 
100° 100 0 


Consider two machines, having M, and M,,which are connected through 
transformers’ and lines’ impedances/reactances. The equations of motion for 
small changes are 


M, 


5, (OP, 
Nia 
de + (Ft) 10 


Ad, (OP, va 
2~ap + Giiaj, 


(8.28) 


where Ad,, = Ad, — Ady. 
By subtracting these two equations we may obtain a single equation of the 
relative motion 


dA515 jn | rural (0P2/0012)o 


Aby = 8.29 
dt M, M, | 12 0, ( ) 
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for which the characteristic equation has two roots 


_ [@P1/0b42)o (CP 2/0012)o 
Si EJ M, M,; : 


(8.30) 


As was previously shown, if the quantity under the square root is positive, the 
stability of both generators is assured. 

Consider now, two synchronous generators (or group of generators) connected 
by a reactance. In this case they may be reduced to one equivalent machine 
connected through the reactance to an infinite bus bar system. The transient 
equations of motion for the generators are 


dy _ AP, d*55 _ AP, (8.31) 
dt? M, ane de M," , 
Then the equation of motion for the two-machine system is 
d*6. AP, AP, 1 1 : 
: (Po — P. max Sin 0), (8.32) 
dt?  M, M, \M, M, 


where 6 = 6, — 6, is the relative angle between the machines and déd/dt is the 
relative velocity of the two groups with respect to each other. Also note that 
AP, = —AP = Po — Pemax Sin 6, where Py is the input power and P, max is the 
maximum transmittable power. For a single generator of M,, and the same 
input power connected to the infinite bus bar system we have 


a6 : 
eq? = Po — Pemax Sin 0. (8.33) 
Therefore, we may conclude that 
M,M 
«= (8.34) 


and that this equivalent generator has the same mechanical input as the actual 
machines and that the load angle 6 in equation 8.33 is the angle between the 
rotors of the two machines. 

The most useful method of network reduction is by nodal elimination, in 
which the network is finally represented by only the transfer reactances between 
the reduced nodes, as any shunt impedances at these nodes do not influence 
the power transferred. 

The electrical network for the transient stability analysis will then obtain n 
generator buses, to which the voltages (i.e. the internal generator transient 
EMF’s) behind their transient reactances are applied. The values of EMF’s are 
determined, as in the one-machine system, from the pre-transient conditions. 

Loads are represented by passive admittances ie, G,=P,/V? and 
B, = Q,/V?, which are connected at the load nodes. Note that such a representa- 
tion is very simplified. Since a network fault usually causes a reduction in the 
voltages near the fault location, this will result in a decrease in the load power 
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proportional to V. In the real system, however, the decrease in power is likely 
to be less than this, but to occur in a more complicated manner. Since the load 
usually contains a large proportion of non-static elements, such as induction 
motors, the nature of the load characteristics is such that beyond the critical 
point the motors will run down to a standstill and stall. For a more precise 
analysis of system stability, therefore, it is important to consider the actual load 
characteristic (see the next section), which makes such an analysis much more 
complicated. 

Passive impedances are connected between various nodes of the network 
(representing transformers, lines, etc.), and the reference nodes of the active 
elements and loads are connected in a common reference bus. 

Now, let us say that in the given network there are n generator, or active 
element, nodes and r (remaining) nodes with passive elements. Then the network 
admittance matrix Y may be partitioned as 


el ann aie (8.35) 


It can be shown that the matrix for the reduced network, which has only the 
active nodes, is 


Yi ed = Yin —_ Yur Y;, ‘ Yow (8.36) 


which is of dimension (n x n), where n is the number of generators. 

The maximum powers transferable between the relevant generators, before 
and during a fault, can now be calculated from this reduced configuration of a 
network. In accordance with equation 8.2a (note that here E=E;, V=E, and 
(1/z) cos g = G) we may write for the power of the i-ts generator 


P= E?G,+ ¥. E,E;Y¥,;00s(5,;—9;), i= 1,2,-.51, (8.37) 


jC 


j=1 
j#i 


where Y;,= Y¥; 4 —9i=G,—jB; is the admittance for node i and Y,;= 
Y,; L —@j; is the negative of the transfer admittance between nodes i and j. The 
equations of motion are then given as 


2H, da; F 
= aT imix Pmi — EF Gg ps E,E, Y,; c0s(6;;— 9;,) 
r j=l 
w= (8.38) 
ae i=1,2 | 
ie T=1,4, if 


The damping coefficient term Do, which represents the turbine damping, genera- 
tor electrical damping and the damping effect of electrical loads, is frequently 
added in the swing equation. (Values of the damping coefficient used in the 
stability studies are in the range of 1-3 pu.) 


540 Chapter #8 


8.6 STABILITY OF LOADS AND VOLTAGE COLLAPSE 


If the load is purely static, i.e. represented by an impedance, the system will 
operate stably even at low voltages. However, in reality the load contains non- 
static elements such as induction motors. The nature of the load Q-V characteris- 
tics, when they include a large proportion of induction motors, is non-linear. 
Both characteristics P-V and Q-V for such a load are shown in Fig. 8.13. While 
the active power characteristic is almost always a straight line, the reactive 
power Q-V characteristic is a curve having a minimum or critical point and two 
branches with positive and negative slopes. 

Beyond the critical point c even a very small decrease in voltage causes an 
increase in the reactive power Q, which in turn results in a decrease in the 
voltage (since the voltage drop depends on the power AV,,,=QX/V) and so 
forth. This process of voltage collapse is mathematically defined as dQ/dV—> o, 
1.e., on the left branch of the Q-V curve. The physical explanation of the voltage 
collapse may be found in the behavior of induction motors. Beyond some 
critical voltage the motors will run down to a standstill or stall. In this situation 
induction motors consume pure reactive power, which at low voltage causes 
very large currents similar to short-circuit currents. Finally, this results in very 
low voltage. 

In the power system the problem arises due to the relatively high impedance 
of the connection between the load and the feeding bus, which can be considered 
as an infinite bus bar. This happens when one line of two or more forming the 
load connection is suddenly lost. Consider a simple network, shown in Fig. 8.14, 
where the non-static load is supplied through a reactance from a constant 
voltage source E. In this circuit 


e- |v Ox)" . (PRY 8.39 
-M(m 5) +): em 


(a) (b) 


Figure 8.13 Non-static power characteristics: active power-voltage characteristic (a) and reactive 
power-voltage characteristic (b). 
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Figure 8.14 A network with a load dependent on voltage. 


or if 
PX V?+QX 
— « ——— 
V V 
(which usually takes place) 
OX 
E=V+ TV" (8.40) 


From the system viewpoint, it is worthwhile to develop a voltage stability 
criterion with a dependency on E versus V, 1.e., by using the E-V curve. This 
curve (equation 8.40) is plotted in Fig. 8.15, where the two components V and 
QX/V are also shown. Performing the differentiation of equation 8.40 with 
respect to V yields 


dE dO 1 dQ Q\x 
anit (Gexv ox) jan1+( z)z. (8.41) 


Here, when dQ/dV— — oo, the term in the parentheses and, therefore, the entire 
expression (8.41) approaches a negative infinity. Thus, we may conclude that if 
dE/dV— — o, then the system is unstable and the voltage collapse takes place. 
When dQ/dV is positive, the term in the parentheses is also positive 
(dQ/dV>Q/V) and therefore dE/dV> 0, i.e. the system is stable, which means 


E 


Figure 8.15 E-V curve and its two components. 
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that the sign of the derivative dE/dV provides the criterion of load stability. At 
the critical point on the E-V curve, i.e., where dE/dV=0, we have 


d V 

ano = (8.42) 
or, since OX/V= E — V we have 

oY 

vex x 
and 

d E 2V 

o-5-> (8.43) 


This means that at dE/dV=0, the sign of dQ/dV is defined by the sign of 
(E — 2V) and if it is negative, the system is unstable. 


Example 8.5 


Examine the voltage stability of a non-static load supplied from a 275 kV infinite 
bus bar through a line of reactance 50Q per phase. The load consists of a 
constant active power of 200 MW and 200 MVAr rating reactive power, which 
is related to the voltage by the equation (in pu) Q = 5(V—0.7)? + 0.8. 


Solution 
With S, = 200 MVA and V, = 275 kV the pu value of the line reactance is 
eso dn (ai: 

275? 

The load voltage can then be found from the equation 
X 

pave =. 

Thus, 
0.132 


E=V+——~[S(V—0.7) + 08]. 


Since E = 1 after simplification we have 
V? —1.159V + 0.258 = 0. 
Thus, the roots are 
V,.. = 0.858; 0.301. 
Taking the upper value (which is suitable to a physical reality) we obtain 


O = 5(0.858 — 0.7)? + 0.8 = 0.925, 
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and 
d2 _ 10 0.7) = 1.58 
ane .7) = 1.58. 
Then, 
dE, ‘Se 0.925\ 0.132 ee 
Ten a 0.858/0.858 — ° 


Since the result is positive, the system is stable. (Note that PX/V= 
1-0.132/0.858=0.15, which is much less’ than (V?7+QX)/V= 
(0.858? + 0.924-0.132)/0.858 = 1.) 

The reader can now convince himself that, if one of the two parallel lines is 
lost and the reactance changed to 0.264, dE/dV becomes negative and the system 
is unstable, i.e., the voltage collapses. 


APPENDIX I 


SOLVING EXAMPLE 5.6 USING THE MATHCAD PROGRAM“? 


Definition of the array first element subscript 


ORIGIN = 1 
Data: 
Cl:=1 C2:=2 L4:=1 G3:=1 RS5:=1 
R6: : R7: as : 
a ens eae es cee) 
Matrix A 
—(1+a-R6-G3) G3 a 
R6-Cl Ca Cl 
, 63 —(1+a-R7-G3) (—1+a) 
ae R7-C2 C2 
a (1—a) R5 
L4 L4 aa 
—-4 0.5 — 0.5 
=|0.25 —1.75 —0.25 
0.5 0.5 — 0.5 
The characteristic equation 
+4 — 0.5 0.5 
—0.25 A+1.75 0.25 |} >A2+ 6.2574 10.1252 + 4.500 
—0.5 —0.5 A+0.5 
Finding the roots 
4.5 
— 3.998 
f ae lyroots (coef ) 1.504 
coef: = olyroots (coef) =} —1. 
6.25 es 
— 0.748 


“See page 307. 


546 Appendix I 


Unity, initial, b and w matrixes 


1 0 0 0.5 3.5 0 i 
U:=|{0 1 O} XO:=];15] bi=] 0 15) w= (‘) 
00 1 1 0 


The matrix for finding f coefficients 


1 —0.75 0.5625 
d:=/1 —-15 2.25 
1 —4 16 


exp(— 0.75t) 
d-!-| exp(—1.5t) | float, 4 
exp(— 4t) 


2.462 exp(— 0.75t) — 1.600 exp(— 1.5t) + 0.1385 exp(—4t) 
>| 2.256 exp(—0.75t) — 2.533 exp(— 1.5t) + 0.2769-exp(—4t) 
0.4103 exp( — 0.75t) — 0.5333 exp(— 1.5t) + 0.1231 exp(—4t) 


The B-coefficients 


2.462 exp(— 0.75t) — 1.600 exp(— 1.5t) + 0.1385 exp(—4t) 
B:=| 2.256 exp(—0.75t) — 2.534 exp(— 1.5t) + 0.2770-exp(— 4t) 
0.4103 exp( — 0.75t) — 0.5333 exp(— 1.5t) + 0.1231 exp(— 4t) 


Calculating exp(At) 


—4 0.5 — 0.5 15.875  —3125 2.125 
A:=|0.25 —1.75 —0.25] A?=]| —1.563 3.063 0.438 
0.5 0.5 —0.5 —2.125 —0.875 —0.125 


— 0.222 0 0.222 
A l= 0 —0.5 0.25 
—0.222 —05 —1.528 
exp(At) =(U-B; + A-B, + ABs) 
Equation to calculate X,,:: 


(U-B, + A-B, + A?-B3)-X0 
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which results in 


— 0.5101 exp(—0.75t) + 0.7695 exp(— 1.5t) + 0.2466 exp( — 4t) 
Xnati= | — 0.7.67 exp(—0.75t) + 2.303 exp(— 1.5t) — 3.079 x 1072 exp(— 4t) 
2.565 exp( — 0.75t) — 1.534 exp(— 1.5t) — 3.074 x 10 2 exp(—4t) 


Equation to calculate X, a+: 


A~*[(U-B; + A-B, + A®-B3 — U)-b-w] 


which results in 


0.5426 exp( — 0.75t) — 0.5596 exp(— 1.5t) — 0.7699 exp(— 4t) + 0.7777 
Xpart:= | 0.7500 + 0.8196 exp(—0.75t) — 1.670 exp( — 1.5t) + 9.632 x 10? exp( — 4t) 
— 2.738 exp(—0.75t) + 1.112 exp(— 1.5t) + 9.59 x 107? exp(— 4t) + 1.528 


The total response X(t) = X,,, + X 


nat part: 


3.25 x 1072 exp( —0.75t) + 0.2099 exp(— 1.5t) — 0.5233 exp(—4t) + 0.7777 
X(t):= | 5.29 x 10° exp( — 0.75t) + 0.633 exp(— 1.5t) + 6.553 x 10°? exp(— 4t) + 0.7500 
— 0.173 exp(—0.75t) — 0.422 exp(— 1.5t) + 6.516 x 1072 exp(— 4t) + 1.528 
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THE CALCULATION OF THE p.u. VALUES FOR A GIVEN 
NETWORK™? 


The 1-line diagram of the network of example 6.2 is shown in Fig. AII-1. The 
parameters of the network elements are as follows. 


Generators: G,- S,=470 MVA, V, = 15.75 kV, Ej = 1.25, Xj = 0.3, 
G, =G;- S,=2x 118 MVA, V, = 13.8 kV, Ej = 1.33, X47 = 0.38. 


System- E,= 1, X,= 83 Q. 


Transformers: T1- S,=250 MVA, V, = 242/13.8 kV, X,.. = 11%, 
T2- S,= 120 MVA, V, = 220/11.0 kV, X,.. = 12%. 


Autotransformers: 
AT1- S, = 480 MVA, V, = 242/121/15.75 kV, X,.. = 13.5/12.5/18.8%, 
AT2- S, = 360 MVA, V, = 525/242/13.8 kV, X,... = 8.4/28.4/19.0%. 


Transmission lines: ¢, = 120km, 7, =95 km, 73 = 80 km, x9 = 0.4 Q/km. 
Load Ld- S,= 250 MVA, X,, = 1.2. 


Gl AT1 I Tl G2 


Fig. AII-L. 


“See page 331. 
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The base values are chosen as: 
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242 
S,= 1000 MVA, %,=15.75 kV (main level), Vs); = 15.75 —=- = 242 kV, 


52 
Vor = 121 KV, Vary = 242 —— 


The p.u.values of the network elements are (see Fig. 6.8a): 


G,- 


Gp, G;- 


Sys- 


AT1- 


AT2- 


T1- 


T2- 


1- 


¢2- 


¢3- 


Ld- 


242 


= 9.3 oe - 064, 
470 
pee Ce er a iG 
2-118 
= 83 aM 04: 
525? 
1 13.54+12.5—18.8 1000 
_ 5, 100 rr al 
1 13.5—12.5+18.8 1000 
= 9. 100 “a6 
1 —13.5+412.54+18.8 1000 
a 5, 100 “a0 
as 1 84+284~19.0 1000 _ | 4, 
D 100 360 
1 84—28.4—19.0 1000 
as 100 "56 
1 —8.4428.4+ 19.0 1000 
X= 5" ai S60 = 0542: 
~ 100 250 — 
2 12 1000 a aes 
100 120 \242 
X43 =0.4-120 DP 2085: 
242? 
or 1 4-95 1000 _ 032, 
2 242? 


1000 
15= 0.480 5 


- 12 1000 115)? rey 
we OE NA 


= 0.54. 


15.75 


220 


5 11 
= 242 kV, Vit 202 aay oe kV. 
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AN EXAMPLE OF A SHORT-CIRCUIT FAULT CALCULATION IN A 
POWER NETWORK™? 


Find the short-circuit current at the fault point F using the linearization 
approach for two cases: a) the AVRs are not activated; b) the AVRs are activated. 


The one-line diagram of the network is shown in Fig. AIII-1. The parameters 
of the network elements are as follows. 


Turbo-generators: G, 
and G,- 


Hydro-generator: G3- 


Transformers: T1- 


T2- 


S, = 15 MVA, V, = 6.3 kV, SCR = 0.68, I, = 2.1, 
Tp max = 4. 


S=60 MVA, V,, = 10.5 kV, SCR = 1, I, = 1.75, 
T pmax = 3.1. 


S, = 10 MVA, V, = 6/37 kV, X,.. =7.5%, 


S, = 40.5 MVA, V, = 121/37.5/10.5 kV, X,..4 = 11%, 
X 5.0.2 = 6%, X 5.03 = 0. 


36MVA 
x =12 


Ld3 


40.5MVA 
121/37/11 


scl 11% 
Vsc2 = 6% 
0% 
F 10.5kV 
Rl 
6kV Ld2 
0.3kA (PD 
xX =3% 14MVA 
X, = 1.2 
S,= 1SMVA 
V,, = 6.3kV 
SCR = 0.68 
= 2.1 24MVA 
Tmax =4 Gl x 1.2 G2 
Fig. AIII-1. 


“) See page 370. 


552 Appendix II 


Transmission line- ¢ = 6.5km, Xp = 0.4 Q/km. 
Loads: Ld1- S, = 24 MVA, X,, = 1.2, 
Ld2- S,=14MVA, X,, = 1.2, 
Ld3- S, =36 MVA, X,, = 1.2. 
Reactor R1- I, =0.3 kA, V,, = 6.0 kV, X,.. =4%. 
The base values are chosen as: 
S,=100MVA, V,= V, I 1 AY gosta 
b— > b— 'level> M363 eer is 


a) The p.u. values of the network elements, if the AVRs are not activated, are 
(see Fig. AIII-2(a)): 


GaGe 7 0940801188. oe ay 
_ = Re O68 01 3 
G;- b= 622084 75=16, X a i ss, 
oor ee ett Ene ae a) 
7.5 100 
ye 2 I a ae: 
> 100 10 OS: 
T2- x, — 2b. _ 957 Pe a”) 045 X,.=0: 
4100 405° ” ~~ 100 40.5 —— 
ra 1000 
X,=0.4-6.5 a2 = 0.19; 


Ey = 1.6(2.37) 


14 
234 (2.27) 
Ej ,¢q = 1(1.85) (b) 


XoF 
F gal F 
4 eB 1) 
/ 
: THAT) 1.17 
E, =1.88 63;=0 Xip =f —r> 
T 
(a) \ 14: 
‘ 2.34 (2.27) 1.1 (0.74) 
Ey eq = 1(1.85) Egg = 1(1.28) 
(c) 


Fig. AIII-2. 
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Lds- Yi = %=12- =8% Xo = 1.21 ~ 333; 
240°” = ie Mee 
> - 100 03-43. °° vote vey 


The equivalent circuit of the network with the p.u. values of the network 
elements is shown in Fig. AIII.2(a). By simplifying this circuit we obtain: 


3.6°8.6 


Xy = 0.75 + 0.19 + 0.15 = 1.09, X43 =(3. 27)//8.6 = ——— 
12 = 0.75 +0.19 +0.15= 1.09, X13 =(3.33 + 0.27)/8.6 aa e 


= 2.54 


and E,.;= 0; 


1.88-5 


Xy4=5/44=234 and Eyeg= <= Gq 


~1 (Fig. AIII.2(b)). 


In the next step we have 


Xie = Kip + XoffXiq= 1094 = 2.04 
15=X 12+ X>//X13= 1. 15242547 ; 


1.6/1.52 : 
~1 (Fig. AIIL2(c)), 


E> oq = ~ 
set 4/152 4 1/254 


and finally 
X oq = 2.04//2.34 + 117=2.27 and Eo = Ey ¢q//E2,cq= |. 


Thus, the short-circuit current is J, =(1/2.27) =0.441, or in amperes I, .. = 
0.441-9.2 = 4.06 kA. 


The terminal voltage of G1 will be V, = 1.17-0.441 = 0.516 and the currents of 
each of the generators G1 and G2 will be 


E,—V, 1.88 —0.516 


Igi= = 0.31 
= Xx; 44 a 
and 
; E,—V,  1.6—0.775 0.542 
oe ka !6CClC (CO 
where the voltage of V; can be found as 
1—0.516 
Vz =V, + X 215, = 0.516 + 1.09 Sa 0.775. 


To find the partial currents of each of the generators, which make up the fault 
current we shall first transfer the Y-connection of the circuit, Fig. AIII.2(c), into 
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the A-connection (see the dash lines). Thus, 


1.17-2.34 1 

Xip= TA 2A 5 gg = ee and Tote = Gag — 0.206, 
1.17-2.04 1 

X, p= 1174+ 2.04 + ——— =4.23 and Ig.7= 75 = 0.236. 


2.34 4.23 


We may solve the above problem using the straightforward method. For this 
purpose we have to write and solve the matrix equation: 


[Im] =[Zm]~ [Em], 


where the matrixes are: mesh-current, mesh-impedance and mesh-EMF 
matrixes. 

The circuit in Fig. AII.2(b), which has been obtained just after the trivial 
stages of simplification, is redrawn in a slightly different way in Fig. AIII.3(a). 
The four meshes of this circuit are chosen in such a way (note that the branches 
On—1n and 1n—2n form a tree of the circuit graph) that the mesh currents depict 
the short-circuit current (I; = I,,)and the first and the second generator currents 
(I, =Ig, and I, =I¢,). The following solution is performed by the MATHCAD 
program. 


ORIGIN: = | 
The mesh matrixes are 
9.4 5 —5 5 1.88 
5 761 —5 6.09 1.6 
Zm:= Em:= > 
—5 —5 617 —5 0 
5 609 —5 8.63 0 


and the solution of the above matrix equation is 


Im:=Zm }-E,. 


1.27(0) 


+ 
2.37(1) 


Fig. AIII-3. 
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Thus, the mesh currents are 


0.31 
0.542 
0.443 

— 0.305 


Im = 


? 


where the short-circuit current is J, = 0.443, and the generators currents are 
Ig, =0.31 and Ig, = 0.542, 1e., as previously calculated. 

To find the generators’ partial currents of the short-circuit current, we shall 
find the determinant of the impedance matrix and its two cofactors: 


9.4 5 =) 9 


5 —-5 5 
5 761 —5 6.09 
= 377.932 7.61 —5 6.09 }| = 41.431 
—-5 -5 617 —5 
6.09 —5 8.63 
5 609 —5 8.63 
94 -5 5 
—|} 5 —5 6.09 |} = 55.88. 
5 —5 8.63 
Now with equation 6.51 we have 
A3, 41.43 
To..7 = Bp E, = 0.109- 1.88 = 0.206, where Bp, = A 737797 0.109 
and 
Io2.7 = Br.2 Ey = 0.148-1.6 = 0.237 here B sPa OF? ngage 
G2.F = Pr2f2 =U. O=VU.25/, Wwhe»re Dp. = A 306° 


b) The p.u. values of the network elements, if the AVRs are activated, are (see 
the numbers in the parenthesis in Fig. AIII-2(a), (b) and (c)): 


E,=02+08:4=34, X,= a IO 949 d X,1= a = 1.74: 
LE SS = Geng gap eee eee gg 
E,=0.2 + 0.7:3.1 = 2.37 go 100 127 d X..= aa = 0.93 
ieee en ane POR = Gea ogy, ee Se ee gag ee 
Thus, the critical currents are: 
1. = =058 a fice ae 
ee gg he Re ee ggg 
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All other parameters are as in the previous calculation. By circuit simplification 
we assumed that generators G, and G, are operated in the maximal field regime 
(since they are relatively “close” to the fault point) and generator G; is operated 
in the nominal voltage regime (since it is relatively “far” from the fault point). 
In accordance with the circuit in Fig. AIII.2(c) we have 


1.85-1.09 + 1:2.27 3.4°5 
Esq = Es eallVes= 359-19 = 1.28» whete Eon = Gay 5 = 185; 
and 
2.27-1.09 
X oq = X44//X12 + Xu = 22741.09 > 117= 1.91. 


Thus, the short-circuit current is I, , = (1.28/1.91) = 0.67, or in amperes I, . = 
0.67:9.2 = 6.2 kA. 


The terminal voltage of G1 will be V,, =0.67-1.17 =0.78 and the currents of 

each of the generators G1 and G2 will be 

E,-—V, 34-—0.78 
xX, - Ai? 


= 0.628 


I@= 


and 


1 1 —0.78 
2.54 ' 1.09 


Since Ig, >J,,, and Ig, <I,,., the assumption about their regimes was correct. 


Igo =112 + 1o2,r = = 0.596. 


With the straightforward method, applied to the circuit in Fig. AII.3(b), we 
can find the generators’ currents and therefore will know in which of the two 
regimes the generators are operated. Thus, by applying the MATHCAD pro- 
gram, we have: 


The mesh-impedance and mesh-voltage matrixes are 


917 5 —5 5 3.4 
5 7.36 —5 6.09 2.37 
Zmi1:= Em1:= ; 
—5 —5 617 —5 0 
5 609 —5 8.63 0 


and the solution is 
Im1:=Zm1~!-Em1, 
which gives 
0.599 
0.856 
0.77 
— 0.505 


Iml1 = 
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Since the current of the first generator, Ig, = 0.599, is larger than the critical 
one, it is operated in the maximal field regime. However, since the current of 
the second generator, Ig = 0.856, is smaller than the critical one, it is operated 
in the nominal (rated) voltage regime and its parameters should be changed to 
Vg. = 1 and X,=0. (See the numbers in the parentheses in Fig. AIII.3(b).) Now 
the new mesh matrixes are 


917 5 =5 5 3.4 
5 609 —5 6.09 1 
Zm2:= Em2:= , 
—5 —5 617 —5 0) 
5 609 —5 8.63 0 
and the solution is 
0.627 
0.592 
Im2 = 
0.67 
— 0.394 


Note that the short-circuit current, 0.67, and the currents of both generators, 
0.627 and 0.592, are as previously calculated. 


INDEX 


all-capacitor loops 271 
all-inductor cut-sets 271 
analysis equations 408 


angular momentum 525 

aperiodic component of synchronous 
generator’s short-circuit current 

appearance of transients 2 

applying a continuous charge law 95 

applying a continuous flux linkage 
law 72 

applying ideal sources 20 

approximate solution for short-circuit of 


375 


synchronous generator 365 
arc phenomenon 452-456 
armature reaction reactance 353, 371 


automatic voltage regulator (AVR) 350 
autoreclosing 529 


backward-traveling waves 469 
base quantities 320 

Bergeron’s diagram 496 
bilateral Laplace transform 156 
broken or open conductor fault 


analysis 443-449 


Caley-Hamilton theorem 299 


complex eigenvalues 311 
distinct eigenvalues 302 
multiple eigenvalues 308 


capacitance connected at junction of 
TL 487 
capacitance loop 19 
capacitance termination of TL 504 
Cauchy-Heaviside method 1, 2 
characteristic equation 14, 50, 296 
order of 20 


characteristic impedance of TL 468, 497 
charging a capacitor 80 
circuit analysis with Fourier 
transform 249 
circuit simplification in short-circuit 
analysis 327 
delta-star transformation 328 
star-delta transformation 328 
superposition principle 330 
symmetrical properties 330 
classical approach 1, 4, 7 
appearance of transients 2 
applying ideal sources 20 
auxiliary equation 14 
capacitance loop 19 
characteristic equation 14 
classical method 4 
constant of integration 8 
critical damping 23 
damping coefficient 22 
dependent initial conditions 29 
dependent initial conditions, method of 
finding 31 
determination of characteristic 
equation 14 
differential equation 4 
electric energy 2 
energy distribution 3 
exponential solution 7 
first order characteristic equation 21 
first switching law (rule) 26 
forced response 12 
generalized first switching law 41 
generalized initial conditions 35 
circuits containing capacitances 35 
circuits containing inductances 39 
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generalized second switching law 37 
graphical interpretation of time 
constant 9 
ideal switching 26 
independent initial conditions, method 
of finding 29 
inductance node 18 
integration constants 31 
integration factor 12 
integro-differential equations 4, 6 
magnetic energy 2 
methods of finding integration 
constants 44 
first order response 45 
second order response 45 
natural frequency 23 
natural response 12 
order of characteristic equation 20 
overdamping 23 
period of transient response 9 
resonant frequency 22 
roots of characteristic equation 21 
roots of first order characteristic 
equation 21 
roots of second order characteristic 
equation 21 
second order characteristic 
equation 22 
second switching law (rule) 27 
steady-state 2 
time constant 9 
transient-state 2 
two switching rules 26 
underdamping 23 
zero initial conditions 28 
comparison between the Fourier and 
Laplace transforms 230 
complex eigenvalues 311 
complicated power network 
analysis 368-370 
concept of state variables 266 
connection of sources in RLC 
circuits 111 
continuous charge law 95 
continuous flux linkage law 72 
convolution integral 247 
convolution theorem (integral) 
criterion of load stability 542 
criterion of system stability 524, 525 


176, 248 


Index 


critical damping 23, 117 
critical reactance 361, 367 
critical short-circuit current 367 


damper winding 379 
damping coefficient 22, 115 
definition of stability 517 
degree of unbalances 426 
delta-star transformation 328 
dependent initial conditions 29, 50 
determination of characteristic 
equation 50 
determination of 
dependent initial condition 50 
independent initial conditions 50 
determination of the forced response 50 
determination of the integration 
constants 51 
determining traveling waves, a common 
method 478-480 
differential equation of TL 497 
direct axis of synchronous generator 347 
direct-axis synchronous reactance 353 
discharging a capacitor 80 
distinct eigenvalues 302 
double earth fault 320 
double frequency component of 
synchronous generator’s short-circuit 
current 375 
double line-to-line ground fault 
analysis 442-443 
Duhamel’s integral 179 
dynamic stability 518 


eigenvalues 298 
electrical angle 519, 524 
electromechanical systems, solving with 
Laplace transform 210 
electromotive force (EMF) 354 
energy characteristic of a continuous 
spectrum 228 
energy relations during transients 120, 
122 
equal-area criterion 533 
equating coefficients, method 182 
multiple poles 183 
simple poles 182 
equivalent circuit of synchronous 
generator 


Index 


due to damper winding 381 
for steady-state operation 371 
for transient behavior 372 
equivalent lumped-impedance circuit of 
TL 479 
E-V curve 541 
exiting current of power 
transformers 342 
exponential function 159 
exponential solution 7 
extinction voltage 456 


field current of synchronous 
generator 351, 353 
field winding current of synchronous 
generator 376 
final value theorem 174 
first order characteristic equation 21 
first switching law (rule) 26 
five-step solution 50 
forced response 12, 50 
forward-traveling waves 469 
Fourier series 217 
Fourier transform 213, 215, 219 
approximation analysis, of 258 
basic formulas of 223 
circuit analysis, with 250 
comparison between the Fourier and 
Laplace transforms 231 
convolution integral 247 
decreasing sinusoid 244 
definition of 215 
delta function 238 
differentiation properties 232 
energy characteristic of a continuous 
spectrum 228 
frequency domain 220 
frequency spectra of sinusoidal 
functions 240 
infinite Fourier series 216 
integration properties 233 
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two-pole short circuit 320 
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